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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise A, Question 1

Question:
Simplify these fractions:

¢ + 52 - 7x

@ X

78 - 5 + 93 + X2

X

(b)

- 23 + X

€~

-x*+42+6
(d) X

C-x-4

(€) 7

8¢ - 43 + 6x
(f) 2X

92 - 12 - 3x
(g) 3x

8x° - 23
(h) &

o e-x-2
(I) 5x

— 42 + 65 - 2x

() —x

-xB+9¢+6
(k) o

-l -6 -2
0) “ax

Solution:
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(b) X = x ” 7 X
- 23 + X - 23
©  « =, +*,=-2+1
-X4+42+6 —_x4 ﬁ E 3 E
(d) X =Tttt T X EXE
e -x3-4 e x3 4 4
(e) X = x T x _;:7(4_)(2_;
8x* - 43 + 6x 8x* 43 6x
() 2 = T oy =AC-2P+3
9@-123-3x 9@ 128 3« )
(@ 3x = 3 T 3 _§=3(_4X_1
B6-28 8¢ 28 °
) 7o = " TX -3
Stz 2 A 2 1 R 2
0) 5x = 5x " 5K 5 - 5 5 5x
—al+ et - 2x - 4% 6x* 2x
(J) - 2x = -2x + - 2X - 2X
2 3t
=% —x *1
=2x-33+1
-xB+9¢+6 - x8 o 6
(k) “ox o T oo T T
X o 3
= ox T o2x T ox
X e 3
= 2 7 2 T x
~-od-6xXt-2 -9 6x* 2
(I) - 3x = -3x =3  -3x
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise A, Question 2

Question:
Simplify these fractions as far as possible:

(x+3) (x=2)
(@) (x-2)

(x+4) (Xx-1)
(3x-1)

(x+3)?2
€) “(x+3)

X2+ 10x + 21
@) e a)

X2 + 9x + 20
(€) “(x+4)

X2+ x - 12
(x-3)

X2 +x - 20
(g) X2 +2x-15

X2 + 3%+ 2

(h)

X2 +5x+4

. X2 +x - 12
() X2 - 9x+ 18

. 22 + 7x+6
0) (x=5) (x+2)

22 + 9x - 18
(K “(x+6) (x+1)

3% - 7x+ 2
U (3x=1) (x+2)

2@+ 3x+ 1

(m) X2 -x~-2
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X2+ 6x+8
(n) 3+ Tx+2

22 - 5x - 3
(0)2%—9x+9

Solution:

(x+3) (x=2)
@ (x-2)

_ (x+3)(x~2)
(x=2)
=x+3

(x+4) (3x-1)
(3x-1)

_(xr+4)(3x=T)
(3x=1)

=x+4

(x+3) 2
(©) "(x+3)

_ (x+3)(x-3)
(x—3)
=x+3

X2+ 10x + 21
X+ 3

(d)

_ (A7) (x+3)
x+3)

=x+7

X2 + 9x + 20
(e) X+ 4

- (A (x+5)
(x+4)

=x+5

X2+ X - 12
x-3
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_(x~3)(x+4)

(x~3)
=x+4

X2 + X - 20

(g) X% +2x-15

_(x+5)(x-4)
(x+5)(x=3)

X—-4
x—-3

X2+ 3x+ 2

h) 2

+5x+ 4

_(x+2)(x+h)
(x+a) )

X2+ x - 12

X2 - 9x+ 18

()
_(x+4)(x-3)
(x=6)(x-3)

xX+4
X—-6

) 22+ 7x+6
0) (x=5) (x+2)

_(2x+3)(x+2)
(x-5)(x+2)

2x+ 3
x-5

252 + 9x - 18
K “xv6) (x+1)

_ (2x=3)(x+6)
(x4+6)(x+1)

2x—-3
T ox+1
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32— Tx+ 2
0] (3x-1) (x+2)

_Gx=D-2)
(Gx-T)(x+2)

22+ 3x+ 1
(m) X2 -x-2

_(2x+])(x+1)
(x=2)(x:+1)

2x+1

X-2

X2 + 6x+ 8
(n) B+ X+ 2

_ () (x#2)
(Gt )(x+2)

xX+4
T o3x+1

22 -5x-3

(0) 2% - 9x +9

_(2x+1)(x-3)

(2x=3)(x~3)

2x+1
- 2x-3
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Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise B, Question 1

Question:

Divide:

(@x3+6x2+8x+3 by (x+1)
(b)x3+ 10x2+ 25+ 4 by (x+4)
(©)x3+7x2-3x-54 by (x+6)
(d)x3+9x2+ 18 -10 by (x+5)
e)x3-x2+x+14 by (x+2)
HxE+x2-—7x-15 by (x-3)
(@)x-52+8—-4 by (x-2)
(hyx*-3x2+8x-6 by (x-1)
() x3-8x2+13x+10 by (x-5)
() x3-5x2-6x—-56 by (x-7)

Solution:

X +5x + 3
x+ 1] x3+62+8x+3
X3+ X2
(@) 5x2 + 8x
5% + 5x

3x+ 3
3x+ 3

0

Answer isx2 + 5x + 3
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X2+6x + 1
X+ 4| x3+ 102 + 25x+ 4
X3+ 4@
(b) 6x% + 25x
62 + 24x
X+ 4
X+ 4

0

Answer isx? + 6x + 1

XX+x - 9

x+6[ x3+72- 3x- 54
X3 + 62
©) X2 = 3x
X2 + 6X
-9x-54
-9x—-54

0

Answer isxZ + X — 9

X2+ 4x - 2
x+5| x3+ 09X + 18x- 10
x3 + 52
@ 4x% + 18x
42 + 20x
-2x-10
-2x-10

0

Answer isx2 + 4x — 2

X2-3x + 7
X+2| - X+ x+14
X3 + 268
() —3)g+ X
- 32 - BX
X+ 14
X+ 14

0

Answer isxZ — 3x + 7
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X2+4x + 5
X—3| X+ x%- 7x-15

X3 — 3%
f) a2 - Tx
42 - 12x
5x — 15
5x — 15

0

Answer isx? + 4x + 5

X2-3x + 2
X—2| xX3-5X%+ 8x-4
3_ 2%
(g) —3X2+8X

- 3% + 6X
2X—4
2X—4

0

Answer isx2 — 3x + 2

X-2x + 6
x—1| x3-32+8x-6

X3 - X2
(h) - 2)@ + 8%
- 2% + 2x
6Xx -6
6Xx -6
0
Answer isx? — 2x + 6
X2 —-3x - 2
x=5| x3-8¢+ 13x+ 10
X3 — 5%
(i) - 3X2 + 13X
- 3% + 15x
- 2x+10
- 2x+ 10

0

Answer isxZ — 3x — 2
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X2 +2x + 8
x-7] x3-52- 6x-56

X3 — 7%
(J) 2X2 - 6X
252 — 14x
8x — 56
8x — 56
0

Answer isxZ + 2x + 8
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise B, Question 2

Question:

Divide:

(@) 63 + 272+ 14x+ 8 by (x+4)
(b) &3+ 9x2 - 3x—-10 by (x+2)
()3 -10x2-10x+8 by (x-4)
(d) 33 -5x2—4x-24 by (x-3)
(€2 +4x2-9x-9 by (x+3)
() 2x3— 15«2 + 14x + 24 by (x—6)
(@ —-33+2%¢-2x-7 by (x+1)
(h) =23 +5x2+ 17 - 20 by (x-4)
(i) -5 -272+23+30 by (x+6)
() -4+ -3x+2 by (x-2)

Solution:

62 +3x + 2
x+ 4| 63 +272 + 14x+ 8
653 + 2452
@) 3X2 + 14x
32 + 12X

2X+ 8
2X+ 8

0

Answer isbx2 + 3x + 2
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4 +x - 5
x+2| 43+ 9@ - 3x-10
453 + 8%
(b) X2 - 3x
X2 + 2x
- 5x-10
- 5x-10

0

Answer is 42+ x - 5

K +2Xx — 2
x—4] 33-102- 10x+8
33 - 12%¢
© 2x% - 10x
22— 8x
- 2X+ 8
- 2% 8

0

Answer is 32 + 2x — 2

3% +4x + 8
x-3| 33-5¢- 4x-24
33 - 92
(d) 42 - 4Ax
42 - 12x
8x— 24
8x— 24

0

Answer is 32 + 4x + 8

2% -2x - 3
x+3| 23+ 42— 9x-9
23 + 6X2
© - 26 - 9x

- 22 - 6X
-3x-9
-3x—-9

0

Answer is2x2 — 2x — 3
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2% -3x - 4
x— 6| 23 - 152+ 14x+ 24
23 - 122
0 - 3% + 14x
- 3% + 18
~4x+ 24
— 4x+ 24

0

Answer is %2 - 3x - 4

-3¢+5x - 7
x+1] -33+22-2x-7
- 33 - 3%

2 _
(g) Bx 2X

52 + 5x
- Ix-7
- Ix-7

0

Answer is — 32+ 5x -7

-2%-3x + 5
x—4| - 23+52+ 17x- 20
- 23+ 8%
(h) —3X2+17X

- 3% + 1
5x-20
5x-20

0

Answer is — 22— 3x+5

-5¢+3x + 5
x+6| —53-272+23x+ 30
- 53 - 30¥
0 3x% + 23x
3% + 18x

5x+ 30
5x + 30

0

Answer is — 5x2 + 3x + 5
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-4%+x - 1
x=2[ -ad+92-3x+2
— 43 + 8%

0 X2 — 3x
X2 — 2x

-X+2

-X+2

0

Answer is — 4x2 +x — 1
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Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise B, Question 3

Question:
Divide:
(@x*+5C+2%-7x+2by (x+2)
(b)x* + 13 + 25 - 2% - 20 by (x+5)
(€) &* + 143 + 3x2 - 14x - 15 by (x+3)
(d) 34— 7x3- 232 + 14x -8 by (x-4)
(e -3+ -10x%+x+14by (x-2)
N3+ 17+ 23 -38%%+5x-25hby (x+5)
()6 -1 +x3+x2+ 13x+6 by (x-3)
(h) -5+ 7x*+ 23 - 7x%+ 1x - 7 by (x-1)
() 2x8 — 115 + 14¢* - 163 + 36x2 - 10x — 24 by (x - 4)
() —x8+4ax5—4ax*+4x3-5x2+ 7x—-3by (x-3)
Solution:
X+ 32 - 4x+1
x+2[ XB+53+ 22-Tx+2
X4+ 23
3% + 2%
@) 3)%"‘6)(2
- 4% - Tx
— 42 - 8x

X+2
X+ 2

0

Answer isx3 + 3x2 - 4x + 1
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x3+6¢2 - 5x-4
x+5[ x4+ 118 + 252 — 29x- 20
x*+ 55
6x3 + 25¥
(b) 6x3 + 30%
- 5% - 2K
— 5% — 25«
- 4x- 20
- 4x- 20

0

Answer isx3 + 6x2 — 5x — 4

3+ - 3x-5
x+3| 4+ 143 + 32 - 14x- 15

A + 1258
23 + 3%
© 23 + 6%
- 32 - 14x
-3¢- 9x
- 5x- 15
- 5x- 15
0
Answer is 43+ 22 -3x -5
AC+5Z - 3x+2
x—4] - 73-232+14-8
W - 12%
5x3 — 23%
@ 5x3 — 205
- 32 + 14x
— 3% + 12X
2x— 8
2x— 8
0

Answer is3x3 + 5x2 — 3x + 2
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-3%+3¢ - 4x-7
x-2[ -3¢ +93-102+ x+14
-3¢+ 653
3x3 - 10¥
) - 62
— b2+ X

— 42 + 8x
- 7x+ 14
- 7x+ 14

0
Answeris — 33+ 32 - 4x -7

B +23 - 82+2x-5
x+5) 38+178¢+ 23-382+ 5x-25
30 + 15x¢
24+ 23
24 + 1058
(f) - 83 - 38%
- 83 - 40¥
2% + 5

2% + 10X
- 5x-25
- 5x-25

0
Answer is 3¢ + 23 - 8¢ + 2x— 5

6 -x3 - 2¢-5x-2
x=3[ 60-19¢+x3+ x2+1%+6
60 — 18%¢

x4+ 3

—x*+ 33
23+ X
- 23 + 6X2
- 5 + 13X

- 5% + 15x
- 2X+ 6
—-2X+6

2
(9)
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Answer is 64 — x3 — 2x2 — B5x — 2

-5+ 23 + A -3x+7
x=1] -58+7¢+28- 72+ 10x-7
- 5% + 5x¢
2 + 253
24 - 23
453 - 72
4x3 - 48
- 3% 10x

-3¢+ 3x
x-7
xX—-7

(h)

0
Answeris — 5+ 23+ 42 - 3x+ 7

22 -3¢ + 23 -8X% +4x+6
x—4[ 26— 110 + 148 - 1653 + 365 — 10x— 24

26 - 8x°
-3¢ + 14¢
-3+ 128
2 - 16
0 2% - 8
- 83 + 36X
- 8x3 + 32¢
4x2 - 10x
42 - 16X
6x— 24
6X — 24
0

Answer is2x° — 3x* + 2x3 - 8x2 + 4x + 6
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-x+xt - ¥ Exe-2x+1
x=3| X8+ 40 -4+ 43 -52+7x-3

-x0 + 3¢
x° — 4
X2 — 3¢
- x4+ 43
0 — x4+ 33
X3 - 5%
X3 — 3
- 22 + 7x
- 2 + 6x
X—3
X—3

0

Answeris — x>+ x4 - x3+x2-2x+1

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 1

Question:

Divide:

(@)x3+x+10by (x+2)

(b) 23 - 17 +3 by (x+3)
(c) -3x3+50x—-8by (x—4)

Solution:

X2-2x + 5
x+2[ 3+0@+ x+10

xS + 22
@) -2+ X
- 2% - 4x
5x + 10
5x + 10
0
Answer isx? — 2x+ 5
28 -6x + 1
x+3| 23+ 0% - 17x+ 3
23 + 62
(b) - 6X% — 17x
- 6x — 18x
X+ 3
X+ 3

0

Answer is2x2 — 6x + 1
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-3%-12x + 2
x—4] -33+ 0x%+50x-8
- 33 + 12%
© — 12X + 50x

— 122 + 48x
2x— 8
2x— 8

0

Answer is — 3x2 — 12x + 2
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 2

Question:

Divide:

(@)x3+x2-36 by (x-3)
(b) 23+ 9x2+ 25 by (x+5)

() =33+ 11x2-2C by (x-2)

Solution:

X2+ 4x + 12
x-3[ 3+ X2+ o0x-36
x3 — 32
@) 4X2+ 0Ox
4x2 — 12x

12x- 36
12x- 36

0

Answer isx2 + 4x + 12

2%-x + 5
x+5| 23+ Ox2+0x+ 25
23 + 10

(b) - X2 + 0x

- x2 - Bx
5x + 25
5x + 25
0

Answer is2x2 - x + 5
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-3%+5x + 10
x-2[ -33+118+ o0x-20
-33+  6x°
() 5X2+ (0)4
5x2 — 10x

10x- 20
10x- 20

0

Answer is — 3x2 + 5x + 1C
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Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 3

Question:

Divide:

(@)x3+2x2-5x-10by (x+2)
(b) 23 - 6x2+ 7x - 21 by (x-3)

(c) —3x3+21x2 - 4x + 28 by (x-7)

Solution:
X2 -5
x+2[ x3+22-5x-10
@) X3'|'2X2
0 -5x-10
-5x-10
0
Answer isx2 — 5
22 + 7
x-3| 23-62+7x-21
) 2% - 6X
0+ 7x-21
7x—-21
0
Answer is X% + 7
-3%-4
x=7| -33+21@ - 4x+ 28
(C) —3)(3+21)g
0 -4x+28
- 4x+ 28

0

Answer is — 3x2 - 4

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 4

Question:

Find the remainder when:

(@) x3 + 4x2 — 3x + 2 is divided by (x + 5)

(b) 33 - 202 + 10x + 5 is divided by (x - 6)
(c) — 2x3+ 3x2+ 12x + 20 is divided by ( x — 4)
Solution:

X2-x + 2

x+5[ 3+ 42 - 3x+2

X3 + 5%
@) - x% - 3x
— X2 - Bx
2x+ 2
2x+ 10
-8
The remainder is - 8.
3 -2x - 2
x—6| 33-202+10x+ 5
3 - 18%
(b) - 25 + 10x
- 2% + 12X
-2x+ 5
- 2x+ 12

-7

The remainder i — 7.
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-2¢-5x - 8
x—4[ -23+ 32+ 12x+ 20
- 223 + 8%
© - 5 + 12
— 52 + 20x
— 8x+ 20
— 8x+ 32

-12

The remainder i — 12.
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 5

Question:

Show that wheidx® — 2x2 + 4 is divided by x — 1) the remainder is

Solution:
3+x + 1
x-1] 33-22+0x+4
3¢ - 3%
X2 + Ox
X2 - X
X+4
x=-1
5

So the remainder is

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 6

Question:
Show that wheidx* — 8x3 + 1Cx2 — 3x — 25 is divided by x + 1) the remainder - 1.

Solution:

- 118 +21x - 24
x+1] 3¢-83+10@- 3x-25

3¢ + 33
—- 113 + 10¥
- 118 - 11¥
212 - 3x
21X + 21x
- 24x- 25
- 24x- 24
-1

So the remainder - 1.

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 7

Question:

Show thatx + 4) is the factor 05x3 — 73x + 28.

Solution:

5 - 20X + 7
x+4[ 53+ 0x2-73x+28
53 + 202
- 20X - 73x

- 205 — 80x
7x+ 28
X+ 28

0

The remainder is 0, < + 4 is a factor 05x3 — 73x + 28.

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 8

Question:
33 -8x-8
Simplify =, 5
Solution:
3 +6x + 4
x-2[ 33+02- 8x-8
33 - 6X
6x2 —  8x
632 — 12X
4x - 8
4x — 8
0
3x3-8x-8
T, =X+ 6x+4.

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 9

Question:
Divide x3 — 1 by x — 1).
Solution:

X+x + 1
X—1| X3+ 0x + 0x— 1

X3_ X2
X2 + 0x
X2 - X

Xx—-1
x=1
0

Answer isx2 + x + 1.

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise C, Question 10

Question:

Divide x* — 16 by x + 2).

Solution:
X3-2¢+4x - 8
x+2[ x4+ 03+ 02+ 0x- 16
x4+ 23
—2x3 + 0¥
- 253 - 4%
4%2 + Ox
42 + 8x
- 8x- 16
- 8x- 16
0

Answer isx3 — 2x2 + 4x — 8.

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise D, Question 1

Question:

Use the factor theorem to show:

(@) (x—1) isafactorof ¥ - 3x2 -1

(b) (x+3) is afactor of 8" — 452 — 6x — 18
(c) (x—4) is afactor o — 3x3 + 13x2 — 6x + 8
Solution:

(@f(x) =43-32-1
f(1) =4(1)3-3(1)2-1=4-3-1=0
So (x-1) isafactorof #-3x2-1

(b) f(x) =5x* - 45¢ - 6x — 18
f(-3)=5(-3)%-45(-3)2-6(-3) -18
f(-3)=5(81) -45(9) +18-18=405-405=0
So (x+ 3) is afactor of ' — 45x2 — 6x — 18

(©)f(x) = -3x3+13x°-6x+8

f(4) =-3(4)3+13(4)%2-6(4) +8

f(4) = -192+208-24+8=0

So (x-4) isafactor ol — 3x3+ 13x2 - 6x + 8

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Show thai (x - 1) is a factor oix3 + 6x2 + 5x — 12 and hence factorise the expression comple

Solution:

f(x) =x3+6x2+5x—12
f(1) =(1)%+6(1)2+5(1) -12=1+6+5-12=0
So (x-1) is afactor ok3 + 6x2 + 5x — 12

X2+ 7x + 12

x-1[ x3+62+5x-12
X3_ X2
7x2 + 5x
e — T
12x- 12
12x- 12

0
NowxZ+ 7x+12= (x+3) (x+4)
Sox3+6x2+5x-12= (x-1) (x+3) (x+4)
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Algebra and functions
Exercise D, Question 3

Question:
Show thai (x + 1) is a factor oix3 + 3x2 — 33x — 35 and hence factorise the expression comple

Solution:

f(x) =x3+3Z¢-3%-35
f(-1)=(-1)%+3(-1)2-33(-1)-35=-1+3+33-35=0
So (x+1) isafactor ok® + 3x2 - 33 — 35

X2 +2x - 35
x+1[ x3+32-33x-35
X3+ X2

2x2 - 33x
22+ 2x
- 35x- 35
- 35x- 35

0
NowxZ+2x—-35= (x+7) (x—-5)
Sox3+3x2-33-35= (x+1) (x+7) (x-5)
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Question:

Show thal (x - 5) is a factor oix3 — 7x2 + 2x + 4C and hence factorise the expression comple

Solution:

f(x) =x3- 72+ 2x+40

f(5) =(5)%-7(5)2+2(5) +40
f(5) =125-175+10+40=0

So (x-5) is afactor ok® — 7x2 + 2x + 40

X2-2x - 8
X—5| X3— 78+  2x+40
3 - 5@

-2+ 2

- 252 + 10x
- 8x+ 40
- 8x+ 40

0
NowxZ-2x-8= (x—-4) (x+2)
Sox3-7x2+2x+40= (x-5) (x-4) (x+2) .
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Exercise D, Question 5

Question:

Show thal (x - 2) is a factor 0f2x3 + 3x2 — 18x + 8 and hence factorise the expression comple

Solution:

f(x) =23 +3x-18+8
f(2) =2(2)%+3(2)2-18(2) +8=16+12-36+8=0
So (x-2) isafactor of 8+ 3x2 — 18x + 8

28+ 7x - 4
x—2| 23+ 3¢ - 18x+8
253 — 42

7x2 — 18X

7% — 14x
- 4x+ 8
- 4x+ 8

0
Now2x2+ 7x—4= (X-1) (x+4)
So2x3+3x2-18x+8= (x-2) (2x-1) (x+4)
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Algebra and functions
Exercise D, Question 6

Question:

Each of these expressions has a factart p ) . Find a value op and hence factorise the expression completely.
(@)x3 - 10x2 + 19 + 30

(b)x3+x2 - 4x -4

(c)x3 - 4x2 - 11x + 30

Solution:

(@ f(x) =x3- 10+ 1% + 30
f(-1)=(-1)3%-10(-1)2+19( -1) +30=-1-10-19+30=0
So (x+1) isafactor.

x2-11x + 30

x+ 1| x3- 102 + 19x+ 30

S+ X2

- 1152 + 19x
- 11 - 11x

30x+ 30
30x+ 30

0
Nowx2-11x+30= (x-5) (x-6)
Sox3- 102+ 1% +30= (x+1) (x-5) (x-6) .

) f(x) =x3+x2-4x-4
f(-1)=(-1)3+(-1)2-4(-1)-4=-1+1+4-4=0
So (x+1) isafactor.

X2 -4
X+1| X3+ x2 - 4x— 4
X3 + X2
0 -4x-4

-4x-4
0

Nowx2-4= (x-2) (x+2)
Sox+x2—4x—-4= (x+1) (x=-2) (x+2)

(©)f(x) =x3-4x2 - 11x + 30

f(2) =(2)%-4(2)2-11(2) +30=8-16-22+30=0
So (x—-2) is afactor

PhysicsAndMathsTutor.com
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2-2x - 15
x-2| x3- 42 - 11x+ 30
3 - 2%
- 2% - 11x
-2+  4x
— 15x+ 30
— 15x+ 30

0
Nowx2-2x-15= (x+3) (x-5)

Sox3—4x2-11x+30= (x-2) (x+3) (x-5) .
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Exercise D, Question 7

Question:

Factorise:

(@) 23 +5x2 - 4x - 3
(b) 23 - 172 + 38x — 15
()3 +8x2+3x-2
(d) 63+ 11x2 - 3x - 2

(€)4x3 — 12x2 - 7x + 30

Solution:

(@) f(x) =23 +5x2 - 4x -3
f(1) =2(1)3+5(1)2-4(1) -3=2+5-4-3=0
So (x—-1) isafactor.

22+ 7x + 3
x—1| 23+52-4x-3
253 - 252
7X2 — 4x
7% — T

3x—3
3x—-3

0

Now2x2+ 7x+3= (+1) (x+3)
S023+52-4x-3= (x-1) (X+1) (x+3) .

(b) f(x) =23 - 172+ 3% - 15
f(3) =2(3)%-17(3)2+38(3) -15=54-153+114-15=0
So (x-3) isafactor.

22-11x + 5
x-3| 28- 172 + 38x- 15
23 - 6x2

- 112 + 38x

- 1152 + 33x
5x — 15
5x-15

0
Now2x2—11x+5= (2 -1) (x-5)
So2x3-172+38-15= (x-3) (2x—-1) (x-5) .
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(©)f(x) =33 +8x2+3x-2
f(-1)=3(-1)3%+8(-1)2+3(-1)-2=-3+8-3-2=0
So (x+1) isafactor.

B +5x - 2
x+1| 33+8¢@+3x-2
33 + 3%

5x2 + 3

5x2 + 5x
- 2X—-2
- 2X—2

0
Now3x2+5x-2= (Xx-1) (x+2)
S03C+82+3x—-2= (x+1) (X-1) (x+2) .

(d)f(x) =63+ 11x% - 3x - 2
f(-2)=6(-2)3+11(-2)2-3(-2)-2=-48+44+6-2=0
So (x+2) isafactor.

6 -x - 1
x+2[ 63+ 112 - 3x-2
633 + 1252
- X2 - 3x
- X2 - 2x

-X-2
-X=-2

0
Now6bx2—x—-1= (Xx+1) (%-1)
S06C+ 11X —-3x-2= (x+2) (Xx+1) (x-1) .

(e)f(x) =43 -122%-7x+ 30
f(2) =4(2)3-12(2)2-7(2) +30=32-48-14+30=0
So (x-2) isafactor.

He-4x - 15
x—=2| 4@- 122 - 7x+ 30
43 - 8x2

- 4% - 7x

— 4%% + 8x
- 15x + 30
- 15x + 30

0
Now4x?2—4x—-15= (Xx+3) (X-5)
S04x3-12x3 - 7x+30= (x-2) (2x+3) (2x-5) .
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Question:

Given thal (x — 1) is a factor 05x3 — 9x2 + 2x + a find the value oa.

Solution:

f(x) =5 -9+ 2x+a

f(1) =0
S05(1)%3-9(1)2+2(1) +a=0
5-9+2+a=0

a=2
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Question:

Given thal ( x + 3) is a factor 016x3 — bx2 + 18 find the value ob.

Solution:

f(x) =6x3-bx2+18
f(-3)=0
So6(-3)3-b(-3)2+18=0
-162-9H+18=0

9= -144

b= -16
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Question:

Giventhal (x—-1) and (x+ 1) are factors opx3 + qx2 — 3x — 7 find the value op andq.

Solution:

f(x) =pC+qgé-3x-7
® f(1) =0
p(1)3+q(1)2-3(1)-7=0
ptgq-3-7=0
p+qg=10
@ f(-1)=0
p(-1)3+q(-1)2-3(-1)-7=0
-p+q+3-7=0
—p+q:4
Solve simultaneously:

p+q=10
-ptag= 4

20 =14

q= 7
p+q=10, sop = 3.
Answerisp=3,q=7.
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Exercise E, Question 1

Question:

Find the remainder when:

(@) 43 — 5x2 + 7x + 1 is divided by x-2)

(b) 2 - 323 + x - 10 is divided by & — 4)
(c) — 23+ 6x2+ 5x — 3is divided by (x+ 1)
(d) 73 + 6x2 — 45« + 1 is divided by (x + 3)
(e) &4 - 4x2 + 8x — 1is divided by (8- 1)

(f) 243 - 27x3 - 3x + 7 is divided by (8-1)
(g) 643 + 322 + 16x + 9 is divided by (%+ 1)
(h) 813 - 81x2 + 9x + 6 is divided by (8-2)
(i) 243¢ - 780¢ + 6 is divided by (8+4)

() 125x* + 5x3 — 9x is divided by ( 5x + 3)
Solution:

(@) f(x) =43 -5+ 7x+1

f(2) =4(2)3-5(2)2+7(2) +1
f(2) =32-20+14+1=27
Remainder is 27.

(b)f(x) =2x°-323+x-10

f(4) =2(4)°%-32(4)3+ (4) -10
f(4) =2048-2048+4-10= -6
Remainderis - 6.

(©)f(x) = —23+6x2+5x-3
f(-1)=-2(-1)3%3+6(-1)2+5(-1) -3
f(-1)=2+6-5-3=0

Remainder is 0.

(d)f(x) =73+6x2-45¢+1
f(-3)=7(-3)%+6(-3)2-45(-3) +1
f(-3)=-189+54+135+1=1
Remainder is 1.

(e)f(x) =ax*-42+8-1

(2 _ (1),
R

f

(1), (1) _
Lz) ") Tt
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)T

Remainder is 2; .

-1+4-1= 2—

(Nf(x) =243¢-23 -3+ 7

NS (2Y o (2)5 (2,
PLE)TER ) TE L) TR )
( )—3—1—1+7:8

Remainder is 8.

(@) f(x) =643 +32%-16x+9

(U U G U DU N S P A
S It U Bl U A U
( %)=—1+2+4+9=14

Remainder is 14.

() f(x) =813 - 812+ 9 +6

(\_(\ (2, .02,
Pl TR ) TR ) ) T
( )—24 36+6+6=0

Remainder is 0.

() f(x) =243%6- 780+ 6
f(—g)zzm(—é)f‘—?s (—g)he
f(—%):%%—%)+6=—%+6=—21% +6=—1§1
Remainder is — 1% .

() f(x) = 125¢ + 53 — 9x

T I G T DU I DU A
LT T TR TR T ) T T )

s )

Remainder is 2 = 20.52
= )
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Exercise E, Question 2

Question:

When2x3 — 3x2 — 2x + ais dividedby (x - 1) the remainder i — 4. Find the value ca.

Solution:

f(x) =23-3¢-2x+a

f(1) =-4
S02(1)3-3(1)2-2(1) +a= -4
2-3-2+a= -4

a= -1
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Algebra and functions
Exercise E, Question 3

Question:

When - 3x3 + 4x2 + bx + 6 is divided by ( x + 2) the remainder is 10. Find the valueb.

Solution:

f(x) = -3C+4%+bx+6

f(-2) =10

So -3(-2)3+4(-2)2+b( -2) +6=10
24+16-Dd+6=10

2b =36

b=18
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Algebra and functions
Exercise E, Question 4

Question:

When16x3 - 32x2 + cx — 8 is divided byby (2x - 1) the remainder is 1. Find the valuec.

Solution:

f(x) =163 -32%+cx- 8

]

8016(%}3—32 (%)2+c (%) -8=1
2—8+%c—8:1

%c =15

c=3C
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Algebra and functions
Exercise E, Question 5

Question:
Show thal (x - 3) is a factor oix® — 36x3 + 24z

Solution:

f(x) =x8-36E+243

f(3) =(3)%-36(3)3+243
f(3) =729-972+243=0
Remainderis 0, s (x — 3) is a factol
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Algebra and functions
Exercise E, Question 6

Question:

Show thai (2x — 1) is a factor 02x3 + 17x2 + 31x — 20.

Solution:

f(x) =23+ 172+ 31x - 20

Tl (2]

Remainderis 0, s (2x— 1) is a factor
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Algebra and functions
Exercise E, Question 7

Question:

f(x) =x2+3x+q.Givenf (2) =3,findf ( -2) .

Solution:

f(x) =x2+3x+q

Givenf(2) =3.

So (2)2+3(2) +q=3
4+6+q=3

q= -7

f(x) =x2+3-7
f(-2)=(-2)2+3(-2) -7
f(-2)=4-6-7=-9
Answer is — 9.
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Exercise E, Question 8

Question:

g(x) =x3+ax2+3x+6.Giveng( - 1) =2, find the remainder wheg ( x) is divided by (3x-2) .

Solution:

g(x) =x3+ax+3x+6

Giveng( -1) =2.
So(-1)3+a(-1)2+3(-1) +6=2
-1+a-3+6=2

g?x0)=x3+3x+6
(2 _ (25, .(2),
TlE)TlE) ) Tt
g(é):;+2+6—8%

8
Answer is 827 .
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Exercise E, Question 9

Question:

The expression¥® — x2 + ax + b gives a remainder 14 when divided by € 2 ) and a remainder — 86 when divided
by (x + 3). Find the value ca andb.

Solution:

f(x) =23-x2+ax+b
® f(2) =14
S02(2)%-(2)2%+a(2) +b=14
16-4+2a+b=14
2a+b=2
@ f(-3)=-86
S02(-3)3-(-3)2+a(-3) +b=-86
-54-9-3%A+b=-86
-3a+b=-23
Solve simultaneously:
2a+b= 2
-3a+b= -23
S5a = 25

a=5

2a+b=2

Substitutea = 5:

2(5) +b=2

10+b=2

b= -8

Checka =5,b = - 8 by substitution:
-3+b=-3(5)+ (-8)=-15-8= -2%
Answer isa=5,b= - 8.
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Algebra and functions
Exercise E, Question 10

Question:

The expressionx@ + 2x2 — px + q is divisible by (x - 1) but leaves a remainder of 10 when dividedxoy 1). Find
the value oa andb.

Solution:

f(x) =3C+2¢-px+q
® f(1) =0
S03(1)3+2(1)?-p(1) +q=0
3+2-p+q=0
—p+q:—5
@ f(-1)=10
S03(-1)%+2(-1)%-p(-1) +q=0
—3+2+p+q:10
p+q=11
Solve simultaneously:

-p+g= -5

p+qgq=11

20= 6

q=3
Substituteg = 3:
p+q=11
p+t+3=11
p=8
Check: —p+q=—8+3=—5\/
Answer isp = 8,q=3.
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Exercise F, Question 1

Question:
Simplify these fractions as far as possible:

3¢ - 21x
(a) 3x

X2 - 2x— 24

X2 - Tx+6

(b)

2@ + 7x— 4
() 22 + 9x+ 4

Solution:

A -21x A 21

—_ _ _ = —\3_
(a) 3x - 3x 3x =X 7

X2 - 2x— 24
(b X2 - 7x+6

_(x-6)(x+4)
(=6)(x-1)

x+4
T ox-1

2¢ +7x- 4
(©) 22+ oxsa

_(2x-1)(x+4)
(2x+1)(x+4)

2x-1
T o2x+1
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Exercise F, Question 2

Question:

Divide 3x3 + 12x2 + 5x + 20 by (x + 4).

Solution:

3 + 5
X+ 4] 33+ 122 + 5x+ 20

33 + 12%
0 + 5x+20
5x+ 20

0

Answer is3x2 + 5.
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Algebra and functions
Exercise F, Question 3

Question:

o 23+ 3x+5
Simplify =, 3

Solution:

28-2x +5
x+1| 23+ 02 +3x+5
23 + 252
- 262 + 3x
- 2% - 2x
5x+ 5
5x+ 5

0

23+ 3x+5
x+1

= 22— 2x + 5.
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Exercise F, Question 4

Question:

Show that (x - 3) is a factor of £ — 2x2 — 17x + 15. Hence express®- 2x2 — 17x + 15 in the form ( x-3 }

(

\ Ax2 +Bx + C ) , where the value, B andC are to be found.

Solution:
f(x)=23-22-17%+ 15
f (3)=2(3)3%3-2(3)2-17(3) +15
f (3) =54-18-51+15=0
So (x-3) isafactor.
28+4x - 5
x-3| 23-2@-17x+ 15
253 - 62
42 - 17x
42 - 12x
- 5x+ 15
- 5x+ 15

0
So28-2%-17x+15= (x-3) (2% +4x-5) .
SoA=2B=4,C= -5
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Exercise F, Question 5

Question:

Show that (x - 2) is a factor ok® + 4x2 — 3x — 18. Hence express + 4x2 — 3x — 18 in the form - 2)
(px+q) 2, where the valuep andq are to be foun

Solution:

f (x) =x3+4x2-3x-18

f (2)=1(2)%+4(2)2-3(2) -18
f (2) =8+16-6-18=0

So (x-2) isafactor.

X+6x + 9
X—2| X3+ 48—  3x-18

X3 — 258
6x2 —  3x
632 — 12X
9x - 18
9x - 18
0

NowxZ+6x+9= (x+3) (x+3) = (x+3)?2
SoOx3+4x2-3x-18= (x-2) (x+3) 2.
Sop=1,q=3
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Exercise F, Question 6

Question:

Factorise completel2x3 + 3x2 — 18x + 8.

Solution:

=23+ 3% - 1& + 8

f (x)
f (2)=2(2)%+3(2)2-18(2) +8
f (2) =16+12-36+8=0
So (x-2) isafactor.
28+ 7TX - 4
x—2[ 23+32-18x+8
253 — 42
7x2 - 18x
752 — 14x
- 4x+ 8
- 4x+ 8
0

Now2Z+ 7x—4= (%-1) (x+4)
S02x3+3x2-18x+8= (x-2) (2x-1) (x+4) .
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Algebra and functions
Exercise F, Question 7

Question:

Find the value ok if (x—-2) is a factor oix3 — 3x2 + kx — 10.

Solution:

f (x) =x3-32+k«-10

f (2)=0

So (2)3%-3(2)2+k(2) -10=0
8-12+%-10=0

2k = 14

k=7
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Algebra and functions
Exercise F, Question 8

Question:

Find the remainder whel6x® — 20x* + 8 is divided by (2x - 1) .

Solution:

f(x) =168 -20¢ + 8

IOEIORIOR
(1) -3 teeend
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Algebra and functions
Exercise F, Question 9

Question:
f(x) =2 +px+q.Giventhatf( -3) =0,andf(4) =2:
(a) find the value op andq

(b) factorisef ( x)

Solution:

(@f(x) =2¢+px+q
®f(-3) =0
So2(-3)%+p(-3)+q=0
18- +qg=0

3p-q=18

@f(4) =21
So2(4)%+p(4) +q=21
dp+qg=-11

Solving simultaneously:
3p—-g= 18

4p+q= -11

p= 7

p=1
Substitutep=1intop +qg= - 11:
4(1) +g=-11

g= -15

Check: -q=3(1) - ( -15) =3+15=18"
Sop=1,q= -15

(b)f (x) =2x2+x—-15= (2x-5) (x+3)
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Algebra and functions
Exercise F, Question 10

Question:
h(x) =x3+42+rx+s.Givenh( -1) =0,andh(2) =30:
(a) find the value of ands

(b) find the remainder wheh ( x) is divided by (3x - 1)

Solution:

(@h(x) =x3+42+rx+s
®h(-1)=0

So (-1)3+4(-1)2+r(-1) +s=0
-1+4-r+s=0

-r+s= -3

@ h(2) =30

So (2)3+4(2)2+r(2) +s=30
8+16+2 +s=30

2r+s=6

Solving simultaneously:
2r+s= 6

-r+s= -3

3r = 9

r=3

Substituter = 3into -r +s= - 3:

-3+s= -3

s=0

Check:2 +s=2(3) + (0) =6v
Sor=3, s=0

(b) h (x) =x3+ 4x2 + 3x

(2 _ (25, (2, (1)
L) T ) L) TR
h(§>:§+§+1:1§

13
Remainder is L.
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Algebra and functions
Exercise F, Question 11

Question:

g(x) =23+9x2-6x-5.
(a) Factorise g x)

(b) Solveg (x) =0
Solution:

(@g(x) =23+9%2-6x-5
g(1)—2(1)3+9(1)2 6(1) -5
g(1) =2+9-6-5=

So (x-1) isafactor.

2 +11x + 5
x-1] 28+92- 6x-5

23 - 2%
11¥% - 6X
11x% - 11x
5x-5
5x-5
0

Now2x2+ 11x+5= (x+1) (x+5)
Sog(x) = (x-1) (X%+1) (x+5)

(b)g(x) =0
(x—1) (X+1) (x+5) =0

1
-.,Xx= =5,

Sox=1,x= - 2
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Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise F, Question 12

Question:

The remainder obtained wheh— 5x2 + px + 6 is divided by &+ 2) is equal to the remainder obtained when the
same expression is divided byx ¢ 3) .
Find the value op.

Solution:

g(x) =x®-52+px+6
®g(-2) =R

So (-2)%-5(-2)2+p(-2) +6=R
-8-20-+6=R

-2p-22=R

@ g(3) =R

So (3)%-5(3)2+p(3) +6=R
27-45+3+6=R

p-12=R

Solving simultaneously:
-2p-22=3-12

-5p=10

p= -2
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Algebra and functions
Exercise F, Question 13

Question:

The remainder obtained wheh+ dx2 — 5x + 6 is divided by (x— 1) is twice the remainder obtained when the same
expression is divided by X+ 1) .
Find the value od.

Solution:

f(x) =x3+dx®-5x+6

Letf( -1) =R
So(-1)3+d(-1)2-5(-1) +6=R
-1+d+5+6=R

d+10=R

Nowf (1) =2R

So (1)3+d(1)2-5(1) +6=R
1+d-5+6=R

d+2=22R

Solving simultaneously:
d+2=2(d+10)

d+2=2d+20

2=d+20

d= -18
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Algebra and functions
Exercise F, Question 14

Question:
(a) Show that & -2 ) isafactorof f k) =x3+x2—5x—2.
(b) Hence, or otherwise, find the exact solutions of the equatier) f£ 0 .

[E]
Solution:

(@f(x) =x3+x2-5x-2

f(2) =(2)3+ (2)2-5(2) -2
f(2) =8+4-10-2=0

So (x-2) isafactor.

XX+3x + 1
X—2| X3+ x2-5x-2

X3 — 22
(b) 3% - 5x
3% - 6x
X—2
X—2

0
Sof(x) = (x=-2) (X¥+3x+1)
Nowf (x) =0 whenx =2
andx’+3x+1=0

-3\ (3)2-4(1) (1) ( —bz\b?- dac \
2a

i.e.x= 2(1) kX: ]
-3z 5
= X= T
-3+ 5 -3-45
Sox=2,x= , X =

2
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Algebra and functions
Exercise F, Question 15

Question:

Given that - 1 is a root of the equatiax? 2 5x2 — 4x + 3, find the two positive roots.

[E]
Solution:

28 -7x + 3
x+1| 23-52-4x+3
23 + 2%

- X2 - 4x
-7 - 7x
3x+3
3x+ 3

0
Now2x2—7x+3= (x-1) (x-3)
S023-52-4x+3= (x+1) (%-1) (x-3) .

1
The roots are — 1; and 3.

1
The positive roots ane= 7 andx = 3.
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Thesineand cosinerule
Exercise A, Question 1

Question:

In each of parts (a) to (d), given values refer to the general triangle:

B

A
(a) Giventhah =8 cm,A=30°,B=72 °, findb.

(b) Given thaa =24 cm,A=110°,C =22 °, findc.
(c) Given thab=14.7cmA=30°,C=95°, finda.

(d) Giventhac =9.€6cm,B=68.£°,C=83.7°, finda.

Solution:
(@) B
3 cm
C‘r
A4 b
a b

USing sin A = sin B

b 8

sin 72° T sin 30°

8 sin 72°
sin 30 °

(Check: as72° >30°,b>8cm.)

> =15.2cm (3 s.f)

PhysicsAndMathsTutor.com
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(b) B

A 110°

. a c
Using SnA =

sin C

c 24

sin 22° 7 sin 110°

24 sin 22°

= C= sin 110 °

=9.57cm (3 s.f)
(As110° >22°,24cm =)

()

14.7cm

ZABC=180° - (30+95) ° =55°

. a b
Using sin A

= sin B
a 14.7

sin 30° ~ sin55°

14.7 sin 30 °
sin 55 °

= a= =8.97 cm (3 s.f)

(d)

«BAC=180° - (68.4+83.7) ° =279°

. a c
Using sin A

= sin C

PhysicsAndMathsTutor.com
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a 9.8

sin 27.9° ~ sin 83.7°

9.8 sin 27.9°

= as=s sin 83.7 °

=4.61cm (3s.f)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page3 of 3



Heinemann Solutionbank: Core Maths 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise A, Question 2

Question:

In each of the following triangles calculate the values arfidy.

(b)

yem
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(d)

()
xcm

5.9cm

yem

Solution:

@

T.5em

x=180- (57+39) =84
. a b
USIngsinA

= sin B
y 7.5

sin 57° ~ sin 84°

7.5 sin 57°
> Y= “gne- =632(3sf)

PhysicsAndMathsTutor.com
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(b)

yem

. a c
Using sinA

sin C

X 25

sin 30° ~ sin 112°

25 sin 30°

=> X= gi112- —135@3sf)
+B=180° - (112+30) ° =38°
. b __c
Using sinB " sinC
y 25

sin 38° T sin 112°

25 sin 38 °
> Y= gni12c & 16.6 (3 s.f)

(©)

x=180- (60+35) =85
. b a
USIngsinB

= sin A

y 8

sin 85° ~ sin 35°

8 sin 85°
= Y= oname = 13.9 (3 s.f)
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(d)

x=180- (50 +50) =80
. a c
lJsmgsinA =

sin C

y 8

sin 50° ~ sin 80°

8 sin 50 °
=> Y= nsoc - 6.22 (3 s.f.)

4
(Note: You could use the line of symmetry to split the triangle into two right-angled triangles and use cos ')50 ° =

()
xem

5.9¢cm
yem

2,C=180° - (56.4+72) ° =516°

. a C
Using sin A

= sin C
X 5.9
sin 56.4° ~ sin 51.6°

5.9 sin 56.4 °
= X= "o o16e —6.27(3sf)
. b c
Using sinB ~ sinC
y 5.9

sin 72° T sin 516°

5.9 sin 72°
= YT sinsi6° 7.16 (3s.f)
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a C

Usmg sin A = sin C

X 6

sin 36.8° ~ sin 53.2°

6 sin 36.8 °

= XZ §ins32°

=4.49 (3s.f)

,B=180° - (36.8+53.2) ° =90°

. b c
Using sinB " sinC
6 y
sin 53.2° ~ sin 90°
6 sin 90 °
=> Y= ns3ze = 7-49(@3s.t)

(Note: The third angle is 90° so you could solve the problem using sine and cosine; the sine rule is not r
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise A, Question 3

Question:
In APQR, QR = ¥ 3cm, « PQR =45 ° and~ QPR = 60 ° . Find (aPRand (b)PQ.

Solution:

_ p
“ sinP

. q
(a) Usmgm

PR \3

= sin 45° = sin 60 °
\ 3 sin 45
= PR="_"c- =141cm@3sf)

(The exact answer is/ 2 cm.)

. r p
(b) Usmg sin R = sin P
PQ V3
sn 75° = sineo- IANgIER=180° - (60+45) ° =75° ]
V3 sin 75°
= PQ="g - =193cm(3s.f)
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise A, Question 4

Question:

TownB is 6 km, on a bearing of 020°, from tovnTownC is located on a bearing of 055° from tomand on a
bearing of 120° from towB. Work out the distance of tovC from (a) towrA and (b) towrB.

Solution:

A

4BAC=55° -20° =35°
2« ABC=20° ('Z angles) + 60° (angles on a straight line) =80 °
<ACB=180° - (80+35) ° =65°

[

. b
(a) Usmg sin B = sin C

AC 6

sin 80° ~ sin 65°

6 sin 80 °
= AC= ~ 5. =652km(3sf)
. a c
(b) Usmg sin A = sin C
BC 6 6 sin 35

=3.80 km (3 s.f)

sin 35° = sin 65 ° = BC = sin 65 °
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise A, Question 5

Question:
In the diagram AD =DB =5cmz ABC =43°

and « ACB=72°.
Calculate (apB and (b)CD.

A

Solution:

D Scm

(d) InAABD, « DAB =43 ° (isosceleg\).
So - ADB=180° - (2x43°) =94°

a

d
As triangle is isosceles you could work with right-angled triangle, but using sing e

sin A:
AB 5
= sin 94° T sin 43°
5 sin 94°
= AB= oo =73lcm@3s.f)

(b) INnAADC, ~ ADC =180° -94° =86"° (angles on a straight line).
So ~CAD=180° - (72+86) ° =22°

. a c
Using snA

sin C

CD 5
sin 22° ~ sin72°
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5 sin 22°

= CD= 75, 7,- =197cm@3s.f)
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Exercise B, Question 1

Question:
(Note: Give answers to 3 significant figures, unless they are exact.)

In each of the following sets of data for a triangRC, find the value ok:
(@ AB=6cm,BC=9cm,2« BAC=117°, - ACB=x".

(b)) AC=11cm,BC=10cmz ABC=40°, 2 CAB=x".
(c)AB=6cm,BC=8cm,«BAC=60°, ~ ACB=x"°.

(d) AB=8.7cm, AC =10.8cmxz ABC=28°, « BAC=x".

B

A

Solution:

Using=—— =7,
sin x ° sin 117 °
= 6 — 9
. 6 sin 117 °
= sinx°® = 7 g (=0.5940..)

( 6 sin 117 ° \

> x° =sin"1 k 5 ] =36.4° (3s.f)

= x=36.4
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(b) [ B
4()°
10cm
A C
Ilecm
. sinA sin B
Using— — =7,
sin x ° sin 40 °
= 0 - 1
. 10 sin 40 °
= sinx® = 7 7 (=0.5843.)

( 10 sin 40 ° \

> x° =sin~1! =35.8° (3s.f.
U (3s.f)

= x=35.8

()

. sin C sin A
Using™ - =7,
sin x ° sin 60 °
= 6 ~ 8
. 6 sin 60 °
= sinx°® = 7 g (=0.6495..)

1 ( Gsin60°\

= X° =sin” e =40.5° (3s.f)
N

= x=40.5

@ B

A 10.8cm C
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. sinC sin B
Using=— =7
sin C° sin 28 °
= 87 ~ 108
. R 8.7 sin 28 °
= sinC°® = =7 ;5 (=0.3781..)

( 8.7 sin 28 ° \\

= C° =sin! K 108 )

> C=222° (3s.f)

> x° =180° - (28+222) ° =129.8° =130° (3s)

= x=130
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Thesineand cosinerule
Exercise B, Question 2

Question:
(Note: Give answers to 3 significant figures, unless they are exact.)

In each of the diagrams shown below, work out the value of

(a) B
5.8cm
7.2cm
c
A
(b) B
4.5¢m
6.2cm
c
A
(c) B
V2em
3V2em
c
A

(d)
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(e) B

7.9¢m
C

4 10.4¢cm

() B

12.4cm

A
9.7cm C
Solution:
(a) B
5.8¢cm
7.2¢cm
C
A
. sinA sin C
Using— — ="
sin x ° _ sin 67.5°
= 58 — 72
] 5.8 sin 67.5°
= sinx° = T(= 0.7442...)

1 ( 5.8 sin 67.5° \

= X° =sin~ k 72 ) =48.09 °

= x=48.1(3s.f)

(b) B

4.5¢m
6.2¢cm
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. sinA sin C
Using— — ="
sin x ° sin 80 °
= 45 T 62
. R 4.5 sin 80 °
= sinx°® = T o (=0.7147..)

( 4.5 sin 80 ° \

> x° =sin71 k o2 ] =4563°
= Xx=45.6(3s.f)
(©) B
V2 em
3vV2cem
C
A
. sin A sin C
Using™ — ="
sin x ° _ sin 50 °
= N2 T 342
) V2 sin 50°
= sinx® =" 2, (=0.2553

1 ( sin 50 ° \

= X° =sin k 3 ) =14.79°
= x=14.8(3s.f.)

(d)

Angle ACB=180° -70° =110°

. sinA sin C
Using™ — ="
sin x ° sin 110 °
= 8 — 10
. o 8 sin 110 °
= sinx°® = 7 o= (=0.7517..)

1 ( 8 sin 110 ° \

= X° =sin” k 10 / =48.74 °

> x=487(3sf)
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(e) B
7.9¢cm
(o
4 10.4em
. sin C sin B
Using=— =7,
sin C sin 55 °
= 79 104
. 7.9 sin 55°
= sinC= ~ 104 (=0.6222..)
N (7.95in55°\\ o
= C=sin k 104 ) = 38.48

x° =180° - (55+C) °
> x=86.52=86.5(3s.f)

(f) B

12.4cm

A
9.7¢m C
. sinB sin C
Using™ — ="

sin B _ sin 60 °
= 97 T 124

. 9.7 sin 60 °
= sinB= T (=0.6774..)
=> B=4265°

x° =180° — (60+B) ° =77.35°
> x=77.4(3st)
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Thesineand cosinerule
Exercise B, Question 3

Question:
(Note: Give answers to 3 significant figures, unless they are exact.)
In APQR, PQ =15 cm, QR =12 cm and PRQ = 75 ° . Find the two remaining angles.

Solution:

Y

P R

. sin P sin R
Using b =
sin P sin 75 °
= 12 - 15
. 12 sin 75°
= sinP= " (=0.7727..)

( 12 sin 75 ° \

= P=sin~? =50.60 °
N

Angle QPR =50.6 ° (3 s.f.)
AnglePQR=18C° - (75+50.€) ° =54.£°(3s.f

© Pearson Education Ltd 2C
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Thesineand cosinerule
Exercise B, Question 4

Question:
(Note: Give answers to 3 significant figures, unless they are exact.)

In each of the following diagrams work out the valuex ahdy:

(b) B
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Solution:

@

.
1 yom ¢
. sin A sin C
Using— — =
sin x ° sin 75°
= 39 ~ 55
. R 3.9 sin 75°
= SInX" = 55

1 ( 3.9 sin 75° \

= X° =sin~ k 55 / =43.23°
= x=43.2(3s.f)

So L ABC=180° - (75+43.2) ° =618°

. b c
Using sinB ~ sinC
y 55
sin 61.8° ~ sin 75°
5.5 sin 61.8°
> y= sin 75 ° =5.018

> y=502@3s.f)
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(b) B

10.8 cm

yem

A
. sinA sin C
Using™ — ="
sin A sin 45°
= 85 — 108
. 8.5 sin 45°
=> sinA= T 5
( 8.5 sin 45° \

x° =180° — (45+A) ° =101.2°
> x=101(3sf)

. b c
Using sinB ~ sinC
y 10.8
sinx° ~ sin 45°
10.8 sinx°
> Y= T e =14.98

= y=15.0(3s.f)

In AABC, 7 = cos 20° = x=7 cos 20° = 6.578 = 6.58 (3 5.1

sin D sin A

In AADC, using—— =

a

siny®° sin 100 °
= x - 122

. X sin 100 °
= siny°® = T oo

1 ( x sin 100 ° \

>y ° =sin k 122 ) =32.07°
- y=321(3st)
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(d) B

ycm

787

A D Scem C

In ABDC, «C=180° -78° =102°

. sinB sin C
Using= — ="
sin x ° sin 102 °
= 5 ~ 6
. 5 sin 102 °
= sinx° =" o

6

( 5 sin 102 ° \

> x° =sin~1! k 5 ] =54.599 °
= Xx=54.6(3s.f)

In AABC, « BAC=180° -102° - (10+4#) ° =134°
So ~ ADB=180° -10° -13.4° =156.6°

d a
Using 5.5 = sna INAABD
y _ 6
= sin 156.6° ~ sin 13.4°
6 sin 156.6 °
= VY= Tgnsa- - 1028=103(3sf)
(e) B

C
D
. sin C sin A
In AABC, using=™— =",
sin x ° _ sin 24 °
= 6.4 7
] 6.4 sin 24 °
= sinx° = 7
6.4 sin 24°
> x° =sin"? ( I } =2183”
. a d
In AABD, using sinA — sinD
y 6.4

sin 24° T sin 120°
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6.4 sin 24 °

sin 120° - 3-0058

= y=

= y=3.01(3s.f)
(The above approach finds the two values independently. You coulgfiistl and then use it to find but then ify is
wrong then so wilk be.)

®
A
D 8.5¢cm
. sin D sinB |
Using—,— = —, InABDC
sin x ° _ sin 80 °
= 62 — 85
6.2 sin 80 °
= x° = 85

1 ( 6.2 sin 80"\

= X° =sin~ k 85 } =4592°
= x=45.9(3s.f.)

In AABC, ~ ACB=180° — (80+x) ° =54.08 °

. sinA sin C
Using= — ="
sin A sin 54.08 °
= 62 75
. 6.2 sin 54.08 °
=> sinA= T o

= A=sin! (%) =42.03°

Soy° =18C° - (42.0:+134.1) ° =3.87(3s.f.
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise B, Question 5

Question:

In AABC, AB=xcm,BC= (4-x) cm, « BAC=y° and « BCA=30"°.

1
Given that siny ° = —,, showthak=4( V2-1) .

Solution:

. a c
Using sinA ~ sinC

A-x X

= siny® ~ sin30°

= (4-x) sin30° =xsiny°

1 1
> (4-x x 5 =XX TS

Multiply throughout by 2:

4-x=xV2
X+ \V2x=4
x(1++V2) =4
4
X= 1442
Multiply ‘top and bottom’ by v 2 - 1:
4(N2-1) 4(N2-1)
X= (N2-1) (N2+1) — ;1 =4(2-1)
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise C, Question 1

Question:

(Give answers to 3 significant figures.)
In AABC,BC =6 cm, AC=45cmandz ABC =45 °:

(a) Calculate the two possible values afBAC.

(b) Draw a diagram to illustrate your answ

Solution:

(@) A

B 6cm C

x>45°
So there are two possible results.

. sin A sin B
Using— — =7,

sin x ° sin 45 °

6 4.5

6 sin 45°
4.5

x° =sin~1 (%)

x° =705° (3s.f)or109.5°

sin x° =

(Gsin45°\\
N

or180° -sin™ !

(b)

DrawBC =6 cm
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Measure angle of 45° 8t(BX).
Put compass point C and open out to 4.5 cm. Where arc mBX are the two possible positionsA.
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise C, Question 2

Question:
(Give answers to 3 significant figures.)
In each of the diagrams shown below, calculate the possible valkesdthe corresponding valuesyof

A
Sem
12 em
B
C

(@)

yem C
(c) 15
4 cm Scm
A
}_:l cm (
Solution:

(@)

Scm

12em

™
| |
e
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. sinB sin C
Using= — ="

sin x ° sin 40 °

12 8

. R 12 sin 40 °
Sin X~ = 8

[123in40°\\ (123in40°\

x° =sin~1 or180° -sin !
. ) L\ )

X° =74.6° orl1l05.4°
X =74.6 or 105 (3 s.f)

Whenx = 74.6,y = 180 — (74.6 + 40) =180 - 114.6 = 65.4 (3 s.f.)
Whenx = 105.4y = 180 — ( 105.4 + 40) =180 - 145.4 = 34.6 (3 s.f.)

(b) B

yem C
. sinC sin A
Using=™— =,
sin x ° sin 25.6 °
42 = 21
. o 42 sin 25.6 °
Sin X~ = 21

x° =sin~1(2 sin 25.6°)or180° - sinl (2 sin 25.6 °)
x° =59.79° or120.2°
x =59.8 or 120 (3 s.f)

Whenx = 59.8,
angleB=180° - (59.8° +25.6° ) =94.6°

. b __a
Using sinB ~ sinA

y 21 21 sin 94.6°
sin946° ~ sin256° — YT sin2s6° 48.4 (3s.t)
Whenx = 120.2,
angleB=180° - (120.2° +25.6° ) =34.2°

. b a
Usmg sinB ~ sinA

y _ 21 _ 2 sin3z342°
sin342° = sin256° - YT sin2s6° 273 (3s.t)
© B

4cm Scm
A
yem (

PhysicsAndMathsTutor.com
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. sinA sin C
Using— — ="
sin A sin 50 °

5 4

5 sin 50 °
4

(53in50°\ (Ssin50°\\

A=sin"1 or180° -sin !
v ) R,

sin A=

A =73.250r106.75

WhenA = 73.247,

x=180 - (50 +73.247) =56.753 .. =56.8(3s.f)
. b c

Usmg snB — sinC
y _ 4 _ 4sinx°

sinx° = sin50° = y =~ sinso° — 437 (3 Sf)

WhenA = 106.75,
x=180 - (50 + 106.75) =23.247 =23.2 (3 s.f)
=2.06 (3 s.f.)

4 sin x
sin 50 °

As abovey =

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise C, Question 3

Question:

(Give answers to 3 significant figures.)

In each of the following casesABC has « ABC =30 ° and AB = 10 cm:
(a) Calculate the least possible length th@tcould be.

(b) Given that AC = 12 cm, calculate ACB.

(c) Given instead that AC = 7 cm, calculate the two possible values ACB.
Solution:

(@)

AC is least when it is at right anglesBG.
AC

UsingsinB= o

AC
. . _ AC
sin 30 ° = 10

AC =10 sin 30° =5
AC =5cm

(b) A

10 sin 30°

sin C= 12

PhysicsAndMathsTutor.com
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( 10 sin 30 ° \

C=sin"1 k ” / =24.62°
2 ACB =246° (3sf)

() A

B C; ¢

As7cm < 10 cm,z ACB > 30 ° and there are two possible results.

Using 7 cm instead of 12 cm in (b):
10 sin 30 °
7

(103in30°\ (103in30°\

C=sin"1! orl180° -sin1
L\ .7 )

sin C =

C=4558° or134.4°
ZACB=456° (3s.f)or134° (3sf)

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise C, Question 4

Question:
(Give answers to 3 significant figures.)

Triangle ABC is such that AB = 4 cm, BC = 6 cm and ACB = 36 ° . Show that one of the possible values.0ABC
is25.¢° (to 3 s.f.). Using this value, calculate the lengtAC.

Solution:
dcm
36°
B 6ecm C
As4<6,36° <« BAC, so there are two possible values for arfgle
. sin A sin C
Using™ — ="
sin A _ sin 36 °
6 4
. 6 sin 36 °
sinA= — ,

4

l(ﬁsin36°\ (65in36°\

A=sin" or180° -sin"1
Y v o)

A=61845 .. ° orl18.154 .. °
WhenA = 118.154 ... °
/ABC=180° - (36° +118.154 .. ° ) =25846 .. ° =258° (3sf)

C

b
Using this value for« ABC and 5 = Gn ¢

AC 4
sin 25.8° ~ sin 36°

4 sin 25.8°

= AC= —_ - =296cm(3s.tf)
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise C, Question 5

Question:
(Give answers to 3 significant figures.)

Two trianglesABC are such that AB = 4.5 cm, BC = 6.8 cm andACB = 30 ° . Work out the value of the largest
angle in each of the triang|

Solution:
4.5cm 6.8cm
30°
A (.-"
As 6.8 > 4.5, angld > 30 ° and so there are two possible value\for
. sinA sin C
Using ™~ =7

sin A sin 30 °

6.8 4.5

A=sin"1 (% ) or 180 ° - sin~ 1 ( 6.8 T:OO )

A=49.07 .. °or130926 .. °
WhenA =49.07 ... °,angl8is the largest angle

«4ABC=180° - (30° +49.07 .. °) =1009 .. ° =101° (3s.f)
WhenA = 130.926 ... °, this will be the largest angle

ZBAC =131° (3s.f)
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise D, Question 1

Question:
(Note: Give answers to 3 significant figures, where appropriate.)

In each of the following triangles calculate the length of the third side:

(@) B

(C) .r"]

4.5¢cm

(d) B
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B

(e)
10 cm 10em
A
C

(f) B
6.5¢cm
A = C
3.6cm
Solution:
(@) B

8.4cem

A

Usingc? = a2 + b2 - 2ab cosC
AB?=6.%+8.4-2x6.5x8.4xcos 20°

ABZ=10.1955 ...
AB =\[10.1955 ... =3.19cm (3s.f)
(b) B
2em
A

1cm

Usinga? = b? + ¢2 — 2bc cosA
BC2=12+22-2x1x%x2 xcos 60 °
BC?=3

BC= V¥3=1.7:cm (3s.f.
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(©) A

4.5cm

B &l
5.5¢m C

Usingb? = a2 + ¢2 — 2ac cosB
AC2=5R+4%-2x55x 4.5 x cos 160 °
AC2=97.014

AC =\97.014 ... =9.85cm (3s.f)
(d) B

bcm

Usinga? = b? + ¢2 — 2bc cosA
BC?=62+52-2x6x5xcos 45° =18.573
BC=\18573 .. =4.31cm(3sf)

(e) B

10 cm 10em

C

(This is an isosceles triangle and so you could use right-angled triangle work.)

Usingb? = a2 + ¢2 - 2ac cosB

AC2=10P+ 107 -2 x 10 x 10 x cos 40 ° = 46.791

AC = \|46.791 ... =6.84cm(3s.f)
() B

6.5cm

108°
5.6cm

PhysicsAndMathsTutor.com
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Usingc? = a2 + b? — 2ab cosC
ABZ2=6.7+5.66—-2x65x56xcos 108° =96.106

AB = \| 96.10¢ ... =9.8Ccm (3s.f.

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise D, Question 2

Question:
(Note: Give answers to 3 significant figures, where appropriate.)

From a pointA a boat sails due north for 7 kmBoThe boat leaveB and moves on a bearing of 100° for 10 km until it
reache:C. Calculate the distance C from A.

Solution:

7km e

Al-

Using the cosine rulds® = a2 + ¢2 — 2ac cosB
AC?2=107+72-2x10x 7 x cos 80 ° = 124.689

AC = \| 124.68¢ ... =11.zkm (3 s.f.
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise D, Question 3

Question:
(Note: Give answers to 3 significant figures, where appropriate.)

The distance from the teg, to the flagF, on a particular hole on a golf course is 494 yards. A golfer's tee shot travels
220 yards and lands at the pdgwhere « STF = 22 ° . Calculate how far the ball is from the flag.

Solution:

Using the cosine rule:
t2=f2+ s - 2fs cosT
SF2 = 2207 + 494 — 2 x 220 x 494 cos 22 ° =90903.317

SF=\9090331 ... =30Lf .. vards=230Zyards (3sf

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise D, Question 4

Question:
(Note: Give answers to 3 significant figures, where appropriate.)

In AABC,AB= (x-3) cm,BC= (x+3) cm, AC =8 cm andz BAC =60 ° . Use the cosine rule to find the
value ofx.

Solution:

A 12.7cm C

Usinga? = b? + ¢2 — 2bc cosA

(x+3)2= (x-3)2+8-2%x8x Kk-3)cos 60°
X+6x+9=x2-6x+9+64-8k-23)

X2+ 6Xx+9=x2-6x+9+64-8&+24

6X +6Xx+ 8x=64 + 24
20x = 88

88

X= % =44

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise D, Question 5

Question:
(Note: Give answers to 3 significant figures, where appropriate.)
In AABC, AB=xcm,BC = (x-4) cm, AC =10 cm andz BAC = 60 ° . Calculate the value gf

Solution:

B

(x—4)cm

A 10cm C

Usinga? = b? + ¢2 — 2bc cosA
(x-4)2=10F+x2-2x 10 xx cos 60 °
X2 — 8x + 16 = 100 +x% - 10x

10x — 8x =100 - 16

2x = 84

X =42
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise D, Question 6

Question:

(Note: Give answers to 3 significant figures, where appropriate.)

In AABC,AB= (5-x) cm,BC= (4 +x) cm, z ABC=120° and AC =y cm.
(a) Show thay? = x2 - x + 61.

(b) Use the method of completing the square to find the minimum vajfearid give the value offor which this
occurs

Solution:

B (4+x)em ¢

Usingb? = a2 + ¢2 — 2ac cosB

2= (4+x) 2+ (5-x)2-2(@4+x) (5-x)cos 120 °

V=16 +&+x2+25 - 1k+x2+ (4+X) (5-x) (Note:2 cos 120° = - 1)
V=16+&+x2+25-10k+x2+20 +x - x2=x2 - x + 61

(

1 1
(b) Completing the squarg? = L X- 5 ) 2+61- 7

(1)

> Y= Kx— 2]2+60%

. ) 1 \\ ) _ 1
Minimum value ofy< occurs WhenK X= 3 ) =0, i.e. wherx= 75
So minimum value cy? = 60.7°%.
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise E, Question 1

Question:
(Give answers to 3 significant figures.)

In the following triangles calculate the size of the angle marked *:

(@) B

(b) B

(c) B
2.5¢cm

3.5em

4em

(d)
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€ A4
6 cm 14 cm
¢ 9¢em B
() Y 3.8¢cm s
6.2cm 6.2 em
C
Solution:
(@)

10cm
a2+ 2 - p2
Using cosB = ac
82+ 42 - 1% 20 5

COSB= ", g4 = " @~ " 16

5
B=cos 1! ( - E) =108.2 .. ° =108° (3s.f)
(b)

2412

Using cosC = 2ab
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72+ 282 - 252
f— —_— - — o
cosC= 5,754 =0 = C=90

(©) B
3.5¢cm
A
d4em
C
B2+ 2 — a2
Using cosA= = o

cos A= 2x4x25 T 2

(1) _

A=cos 1 K 2) =60°

42428 -38 1

(d)

10¢cm

_ a2+ p? - ¢
Using cosC = 2ab

72+ 10° - &
cosC= 710 =0.6071

C=cos 1(0.6071..) =52.6° (3s.f.)

€ 4

14 cm

6 cm
C
9cm B
a?+b?-c2
UsingcosC= = =
9+ 6% - 142

cosC= ", 9xg = —-07314 .. = C=137° (3s.f)
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(f) 3.8cm
A B
6.2¢cm 6.2 cm
C
a2+ 2 - p2
UsingcosB= = o

6.2+3.8-62 3.8
COSB= "5 62x38 = 2x62

=0.3064

(This is an isosceles triangle so you could use-angled triangle trigonometn

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise E, Question 2

Question:
(Give answers to 3 significant figures.)

A helicopter flies on a bearing of 080 ° frakto B, where AB = 50 km.
It then flies for 60 km to a poir@.
Given thalC is 80 km frorrA, calculate the bearing C from A.

Solution:
C,
Ny 60km
1
| 80km TN
1
1

Hlkm

.

The bearing o€ from B is not given so there are two possibilities@using the data.
The angleA will be the same in each ABC.

_ b2+ 2 - a2
Using cosA = obe
802 + 502 - 607

COSA= ", aoxs50 = 0.6625

A=485"°
Bearing ofC fromAis80° +£48.£° =128.t° or31.t°

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise E, Question 3

Question:
(Give answers to 3 significant figures.)

In AABC, AB=5cm, BC =6 cmand AC =10 cm.
Calculate the value of the smallest ar

Solution:
B
Scm 6cm
s
A 10cm C
The smallest angle S as this is oppositaB.
a+p?-c?
Using cosC = ab
6%+ 107 - 52

cosC= ", 6x10 =0.925
C=22:° (3sf.
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Thesineand cosinerule
Exercise E, Question 4

Question:
(Give answers to 3 significant figures.)

In AABC, AB =9.3cm, BC =6.2cmand AC = 12.7 cm.
Calculate the value of the largest an

Solution:

A 12.7¢m C

The largest angle B as it is opposit&C.
a2+ 2 - p2
Using cosB = oac

6.22+9.2-12.7
CoOsB= ", gox93 = —0.3152

B=108.37 .. =10¢° (3sf.
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Thesineand cosinerule
Exercise E, Question 5

Question:
(Give answers to 3 significant figures.)

The lengths of the sides of a triangle are in the ratio 2:3:4.
Calculate the value of the largest an

Solution:

B

2kem 3kcm

A 4kcm C

The largest angle will be opposite the sittecrh.
2+ 2 - b2

Using cosB = oac

9 + 4@ - 16K
cosB= T, gxk = — 025

B=104.47 .. ° =104° (3sf.
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise E, Question 6

Question:
(Give answers to 3 significant figures.)
In AABC, AB=xcm,BC=5cmand AC= (10x) cm:

_ 4x-15
(@) Show that cos« ABC = ~—

(b) Given that cos « ABC = - % work out the value of. x
Solution:
(@) B
xem < Scm
C
4 (10-x)cm

52+x2- (10-x) ?
cosB= T L 5xx

25 +x2 - (100 - 20x+ x2)
10x

25 +x2 - 100 + 20x- X2
- 10x

20x- 75
10x

5(4x-15)
10x
4x- 15
2x

1
(b)AscosB= - 7

4x- 15 1
x -7
7(4x-15) = - 2x
28x—-105= - 2x
30x= 105
105

1
X= T3 =33
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 1

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

In each triangle below find the valuesxpf andz
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O
Jcm

tbem

Scm

(@)

(h B
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20.4¢em

Solution:

(@)

sin x ° sin 56 °
4.2 5.7

4.2 sin 56 °
57

( 4.2 sin 56 ° \

x° =sin~1 =3765 .. °
()

sin x° =

x=37.7(3s.f)
Soy° =180° - (56° +37.7° ) =86.3°
y =86.3 (3s.f)

. b a
Using sinB

sin A

z 5.7 5.7 siny°

siny®° = sins6° = Z= sin 56 °

(b)x° =180° - (48° +84° ) =48° =

PhysicsAndMathsTutor.com
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I14.6cm

As «B= «c, z=146
Using the line of symmetry through
y

2
0 _ —
cos 48° =456

= y=29.2 cos 48° =19.5(3s.f)

(c) B

300 1209
yem

x° =180° - (120° +30°) =30°
Using the line of symmetry through

10
=11.5(3s.f)

y

cos 30° = > y=

cos 30 °

As AABC is isosceles with AC = CB,= 11.5 (3 s.f)

@ p

. sin A sin B
Using— — =7,
sin 130 ° sin x ° . R 6 sin 130 °
28 - & = sinx°® = 7 o =0.35908

> x=21.0(3sf)

PhysicsAndMathsTutor.com
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Soy° =180° - (130° +x° ) =28.956

. c a
Using Snc =

sin A
z 12.8
siny® ~ sin 130°

12.8 siny

= Z= " 1s0- -8.09(s.f)

© B

jcm

6em Scm

A

_ 2+b?-c2
Using cosC = 2ab

32+52—62
COSX® = ", ,3x5 = —0.06

x =93.8 (3s.f)
. sin B sin C
Using— — ="

C

siny®° sin x °

5 6
. R 5 sin x°
siny"~ = 6

(5sinx° \\ o

° =sin~1 =56.25
) L)

y=56.3 (3s.f.)
Using angle sum for a triangle
z° =180° - (x+y) °~=29926 .. °
2=29.9(3s.f)
(f) C
8 cm

12¢m
8cm

A

PhysicsAndMathsTutor.com
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Using the line of symmetry throudh
6

8

(3

y° =cos! L) = 41.40

cosy”’ =

y=41.4 (3 s.f)

As triangle is isosceles
2=y=41.4(3s.f)

Sox°® =180° - (y+z) "~ =97.2°
x=97.2 (3s.f)

(9) R

sin A sin C

Using™, — = ",

sin x° sin 40 °

105 9.5

10.5 sin 40 °
9.5

(105 sin 40° )

x° =sin~1 or180° -sin 1
\ 95 )

sin x° =

x° =4527° or134.728 ... °
x=45.3 (3 s.f.)or 135 (3 s.f)

[

. ) b
Using sinerule_—— =

(105 sin40° )

\

9.5

sinB " sinC
z 9.5
siny® ~ sin40°
_ 9.5 siny°
2= §in40°
Whenx = 45.3
y° =180° — (40+45.3) ° =94.7° sp=94.7 (3s.f)
9.5 siny°
2= oo a0- =14.7(3sf)
Whenx =134.72 ... °
y° =180° - (40+134.72
9.5 siny°
2= oo a0 =1.36(3sf)

Sox=453y=94.7,z=14.7
orx=13ty=5.272=1.3¢

PhysicsAndMathsTutor.com
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(h) B

Xem

4.8cem (?

Usinga? = b? + ¢2 - 2bc cosA
X2=4.8+9.6-2x48x9.6xcos 45° =50.03
x=7.07 3sf)

sin C sin A

Using=™ = 7, (As 9.6 X%,y > 45 and there are two possible valuesyfpr

siny® sin 45 °
96 X
9.6 sin 45°
X

( 9.6 sin 45° \ ( 9.6 sin 45° \

y° =sin~1 or180° -sinnl | ————
L\ ) v )

siny° =

y° =7367 .. °o0rl0632 .. °

y=73.7 (3 s.f.) or 106 (3 s.f.)

Wheny = 73.67 ...

z° =180° - (45+7367 .. )°=6132 .. °
2=61.3(3s.f.)

Wheny = 106.32 ...

z° =180° - (45+106.32 ... ) ° =2867 .. °
2=28.7 (3s.f)

Sox=7.07y=73.7,z=61.3
orx=7.07,y =106,z= 28.7

(i)

A
D
20.4ecm
vy
2+ 2 - b2
Using cosB = 2ac
208 +12.%-15.¢

Cos X° = ox204ax123 = 0.6458

x° =49.77 ... °

x=49.8 (3s.f)

In the righ-angledAABD

PhysicsAndMathsTutor.com
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sin x° = %3 = y=123 sinx°® =9.39 (3s.f)

In right-angled\ ACD
sin z° = T = 0.60199

15.6
z° =37.01 .. °
2=37.0(3s.f)

Sox=49.§,y=9.3C2z2=37.C

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 2

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

Calculate the size of the remaining angles and the length of the third side in the following triangles:

(@) B

6.8cm

Solution:

(@)

sin C sin A

Using=™ =7,

sin C sin 40 °

85 10.2

8.5 sin 40 °
10.2

( 8.5 sin 40 ° \\ R

C=sin"1 — =32.388

sin C=

C=324° (3sf)
AngleB=18(° - (40+C) ° =107.6 .. °
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B=108° (3s.f)

. b __a
Using sinB T sinA
10.2 sinB
b= "G, 0. =151cm(3sf)

6.8cm

Usingc? = a2 + b? — 2ab cosC
ABZ=6.8+4.%-2x68x49xcos 110° =93.04

AB=96458 .. =9.65cm (3s.f)
. sinA sin C
Using= — ="
. 6.8 sin 110 °
sin A= — o =0.66245

A=4149° =415° (3sf)
SoB=18C° - (11C+A) ° =28.E° (3sf.

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 3

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

A hiker walks due north fromA and after 8 km reach& She then walks a further 8 km on a bearing of 12@. \Work
out (a) the distance froA to C and (b) the bearing («C from A.

Solution:

() £z ABC=180° -120° =60°
As « A= « C, all angles are 60°; it is an equilateral triangle.
So AC =8 km.

(b) As « BAC =60 °,
the bearing oC from A is 060°

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 4

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

A helicopter flies on a bearing of 200° frokto B, where AB = 70 km. It then flies on a bearing of 150° fidto C,
whereC is due south cA. Work out the distance (C from A.

Solution:

N#*
I

From the diagramz ABC=180° - (20+30) ° =130°

. b c
Using sn B

= sin C
AC 70

sin 130° ~ sin 30°

70 sin 130 °
sin 30°

AC = 107km (3 s.f.

AC = =107.246

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 5

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

Two radar station andB are 16 km apart andlis due north oB. A ship is known to be on a bearing of 150° frAm
and 10 km fronB. Show that this information gives two positions for the ship, and calculate the distance between these
two positions

Solution:

Na
|

A

16km

B

sin C sin A

Using the sine ruleT— =

sin C sin 30 °

16 10
. 16 sin 30 °
sinC= ——, =08

C=sin"1(0.8) or 180 ° -sin1(0.8)

C=53.1° or126.9°

ZACB=531°, ACB=127"° (3s.f)

(Store the correct values; these are not required answers.)

TriangleBC,C, is isosceles, sG,C, can be found using this triangle, without findidG, andAC,,.

Use the line of symmetry throudh

1

5 GG

cos £CCB= "y

= C,C,=20 cos « C,C,B=20 cos £« AC,B=20 cos 53.1°
=> C,C,=12km

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 6

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

Findx in each of the following diagrams:

(@)

(b) B

10em

Solution:
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C

xem D S5cm

In the isoscelee\BDC: ~ BDC=180° - ( 50 + 50 ) ° =80°
So ~ BDA=180° -80° =100°

. . . sin A sin D
Using the sine rule idMABD: — — =
sin A sin 100 °
= 5 = 8
. 5 sin 100 °
= sSinA= — o

8

( 5 sin 100 ° \

SoA=sin"1 = 37.9886
L\

Angle ABD=180° - (100+A) ° =42.01 .. °
. b d

Usmg sin B = sin D
X 8

sinB ~ sin 100

_ 8 sin B _
X= sin 100 ° - 5436
x=5.44 (3 s.f)
(b) B
xXam
E D
6cm
e
r'y
A C
10cm
2+ d2-a?
In AADC, using CoOsA= — 4
62 + 102 - 72
cosA= . sx10 =-0.725
SoA=4353 ... °
a b
Using the sine rule id\ ABC: nA = SnB

X 10
So =

sin A sin 60 °
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10 sin A
sin 60 °

> X= =7.95(3s.f)

()

38cm C

In AABC,c=11cmb=3.8cm, 2 ACB=130"°

. sin B sin C
Using— — ="

3.8 sin 130°

sin B = — 55 =0.2646
B=15.345 ... °
So0A=180° - (130+B) ° =34.654 ... °
In AADC,c=24cmd=3.8cmA=34654 ... °

Using the cosine rule? = ¢2 + d? — 2cd cosA
SoDC2=2.42+ 3.8 -2 x 2.4 x 3.8 x cosA = 5.1959
= DC=2279 .. cm.

. . sin C sin A
Using the sine ruleT— =

a

2.4 sin A

sin x° = bc = 0.59869

x =36.€ (3s.f.

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 7

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

In AABC, shown below, AB =4 cm,BC =X+ 2) cmand AC =7 cm.

(a) Explain how you know that 1 x< 9.

(b) Work out the value of for the cases when
(i) « ABC=60° and
(i) « ABC =45 ° , giving your answers to 3 significant figures.

Solution:

(a) As AB + BC > AC
4+ (x+2) >7
> X+2>3

> x>1

As AB + AC > BC
4+7>x+2

> 9>x
So1<x<9

(b) Usingb? = a2 + ¢2 - 2ac cos B
()7%2= (x+2)2+42-2x (x+2) x4x cos 60°
49=x2+4x+4+16-4 (x+2)
49=x2+4x+4+16 - & -8
Sox? =37

= X=6.08(3s.f)
(i) 72= (x+2) 2+42-2x (x+2) x4 xcos 45°
48=x2+4x+4+ 16— (8 cos 45° ) x— 16 cos 45°

PhysicsAndMathsTutor.com
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Sox?+ (4-8cos 45° X— (29+16 cos 45° ) =0
orx2+4(1-vV2)x- (29+8V2) =0

—bi\]b2—4ac

Use the quadratic equation formula oa with

-8 cos 45° =4(1-V2) = -1.6568 ...
(29+16 cos 45° ) = - (29+82) = -40.313
7.2% (3 s.f.) (The other value  is less thar — 2.)

X 0 oo
1o n
|AH

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 8

Question:

(Note: Try to use the neatest method, and give answers to 3 significant figures.)

In the triangle shown below, cosx ABC = 3

Calculate the value of

(x+ 1)em

A .
2cm A

Solution:

(x+ 1)ecm

2cm

5
Usingb? = % + ¢? - 2ac cos B where cosB = 3

o | o

(x+1)2=62+22-2x6x2x
X2+ 2x+1=36+4-15
X2+ 2x-24=0

(x+6) (x-4) =0
Sox=4 (x> -1)

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 9

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

In AABC, AB = V2 cm, BC =+ 3cm and ~ BAC = 60 ° . Show thatz ACB = 45 ° and findAC.

Solution:

. sinC sin A
Using=— =7,
) V2 sin 60 °
sinC= — 53— =0.7071
( \/Zsin60°\
C=sin"1 42 =45°
R
B=180° - (60+45) ° =75°
. b a
Usmg sinB ~ sinA
AC V3
sin 75° ~ sin 60°
V3 sin 75°
SOAC = " e0- =193cm(3s.f)

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 10

Question:

(Note: Try to use the neatest method, and give answers to 3 significant figures.)
In AABC,AB= (2-x) cm,BC= (x+1) cmand« ABC =120 °:

(a) Show thaA\CZ = x2 — x + 7.

(b) Find the value cx for whichAC has a minimum valu

Solution:

A

(2—x)cm
120°

(x+1)em C

(a) Using the cosine rule? = a2 + ¢2 — 2ac cosB

AC%2= (x+1)2+ (2-x)2-2(x+1) (2-x) cos 120°
ACZ2= (X2+2x+1) + (4-&+x2) + (x+1) (2-Xx)
ACP=X2+2X+1+4 - K+ X2 - X2+ 2X—X+2
AC?=x2-x+7

(b) Using the method of completing the square:

(1)

X2-x+7= Kx— 2)2+7—%E Kx—%}2+6%
This is a minimum wher — % =0,i.ex=

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 11

Question:

(Note: Try to use the neatest method, and give answers to 3 significant figures.)

\5
TriangleABC is such that BC = 5/ 2 cm, £ ABC = 30 ° and £ BAC = ¢, where sing = s - Work out the length

of AC, giving your answer in the foria \ b, wherea andb are integer:

Solution:

A

B — C
S5V2em
. b a
Usmg sin B = sin A
AC 5V2
sin 30 ° = sin 6 °
AC = 5v2 sin 30°
s
( s )
N2 si ° x
c= T [ sv2 ) [ gsinaoe | =ai10
\ )\ J

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise F, Question 12

Question:
(Note: Try to use the neatest method, and give answers to 3 significant figures.)

The perimeter ofAABC = 15 cm. Given that AB = 7 cm and BAC =60 °, find the length&C andBC.

Solution:

B

7cm

o0 C

A

Using the cosine rule? = b? + ¢2 - 2bc cosA
witha=xb= (8-x) ,c=7andA=60"°

X2= (8-x)2+72-2(8-x) x7x cos 60°
x2= 64— 16+ X2+ 49 - 7 (8 —x)

X2 =64 - 16+ X2 + 49 - 56 + &

> 9Xx=57
57 _ 19 1
> X= g =73 =63

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise G, Question 1

Question:
Calculate the area of the following triangles:

(@) B

(b) A

()

A

Solution:
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1
2

Area = 5 x7.8x86xsin 45° =23.71 .. =237 2@s.f)

(b) A

100°

2.5¢em

|~

Area =3 x25x35xsin 100° =4.308 .. =4.31%@Bsf)

2

(©) B

A C

1
Area =, x6.4x6.4xsin80° =2016 .. =20.2%@®@sf)

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise G, Question 2

Question:

Work out the possible values »fn the following triangles:

(b) C

Area=
12.4ecm?®

. 8.5¢cm
6.5¢cm

Solution:
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Using area =7 ac sim

1
400 = 7 x40 x 30 x sinx °

a0 2

H o —
Sosinx° = 600 = 3

x=41.8 (3 s.f.)or 138 (3 s.f)

(b) C

Area=
12.4ecm?®

. 8.5¢cm
6.5¢cm

1
Using area =7 bc siA

1 .
124=7 x85x6.5xsik°

Lo 224
Sosinx°® = 27625 = 0.04488

x =26.7(3 s.f.)or 153 (3 s.1

PhysicsAndMathsTutor.com
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() _ '
6cm

x° Area =
12y 3 ¢em?

8em

A

1

Using area =7 ac sim

1 :
12V3= 7 x6x8 sinx°®

o 12V3 N3
Sosinx°® = o = 5
x =6Cor12C

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise G, Question 3

Question:

A fenced triangular plot of ground has area 1260Fhe fences along the two smaller sides are 60 m and 80 m
respectively and the angle between thed ° . Show thaf = 15(, and work out the total length of fenci

Solution:

Using area =7 ac sifB

N |~

1200 = 7 x 60 % 80 x sirg °

1200 1

2400 ~ 2

6 =30 or 150
but asAC is the largest sid®, must be the largest angle.
So# =150

sin °

Using the cosine ruld? = a2 + ¢Z - 2ac cosB to find AC
AC? =607 +80°- 2 x 60 x 80 x cos 150 ° = 18313.84
AC=1353 ...

AC =135 m (3 s.f)

So perimete = 6C + 80 + 135 = 27Em (3 s.f.
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise G, Question 4

Question:

In triangleABC, shown below, BC = ¥+ 2) cm, AC =xcm and « BCA =150 ° .
Given that the area of the triangle is 5 2cmork out the value of, giving your answer to 3 significant figures.

A

B (x +2)cm

Solution:

(x +2)cm

Area of AABC = %x (x+2 ) sin 150 ° cm

SoSz%x (x+2\ X%
\ J

S020=x(x+2)

orx2+2x-20=0

) ) ) -b+\b? - 4ac
Using the quadratic equation formua a

-2+ V84
2

Asx>0,x=3.5¢ (3 s.f.

X = =3.582 ... or —-5.582

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise G, Question 5

Question:

In APQR,PQ= (x+2) cm,PR= (5x%) cmand 2« QPR=30"°.
The area of the triangle & cn?:

1 )

(a) Show thafA = \10+3(_X2 15

(b) Use the method of completing the square, or otherwise, to find the maximum valaadgive the corresponding
value ofx.

Solution:

1
(a) Using area ofAPQR = 7 gr sin P

Acmz=§( ) (x+2) sin 30 ° cm

)

Bx — 2x + 10 - x2 / x

)

N |-

1
:A:E

I T

1
> A=7 10 + X — %2
(b) 10 + X - X2
= - (x¥¥-3x-10)
Y, ] .
= x-17 2-27-10 (completing the square)
I
[ i, ]
= x-17 [ 2-12
LU 2

‘]

IOPEUN G
B Gy
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1 1
The maximum value of 10 G- x2 = 12 2 whemx = 1 2

E VSN S § 1

The maximum value dAis 7 k 127 ) 16 - Whex=17.
(You could find the maximum using differentiatic
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise G, Question 6

Question:

3
In AABC, AB = xcm, AC = (5 +x) cmand £ BAC = 150 ° . Given that the area of the triangle i 3 2cm

(a) Show thak satisfies the equatioff + 5x — 15 = 0.

(b) Calculate the value x, giving your answer to 3 significant figur

Solution:

(5 +x)cm
. l .
(a) Using area ofABAC = 7 bc sin A
3 1
35 cnP= X (5+x ) sin 150 ° cm
3 1 r —| 1
=z _ = 2 -
347 2 | X+ X | X 2
= 15=5+x?
> x2+5x-15=0
) _ _ -b+\b? - 4ac
(b) Using the quadratic equation formula a
-5+ 85
x= — 5, =2109 .. or -7.109

Asx>0,x=2.11(3s.f.
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise H, Question 1

Question:
(Given non-exact answers to 3 significant figures.)

The area of a triangle is 10 énThe angle between two of the sides, of length 6 cm and 8 cm respectively, is obtuse.
Work out:

(a) The size of this angle.

(b) The length of the third sic

Solution:

A

6cm

HD
B 8cm C

. 1 .
(a) Using area oAABC = 7 ac sinB

1
10 cnP= 5, x6x8x sing° cm?
S0 10 =24 sing °

s 10 5
Sosing° = o4 = 12

= 0=24.60r155(3s.f)
As @ is obtuse, « ABC = 155 ° (3 s.f)

(b) Using the cosine rul®?2 = a2 + ¢2 - 2ac cosB
AC?=8%+6°-2x 8 x 6 x cosB = 187.26

AC =13.68 ...

The third side has length 13.7m (3 :
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise H, Question 2

Question:
(Give non-exact answers to 3 significant figures.)

In each triangle below, find the valuexond the area of the triangle:

(@)

2.4cm 1.2¢cm

3cm
b
(b) 6bcm
Scm
(c) Scm
icm
Solution:
(@)
24em 1.2cm

3em

Using the cosine rule:

FP+12-24
COSX® = T, 3x12, =0.65

x=cos”1(0.65) =49.458
x=49.5 (3s.f)
Using the area of a triangle formula:

1
area =5 x1.2x3x sik® cm?=1.367 ... cm=1.37 cn?(3s.f)

2
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® 6cm

Scm

Using the sine rule:
sin x ° sin 80 °

5 6

5 sin 80 °

o =0.8206

sin x° =

x=55152 ..
x =55.2 (3s.f)

The angle between 5 cm and 6 cm sides is 180 ° — (8D +

Using the area of a triangle formula:

Al

1
area =3, x5x6Xx sin( 100)6} c? = 10.6 cnf (3 s.f.)

(€) S5cm

Jcm

Using the sine rule to find angle opposite 3 cm. Callytiis

siny® sin 40 °

3 5

3 sin 40°

1 o -
siny® = s

> y=22.68

Sox=180- (40+y) =117.3 ... =117 (3s.f)
1
Area of triangle =3 x3x5x six® =6.66 cn? (3s.f.)

2
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Edexcel Modular Mathematics for AS and A-Level

Thesineand cosinerule
Exercise H, Question 3

Question:
(Give non-exact answers to 3 significant figures.)

The sides of a triangle are 3 cm, 5 cm and 7 cm respectively. Show that the largest angle is 120°, and find the area of the
triangle

Solution:

A 3cm C

S5cm

Tcm

B

Using cosine rule to find angke
cosA= 5. 3.5 = —05
A=cos 1(-05)=120°
1
Area of triangle =3 x3 x5 xsifh cn?=6.495 ... cm=6.50 cn? (3 s.f)
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Thesineand cosinerule
Exercise H, Question 4

Question:
(Give non-exact answers to 3 significant figures.)

In each of the figures below calculate the total area:
@ 10.4.cm C

100°

(b)

3.9¢m

A < 2 4¢m _,_C

Solution:

(@) 10.4 cm C

100°

D

BD )
In ABDA: 5, =sin 30.6°

= BD=8.2 sin 30.6° =4.174
AngleABD =90° -30.€° =59.£°
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1
Area of AABD = 7 x 8.2 x BD xsin 59.4° =14.7307 ... ém

N |-

Area of ABDC = 7 x 10.4 x BD x sin 100° =21.375 ... &nm

Total area = area ohABD + area/ABDC = 36.1 cn? (3 s.f.)

(b) B

D<— 2. 4¢cm —»>

In AABD, using the sine rule to findt ADB,

sin « ADB sin 75°

3.9 - 4.8

. 3.9 sin 75°
sin £ ADB = T

( 3.9 sin 75° \

< ADB =sin~ ! T 1a =51.7035 ... °~°
)

So «ABD=180° - (75+ £ADB) ° =53296 .. °
1
Area of AABD = 5 x 3.9 x 4.8 xsin « ABD cm?*=7504 .. cm
In ABDC, £ BDC=180° - 2 BDA=12829 .. °
1 :
Area of ABDC = 5 x 2.4 x 4.8 xsin « BDC cn?=4.520 .. cm

Total area = area (\ABD + area olABDC = 12.C cm? (3 s.f.
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Thesineand cosinerule
Exercise H, Question 5

Question:
(Give non-exact answers to 3 significant figures.)
In AABC, AB = 10 cm, BC =a V¥ 3 cm, AC = 5V 13 cm and 2~ ABC = 150 ° . Calculate:

(a) The value oé.

(b) The exact area (AABC.

Solution:

5V13em

(a) Using the cosine rule? = a2 + ¢2 — 2ac cosB
(5V13) 2= (aVv3) 2+10P-2xav3x 10 x cos 150 °
325 = 32 + 100 + 3&
3a2+30a-225=0
a’+10a-75=0
(a+15) (a-5) =0
= a=5asa>0

1
(b) Area of AABC = 3 x 10 x 5V 3 x sin 150 ° crm =125V 3 cn?
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Thesineand cosinerule
Exercise H, Question 6

Question:
(Give non-exact answers to 3 significant figures.)

In a triangle, the largest side has length 2 cm and one of the other sides has/|2rgth Given that the area of the
triangle is1 cm?, show that the triangle is ri¢-angled and isoscel

Solution:

V2em

area=lcm’

2cm

Using the area formula:
1
1=7 x2x\2xsing°

1
= sm9°=ﬁ

= @=450r135
but asf is not the largest anglé must be 45.
Using the cosine rule to find
x2=22+ (V2)2-2x2xV2xcos 45°
XX=4+2-4=2
Sox= V2
So the triangle is isosceles with two angles of 45 ° .
It is a righ-angled isosceles triang
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Thesineand cosinerule
Exercise H, Question 7

Question:
(Give non-exact answers to 3 significant figures.)

The three point#, B andC, with coordinate®\ (0,1) ,B(3,4) andC (1, 3) respectively, are joined to form a
triangle:

4
(a) Show that cos« ACB = - ¢.

(b) Calculate the area AABC.

Solution:

VA

A(0,1)

r
X

(@AC=) (1-0)2+ (3-1)2=+5=b
BC=\(3-1)2+ (4-3)2=+5=a
AB=\(3-0)2+ (4-1)2=+18=c

_ _ a?+b? - ¢
Using the cosine rule: co€ = 2ab
5+5-18 -8 -4
CSC= 5% Vsxvs = 10 = 5

(b) Using the area formula:

1 1
area of AABC = Zab sinC= 5 x V5x V5xsinC=15 cnf
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Thesineand cosinerule
Exercise H, Question 8

Question:
(Give non-exact answers to 3 significant figures.)

The longest side of a triangle has lengthx 2L ) cm. The other sides have lengthgs {1) cmand &+ 1) cm.
Given that the largest angle is 120°, work out:

(a) the value ox and (b) the area of the trianc

Solution:

(a) Using the cosine rule:
(2x-1)2= (x+1)2+ (x-1)2-2(x+1) (x-1) cos 120°
2 -4x+1= (X+2X+1) + (-2+1) + (x¥¥-1)
A2 - Ax+1=3C+1
X2 —4x=0
x(x-4) =0
= Xx=4asx>1

(b) Area of triangle

(o) () ]

X x+1 X x-1 x sin 120° c
\ )\ J

N |-

1
= 5 x5x3xsin 120° crh

1 V3
= 5 x5x3x cnd

15V 3

= cm?

4

=6.5( cm? (3s.f.
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Exponentials and logarithms
Exercise A, Question 1

Question:
(a) Draw an accurate graphyf (1.7) X, for -4 < x < 4.

(b) Use your graph to solve the equal (1.7) *=4.

Solution:
YA
G
g
6
4.
—_——-—'_.-.-'_F'_'_'_F
- —— T = . o
4 5 2 -1 0 T Ty

(a)
(b) Wherey =4, x= 2.€
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Exponentials and logarithms
Exercise A, Question 2

Question:
(a) Draw an accurate graphyf (0.6) X, for -4 < x < 4.

(b) Use your graph to solve the equal ( 0.€) *=2.

Solution:
YA
10
s g
Ay
\ 6
kN
\ 4
\& ;i
. e
—i —3 -2 =l i] 2 3 4
@) v
(b) Wherey =2, x= -1.4
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Exponentials and logarithms
Exercise A, Question 3

Question:
Sketch the graph ¢y = 1%,

Solution:

|
]
|
4]
I
(]
|
=
)
L
e
=Y
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Exponentials and logarithms
Exercise B, Question 1

Question:
Rewrite as a logarithm:

(a) 4' = 256
(b)372= 3

c)1F=1 000 000
d) 12 = 11

(e) (0.2) 2=0.00¢

Solution:

(a) log, 256 =4

(b) logg (é) ==-2

(c) log,, 1 000 000 =6
(d)log; 11=1
(e) log,, 0.008 = 3
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Exponentials and logarithms
Exercise B, Question 2

Question:
Rewrite using a power:
(@) log, 16 =4

(b) log; 25 =2

1
(c)logy 3= 73

(d)log; 0.2= -1

() log,, 100 000 =5
Solution:

(a) 2 = 16

(b) % = 25

1
2

(c)92=3
(d)y5-1=0.2
(e)10°>=10C 00C
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Exponentials and logarithms
Exercise B, Question 3

Question:

Find the value of:

(a) log, 8

(b) log; 25

(c) log,, 10 000 000
(d) log,, 12

(e) log, 729

(f) log,, V10

(9) log, (0.25)

() log, s 16

(i) log, (a')
(
(i) log (g\ | 3
VAR

N——

Solution:

(@) If log, 8 =xthen 2 =8, sox=3

(b) If log; 25 =xthen 8 = 25, sox = 2

(c) If log;, 10 000 000 =then 1¢=10 000 000, s&="7
(d) If log,, 12 =xthen 12= 12, sox=1

(e) If log; 729 =xthen 3 =729, sax = 6

1
(f) Iflog,, V10 =xthen 16 = 10, sox =

1
(Power>, means ‘square root'’.)

1
(9) Iflog, (0.25) =xthen4=025=7,sx= -1
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(Negative power means ‘reciprocal’.)

(h) log, 55 16 =X
= 0.25%=16

(1),

=> \4} =16,so0x= -2

N

()

= — 1

(i) log, (al®) =x
= a‘=al% sox=10
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Exponentials and logarithms
Exercise B, Question 4

Question:

Find the value ok for which:
(@) log; x=4

(b) log, 81 =2

(c)log, x=1

(d)log, (2x) =2
Solution:

(a) Using a power, %= x
Sox =625

(b) Using a powerx< = 81
Sox=9
(The base of a logarithm cannot be negative; so— 9 is not possible.)

(c) Using a power, 7= x
Sox=7

(d) Using a power,

X2 = 2x

X2 —2x=0

x(x=-2) =0

X=2

(The base of a logarithm cannot be zercx = 0 is not possible
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Exponentials and logarithms
Exercise C, Question 1

Question:

Find from your calculator the value to 3 s.f. of:
log,. 20

Solution:

log,. 20=1.3010 .. =1.30(3s..)
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Exponentials and logarithms
Exercise C, Question 2

Question:

Find from your calculator the value to 3 s.f. of:
log,. 4

Solution:

log,. 4=0.6020 ... =0.602(3s.f.)
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Exponentials and logarithms
Exercise C, Question 3

Question:

Find from your calculator the value to 3 s.f. of:
log,. 7000

Solution:

log,. 7000 =3.8450 ... =3.85(3s.f)
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Exponentials and logarithms
Exercise C, Question 4

Question:

Find from your calculator the value to 3 s.f. of:
log,. 0.786

Solution:

log,. 0.786 = - 0.1045 ... = -0.105(3s.f.)
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Exponentials and logarithms
Exercise C, Question 5

Question:

Find from your calculator the value to 3 s.f. of:
log,. 11

Solution:

log,. 11=1.0413 .. =1.04(3sf)
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Exponentials and logarithms
Exercise C, Question 6

Question:

Find from your calculator the value to 3 s.f. of:
log,. 35.3

Solution:

log,. 35.3=1.5477 ... =1.55(3s.f)
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Exponentials and logarithms
Exercise C, Question 7

Question:
Find from your calculator the value to 3 s.f. of:
log,. 0.3
Solution:
log, 0.3= -0.5228 ... = -0.523(3s.f)
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Exponentials and logarithms
Exercise C, Question 8

Question:

Find from your calculator the value to 3 s.f. of:
log,. 999

Solution:

log,. 999 =2.9995 ... =3.00(3s.f)
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Exponentials and logarithms
Exercise D, Question 1

Question:

Write as a single logarithm:
(@) log, 7 +log, 3

(b) log, 36 —log, 4

(c) 3 log; 2 + log; 10

(d) 2 log; 8 - 4 log; 3

(1)

(e) log, 5 + log;, 6 - log,, \ 2 ]

Solution:

(@log, (7%x3) =log, 21

)

(b) lo (= = log, 9
92&4)—0‘&

(c) 3 log, 2 = log, 23 = log, 8
log; 8 +log; 10 =log, (8 x 10) =log 80

(d) 2 log; 8 = log, 8% = log, 64
4 logg 3 = logy 3*=log, 81

(ea )

Iog6 64—Iogb 812Iog,D \81}

(e) log,, 5 + log,, 6 =log,, (5%6) =log,, 30

(YT T

log,, 30 - log,, ‘ 2 ‘ = log,, | 30 | = log,, 120

N L]

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Exponentials and logarithms
Exercise D, Question 2

Question:

Write as a single logarithm, then simplify your answer:
(a) log, 40 - log, 5

(b) log; 4 + logg 9

(c) 2 log, 3 +4 log, 2

(d) logg 25 +log; 10 -3 log 5

(e) 2 log, 20 - (log, 5 +log,; 8)

Solution:

(a) log, (%) =log, 8 =3 (23:8)

(b)logy; (4x9) =log 36=2 (€=36)

(c)log, (3%) +log,, (2*)
=log,, 9 +log,, 16

=log,, (9x16)

=log,, 144

=2 (12=144)

(d)logg (25x10) -log (5°)
= logg 250 - log; 125

(250 )

= logg K 125)
=logg 2

w |-

8

1o )
NS

(e)log, (20%) —log,, (5x8)
= log,, 400 - log, 40

(20 )

=logyo k 40)

=log,, 10
=1 (10t=10)
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Exponentials and logarithms
Exercise D, Question 3

Question:

Write in terms of log x, log, y and log, z

(@) log, (x%y*z)

<o 1%
—

(b) log, (

(c) log, (a®?)

(d) log, ( Xiy )

(e) log, \|5<

Solution:

(a) log, X3+ log, y*+ log, z
=3 log, x+4 log, y+log, z

(b) log, x° - log, y?
=5 log, x-2 log, y

(c) log, a®+ log, X2
=2 log, a+ 2 log, x
=2+2log, x (log, a=1)

1

(d) log, x+log, y2 - log, z
1
=log, x+ 7log, y-log, z
1
(e)log, (ax) 2
1
= Jlog, (ax)
1 1
= Zlog, a+ 7log, x

1

1
= 5 + Slog, x
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Exponentials and logarithms
Exercise E, Question 1

Question:

Solve, giving your answer to 3 significant figures:
(@) =75

(b) =10
(c)5*=2

(d) 4% =100

(e) ¥*5=50

() 7%-1=23

(g) ¥~ 1=g+1
(h) 22¢+3 = 33+ 2
(i) 83 ~* = 10¢

() 34~ =4x+5
Solution:

(@) =75

log Z=log 75
x log 2=1log 75

log 75
log 2

x=6.23 (3s.f)

X =

(b) 3¥=10

log ¥=log 10

x log 3=1log 10
log 10

X= log 3

x=2.10 (3 s.f)

(c)5=2

log ¥=log 2

x log 5=log 2
log 2

X= log 5

x=0.431 (3s.f)
(d) 4% =100

log 4% =log 100
2x log 4 =log 10C
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log 100
2 log 4

x =1.66 (3 s.f)

X =

(e) ¥*5=50
log &*°=log 50
(x+5) log 9=Ilog 50
x log 9+5 log 9=1log 50
x log 9=1log 50 -5 log 9
log 50 -5 log 9

log 9

x= —3.22(3sf)

X =

() 7%-1=23
log ”~1=log 23
(2x-1) log 7=log 23
2x log 7 -log 7 =log 23
2x log 7=log 23 +log 7
log 23 +log 7

2 log 7

x=1.31(3s.f)

X =

(g)gx—l:8x+1

log ¥~ 1=log &*1

(x-1) log 3= (x+1) log 8

x log 3-1log 3=x log 8 +log 8

x(log 3-log 8) =log 3+1log 8
log 3+1log 8

X= log 3-log 8

x= - 324 (3sf)

(h)22x+3=33x+2

log 2**+3=og 3*+2

(2x+3) log2=(X+2) log 3

2xlog 2+3log 2= log 3+2 log 3
2xlog 2-Xlog 3=2log 3-3 log 2
x(2log2-3log3) =21log 3-3log 2
2 log 3-3 log 2

21log 2-3log 3

x= —0.0617 (3s.f)

X =

(i) 8% ~* = 10¢

log 8 *=log 10¢

(3-x) log 8=x log 10

3 log 8 -xlog 8 =x log 10

3 log 8 =x(log 10 +log 8)
3 log 8

log 10 +log 8

x=1.42 (3s.f)

X =

(j)34—3x:4x+5

log 3*~ X =log &*°

(4-3) log 3= (x+5) log 4

4 log 3-Xlog 3=x1log 4+5 log 4

4 log 3-51log 4=xlog 4+ X log 3

4 log 3-51log 4=x(log 4+ 3 log 3)
4 log 3-51log 4

X= log 4+ 3 log 3

x= —0.54z(3 s.f.
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Exponentials and logarithms
Exercise E, Question 2

Question:

Solve, giving your answer to 3 significant figures:
(@) 2-6(2) +5=0

(b) 3 -15(Z) +44=0

()5 -6(5%) -7=0
(d)&+3x*1-10=0

(e) ”+12=7*1
(H2Z+3(2%) -4=0

() &*1-26(3%) -9=0
(h)y4 (3%*1) +17(3%) -7=0
Solution:

(a) Lety = 2%

y?-6y+5=0

(y-1) (y-5) =0
Soy=1lory=5
fy=1,2=1,x=0

Ify=5 2=5

log Z=log 5

x log 2=1log 5
log 5

X= log 2

x=2.32(3s.f)
Sox=0orx=2.32

(b) Lety = 3¥
y?2-15+44=0
(y-4) (y-11) =0
Soy=4ory=11
Ify=4,3=4
log ¥=log 4
x log 3=log 4

log 4

X= log 3

x=1.26 (3s.f.)

Ify=11, ¥=11

log ¥=log 11

x log 3=log 11
log 11

X= log 3

x=2.1€ (3 s.f.
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Sox=1.26 orx=2.18

(c) Lety = &
y2-6y-7=0
(y+1) (y-7) =0
Soy= -lory=7
Ify= -1,5= - 1. No solution.
Ify=7,58=7
log ¥=log 7
x log 5=log 7
log 7

X= log 5

x=1.21(3s.f)

(d) Lety = 3*
(3¥) 2+ (¥F%x3) -10=0
y?2+3y-10=0
(y+5) (y-2) =0
Soy= -5o0ry=2
Ify= -5,3= - 5. No solution.
Ify=2,3=2
log ¥=log 2
x log 3=log 2
log 2

X= log 3

x =0.631 (3 s.f)

(e) Lety = 7%

(7%) 2+412=7x7

y+12=7%

Y-7y+12=0

(y-3) (y-4) =0

Soy=3ory=4

fy=3,7=3

x log 7=1log 3

log 3

log 7

x =0.565 (3 s.f.)

fy=4,7%=4

x log 7=log 4
log 4

X =

X= log 7

x=0.712 (3 s.f)
Sox = 0.565 orx = 0.712

(H2Z+3(2%) -4=0
Lety = 2%
Theny?+3y-4=0

So (y+4) (y-1) =0
Soy= —-4ory=1

2X= - 4 has no solution
Therefore 2=1

So x = 0 is the only solution

(g) &*1-26(3%) -9=0
Lety = &

Then 32-26y-9=0
So(3y+1) (y-9) =0
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1
Soy= - jory=9

1
K= - 3 has no solution

Therefore 3=9
So x = 2 is the only solution

(hy4 (3%+1) +17(3%) -7=0
12 (3%) +17(3%) -7=0
Lety = 3
S0122+ 1 -7=0
So (3-1) (4+7) =0

7

1
Soy= jory= - 7

7
F= - 2 has no solution

1
Therefore 3= 3

Sox = - 1is the only solutio
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Exponentials and logarithms
Exercise F, Question 1

Question:

Find, to 3 decimal places:

(a) log, 120

(b) log; 45

(c) log, 19

(d) log;; 3

(e) log; 4

Solution:
log,, 120

(@) log, 120 = logy 7 - 2.460 (3 d.p.)
log, , 45

(b) log, 45 = logyy 3 - 3.465 (3d.p.)
log,, 19

(c) log, 19 = logg 2 4.248 (3d.p.)
log,, 3

(d) log;; 3= logy 11 = 0.458 (3d.p.)

log, 4

(e) log, 4 = logy 6 0.774 (3d.p.)
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Exponentials and logarithms
Exercise F, Question 2

Question:
Solve, giving your answer to 3 significant figures:
(a) &=14
(b) =99

(€)12=6

Solution:

(@) log &=1log 14
x log 8 =log 14
log,q 14

log,, 8

x=1.27 (3s.f)

(b) log 9=1log 99
x log 9 =log 99
log,, 99
log,g 9

x =2.09 (3s.f)

(c)log 1Z=1og 6
x log 12 =log 6
log, 6

log, 12

X =
x=0.721(3 s.f.
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Exponentials and logarithms
Exercise F, Question 3

Question:

Solve, giving your answer to 3 significant figures:
(@) log, x=8+9 log, 2

(b) log, x+2 log 4+3=0

(c) log, x +log, x=2

Solution:

(@) log, x=8+9 log, 2

log, x=8 + 05, %
Letlog, x=y

2
y=8+
y>=8y+9
y2-8y-9=0

(y+1) (y-9) =0
Soy= -lory=9
Ify=-1,log x= -1
1
= x:2_1: E

Ify=9,log, x=9
> x=29=512

1
Sox = Eorx=512

(b) log, x+2 log 4+3=0

+3=0

2
log, x+
% log, x

Letlog, x=y
2 -
y+ y +3=0

Y2 +2+3=0

Y +3+2=0
(y+1) (y+2) =0
Soy= -lory= -2
Ify=-1,log x= -1

1
> x=4"1= 2
Ify= -2,log, x= -2

L, L
> x=47"°= 7

PhysicsAndMathsTutor.com
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1

Sox = 20rX= "¢

(c) log, x +log, x=2
log, x

log, 4

log, x +

Butlog, 4 = 2 (because®2=4) , so

log, x

Iogzx+ 5, =2

3
5log, x=2

© Pearson Education Ltd 2C
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Exponentials and logarithms
Exercise G, Question 1

Question:

Find the possible values x for which22*1=3(2¢) -1. [E]

Solution:

2x+1=3 () -1
22X xl=3(2) -1
LetX=y
2y?=3y-1
2y2-3y+1=0
(2y-1) (y-1) =0

1
Soy= ory=1

1 1
ify=3,2= 3,x=-1

fy=1,2=1,x=0
Sox=0orx= -1
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Exponentials and logarithms
Exercise G, Question 2

Question:

(a) Express log ( p%q) in terms of log pand log q.

(b) Giventhatlog (pg) =5andlog ( p%q) =9, find the values of logp and log, g. [E]

Solution:
(a)log, (p*q) =log, (p*) +log, q=2 log, p+log, q

(b) log, (pg) =log, p+log, q
So
log, p+log, q=5 @

2log, p+log, q=9 @

Subtracting equatiokD from equatior®:
log, p=4
Solog, q=1
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Exponentials and logarithms
Exercise G, Question 3

Question:

Given thatp = Iogq16, express in terms of
(a) Iogq 2,

(b) log, (8q) . [E]

Solution:

(a)p=|ogq 16
p=log, (2*)
p=4 Iogq 2

Iogq 2:%

(b) Iogq (89) =Iogq 8+Iogq q
=log, (2%) +log, q
=3 Iogq 2+Iogq q

3p

:T+1
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Exponentials and logarithms
Exercise G, Question 4

Question:

(a) Given that log x = 2, determine the value af
(b) Calculate the value gffor which 2 log y —log; (y+4) =2.

(c) Calculate the values affor which log; z=4 log, 3.

[E]
Solution:

(@) log; x=2
x=3=9

(b)2 log; y—log; (y+4) =2
log; (y?) —logy (y+4) =2

(2 )

log, \y+4j =2
y2

y+4

=9

y> =9y + 36

y2-9-36=0

(y+3) (y-12) =0

y= —-3ory=12

Butlog, ( —3) is not defined,
Soy=12

(c)log; z=4 log, 3

log, z=
93 logy z

(logy z) 2=4
Eitherlog; z=2orlog z= -2
z=3%0rz=372

1

z=9orz= 9
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Exponentials and logarithms
Exercise G, Question 5

Question:

(a) Using the substitutiom = 2¥, show that the equatiorf 4 2(x*1) - 15 = 0 can be written in the form
u>-2u-15=0.

(b) Hence solve the equati4* — 2 (x*+1) — 15 =0, giving your answer to 2 decimal plac [E]

Solution:

(@) &-2(x*1) —15=0
4 = (22) X = (2)() 2
X+ 1= oxy ol

Letu=2¥
w-2u-15=0

(b) (u+3) (u-5) =0
Sou= -3o0ru=5
If u= -3, 2= - 3. No solution.
Ifu=5,2=5
log Z=log 5
x log 2=1log 5

log 5

X= log 2

x=232(2d.p.
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Exponentials and logarithms
Exercise G, Question 6

Question:
Solve, giving your answers as exact fractions, the simultaneous equations:

gy = 42x+3
log, y=log, x+ 4. [E]

Solution:

gy = 42x+3
(23)y: (22) 2x+3
2%y = 22(X+3)

y=4x+6 ®

log, y - log, x=4

() _

log, \X ] =4
y
L _ 4
. =2"=16
y = 16x ®
Substitute@ into O:
48X =4x + 6
44x = 6
_ 3
X= 2
48 2

y=1lex= %5, =27

3 2

Sox= 5,y=27;
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Exponentials and logarithms
Exercise G, Question 7

Question:
Find the values af for which Io% X—2 Iog( 3=1. [El
Solution:

log; x-2 log 3=1

2 _
log; X |0g3X—1
Letlog, x=y

2
y- =1

y2-2=y
y2-y-2=0

(y+1) (y-2) =0
Soy= -lory=2
Ify=-1,log x= -1

1
— -1 =
=> Xx=3""=73

Ify=2,log; x=2
=> x=3F=9

1
Sox = gorx=9
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Exponentials and logarithms
Exercise G, Question 8

Question:

Solve the equation

log, (2-3) =logy (6x%-1%+2) . [E]

Solution:

log, (2-3x) =logy (6x*-19%+2)

[ \ logy (6X2—19x+2)

logy (6x2—19x+2)

log, | &2-1x+2 | =

\ )
So

2 log; (2-3) =log, (6x2-19%+2)
log, (2-3x) 2=log; (6x2-1%K+2)
(2-3) 2=6x2— 19 + 2
4-1X+%P=6x2— 1K+ 2

2+ 7x+2=0

(3Xx+1) (x+2) =0

1
X= - Fo0rx= -2

log; 9

- 2

(Both solutions are valid, since they give logs of positive numbers in the original eq

© Pearson Education Ltd 2C
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Exponentials and logarithms
Exercise G, Question 9

Question:

5
If xy =64 and log y + Iogy x= 7, findxandy. [E]

Solution:

N o

log, y+ Iogy X =

Letlog, y=u

1_>3

u+ u = 2

202+ 2 =5y

2W-5u+2=0

(2u-1) (u-2) =0
1

u= 2oru:2

1 1
lfu= 3,log y= 7

1
= y=xz2=x

Since xy = 64,
(2 )
x\ x = 64 KXZ:MJ
x=16
y=Vx=4
Ifu=2,log y=2
> y=x?
Since xy = 64,
x3 = 64
x=4
y=x2=16

Sox=16,y=4o0rx=4,y=16
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Exponentials and logarithms
Exercise G, Question 10

Question:

Prove thatit?*=bY = (at) %, thenx +y=1. [EI

Solution:

Giventha*=hbY= (ab)®
Take logs to basafor a* = bY:
log, (&) =log, (b)

x log, a=ylog, b

x=ylog, b @

Take logs to basafora*= (ab)*
x=log, (ab)™

x=xy log, (ab)

x=xy (log, a+log, b)
Xx=xy(1l+log, b)
1=y(1l+log, b) @

X

But, from @, log, b = y

Substitute intd?:

1=y(1+§)

l=y+x
x+y=1
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Exponentials and logarithms
Exercise G, Question 11

Question:

(a) Show that log 3 = log, V3.

(b) Hence or otherwise solve the simultaneous equations:
2 log, y=log, 3 +log, X,

Y= gx'

given thaix andy are positive [EI

Solution:

log, 3 log, 3
(a)log43: log, 4 = 2

1 1
log, 3= 3log, 3=log, 32 =log, V3

(b) ¥ = &
3y = (32) X = 32x
Soy = 2x
2 log, y=log, 3 +log, x
log, (y?) =log, V3+log, x=1log, (xV3)
Soy?=x+3
Sincey=2x, (2x) 2=xV3
= 4x2=xV3

V3
X is positive, s # 0,x = —,~

2

3
ES y:2)(:

Sox =

T2
s s
4 Y= 2
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Exponentials and logarithms
Exercise G, Question 12

Question:

(a) Given that 3 + 2 logx = log, Y, show that/ = 8x2.

(b) Hence, or otherwise, find the roetandg, wherea < g, of the equation 3 + 2 lggx =log, (14x-3) .
(c) Show that log a = - 2.

(d) Calculate log g, giving your answer to 3 significant figureJE]
Solution:

(@3 +2 log x=log, y
log, y -2 log, x=3
log, y - log, x> =3

log, (é} =3

L:23:8
2
y = 8x2

(b) Comparing equations,

y=14x-3

8x?=14x - 3

8x° - 14x+3=0

(4x-1) (%x-3) =0
1 3

X= 4OI'X= 2

EN T

3
B=3

(1) _

(c) logya = log, L4 = -2,

EN T

. _ 1
snce2 2= = =
22

(d) log, g =log, ( % }

log, 1.5

log, 1.5 = =0.585 (3 s.f)

log,, 2
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Coordinate geometry in the (x,y) plane
Exercise A, Question 1

Question:

Find the mid-point of the line joining these pairs of points:
(@ (4.2),(6,8)

(b) (0,6),(12,2)

© (2,2),(-4,6)

d) (-6,4), (6, -4)

) (-5,3),(7.,5)

(7,-4),(-3.,6)

(@ (-5,-5),(-11,8)

(h) (6a,4b) , (2a, -4b)

() (2p, =qa) , (4.50)

() (-2s, -7t), (5s,t)

K (-4u,0), (2, -2)

() (a+b,2a-b), (3a-b, -b)

(m) (4v¥2,1), (2V2,7)

(n) (-+V3,3V5), (5V3,2V5)

(0) (V2-+v3,3V2+4+3),(3V2+ V3, - V2+243)

Solution:

@ (x,y;) =(4,.2), (%,y,) =(6,8)

() (x,y1) =(0,6), (x,¥,) = (12,2)
© (%) =(2,2), (%.¥,) = (-4,6)
(2 (B ) () ()

PhysicsAndMathsTutor.com
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d (x,y,) =(-6,4),

(Xz y2) = (6, -4)

Page2 of 3

o [(a2 we ) e o) (oo 0
N N N R N
€ (x,y) =(-5,3), (%.,y,) =(7,5)
o [ mie ) oser aes) _f2o2) ()
N L A N A Y
(f)(xlaY1):(7a_4) (Xz y2)=(_3 6)
o [ nre ) (7+<3> cave ) (ao2) ()
N Y N N
@ (X, y1) =(-5,-5), (%,¥%) =(-11,8)
o ((me ) (e s} (w3 s
L ? =) U2 =) L2 rr) o\ 2)
(h) (x,.y;) = (6a,4b) , (%,y,) = (2a, —4b)
(X1+x2 y1+3’2\ (6a+2a 4b+ (- 4b) \ (Sa 0\ [ \
So y T = , = -, 5 = 4,0
N @) L2z ) o\ J
M) (x.y1) = (20, —q) , (X.Y,) = (4p,5q)
(X1+X2 yl+y2\ (2p+4p —q+5q\ ( 6p 4q\ ( \
So . o , P = P,
L2 ) A S A U N J
(j)(xl,yl)=(—23,—7t),(x2,y2)=(55,t)
o mm we ) (cms ) (s oca) (s )
N N A A )
(K (X, y1) = (-4,0), (%,¥,) = (3u, —2v)
A e A A I N
L ? @) U2 2 ) U2 )
() (x.y,) = (a+b,2a-b) , (x.¥,) = (3a-b, -b)
(xl"xz V1+Vz\ (a+b+3a—b 2a-b+ (-h) \ [4a 2a—2b\ [
So — - , = e = 22a,a-b
N S N N
m) (X, Y1) = v) o oY) = '
(m) ( ) = (4V2,1), ( ) = (2V2,7)
(X1+X2 V1+V2\ (4\/2+2\/2 1+7\ (6 2 8\ ( \
So |\ —5 ., = 27 =, 5 .5, =, 32,4
.22 ) L @) Lz z2) \ )
(n) (Xl’Y1)=(_\/3,3\/5),(Xz’yZ)=(5\/3:2\/5)
(X1+X2 V1+Vz\ ( - V3+543 3V5+2¢5\ (4 3 5 5\ [ %5\
So, 5, 5 = , = ., 5, = 23,
L2 @) L S U N 2 )
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) (x,y;) = (V2=-3,3V2+4V3), (%,,y,) = (3V2+ V3, -V2+2V3)
(Xl"xz V1+V2\ (V2—V3+3x/2+x/3 3V2+4x/3+(—d2+2x/3)\\
A : )
(x/2—x/3+3d2+x/3 3x/2+4d3—x/2+2d3\
k 2 ’ 2 ]
(ﬂ 2J2+6\/3\
L2
2

2 )
V2, V2+3V3)

(
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Coordinate geometry in the (x,y) plane
Exercise A, Question 2

Question:

The linePQ is a diameter of a circle, whelreandQ are ( —4,6) and (7, 8) respectively. Find the coordinates of
the centre of the circl

Solution:

(XlaY1) = ( —4,6) ) (szyz) = (718)

X tX% ity \ ( -4+7 6+8

( ) V(s N
e G B I A R B |
)

(s
The centre |s\ > ,7j

N | w
\‘
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Coordinate geometry in the (x,y) plane
Exercise A, Question 3

Question:

) . . . 4a 3b \ ( 2a 5b \ . .
The lineRSis a diameter of a circle, whelReandS are \ =5 "4 5 v a ] respectively. Find the

coordinates of the centre of the cir

Solution:

()= 2y () (=
) T T e T

4a 2a -3b 5b
‘( X+ X Vit Y, \ ?+ ? 4 ¥ T (

‘ | 2y (L)
NS U T S R U

| a;
The centre |s\ 5

hl‘”

w
QD

b )
J

o
~|o

b )
v
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Coordinate geometry in the (x,y) plane
Exercise A, Question 4

Question:

The lineAB is a diameter of a circle, whefeandBare ( -3, —4) and (6, 10 despectively. Show that the cen
of the circle lies on the liny = 2x.

Solution:

(x.y1) = (=3, -4), (%,Y,) = (6,10)

(X1+X2 w\_(—sw —4+10\ (
TUE R )T U T

N | w

) (3 )
)T

3
Substitutex = Jintoy = 2x:

()

So the centre is on the liy = 2x.
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Coordinate geometry in the (x,y) plane
Exercise A, Question 5

Question:

VR
N lw

w s

The lineJK is a diameter of a circle, whedandK are . 2) respectively. Show that the

2
centre of the circle lies on the lige= 8x + 7.

Solution:

N|w|'5
_
-~
_

. 1. 2
Substitutex = gintoy = 8x+ 3

(1)

So the centre is on the line= 8x + 3.

w ;o

v

2 2
3 =1+3 =
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Coordinate geometry in the (x,y) plane
Exercise A, Question 6

Question:

The lineAB is a diameter of a circle, whefeandBare (0, —2) and (6, —5) respectively. Show that the centre
of the circle lies on the linx — 2y — 10 = 0.

Solution:

(XlaY1):(Ov_2)1(X21y2)=(61_5)
o[ e ) (o —2riem) ) (e o) f
N N 2 N N

-7
Substitutex = 3 andy = —,"intox - 2y = 10 = 0:

() )

(‘_7
A
So the centre is on the lix — 2y - 10 = 0.

7
3,2

)
)

-10=3+7-10=0"
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Coordinate geometry in the (x,y) plane
Exercise A, Question 7

Question:
The lineFG is a diameter of the circle cen (6,1) . GivenFis (2, —3) , find the coordinates (G.

Solution:

(x1.y1) = (a,b), (%,y,) = (2, -3)
The centreis (6,1) so

(arz becon ) ()
S R

a+?2

2 =

a+2=12

a=10

b+ (-3)
> =

b-3

2 =1

b-3=2

b=5

The coordinates (G are (1C,5) .
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Coordinate geometry in the (x,y) plane
Exercise A, Question 8

Question:

The lineCD is a diameter of the circle centre ( & 25a) . GivenD has coordinates @3 - 7a) , find the
coordinates oC.

Solution:

(x,y1) = (pP.a) . (X%,Y,) = (3a, —7a)
The centreis ( -2, 5a) so

([ p+aa q+(_7a)\_(_ A
I B G

=5a

g-7a=10a
g=17a

The coordinates cCare ( —7a, 17a) .

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Coordinate geometry in the (x,y) plane
Exercise A, Question 9

Question:

The pointaM (3 ,p) andN (g, 4) lie onthe circle centre (5, 6) . The liN is a diameter of the circle. Find t
value ofp andq.

Solution:

(x.¥1) = (3.p) . (X%.Y¥,) = (q,4) so

(sea pra) _ [ _ )
\ ) L)

2 2 = 5,6

p+4=12
p=8

Sop=8,q=7
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Coordinate geometry in the (x,y) plane
Exercise A, Question 10

Question:

The pointsV ( —4,2a) andW (3b, —4) lie onthe circle centrek(, 2a) . The lineVW s a diameter of the circ
Find the value oa andb.

Solution:

(x,y;) =(—-4,22), (X,Y,) = (3b, -4) so

(cavm 24 ) _ ()
RN R G
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Coordinate geometry in the (x,y) plane
Exercise B, Question 1

Question:

The lineFG is a diameter of the circle centtewhereF andGare ( —2,5) and (2, 9) respectively. The line
passes througC and is perpendicular FG. Find the equation d.

Solution:
(1) AJJ
D (2,9)
(
F(-2,5)

(2) The gradient oFG is

Y271 _ 9-5 4
X=X ~ 2-(-2) " 4 -1
-1
(3) The gradient of a line perpendiculaiG is 1) - -1.

(4) Cis the mid-point of-G, so the coordinates @f are
(% % ) Z2xe s+9\ [
N N N
(5) The equation dfis

y—y1=m(x—x1)

N o

1)
2 )

N—
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Coordinate geometry in the (x,y) plane
Exercise B, Question 2

Question:

The lineJK is a diameter of the circle centfPewhereJandK are (0, —3) and (4, —5) respectively. The line
passes through and is perpendicular tiK. Find the equation df Write your answer in the form ax + byct= 0,
wherea, b andc are integer:

Solution:

1
(2) Ay !

(2) The gradient oK is
Y27 Y1 -5-(-3) -5+3

Xp= X 4-0 - 4

—2
4

-1
2

(3) The gradient of a line perpendiculaidiis ! =2
(55

(4) P is the mid-point ofIK, so the coordinates &fare
( XX Nty \ ( 0+4 -3+ (-5) \ (i
Lz 2 ) = S 2 ) = | 2

(5) The equation dfis
y—yl:m(x—xl)
y-(-4)=2(x-2)
y+4=X-4
0=X-y-4-4
2x-y-8=0

Y, )
RN B
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Coordinate geometry in the (x,y) plane

Exercise B, Question 3

Question:

Pagel of 2

The lineAB is a diameter of the circle centre (4, —2) . The lipasses througB and is perpendicular #B. Given

thatAis ( -2,6) ,
(a) find the coordinates &.

(b) Hence, find the equation I.

Solution:

1) AV
A(-26)| .

# \\
Py -,
/ X
ra A
r LY

%
¥

(2) Let the coordinates & be (a,b) .
(4, —2) isthe mid-point oAB so

( X tX%  YNitY, \ (

L2 ) J
 z2+a sen ) _ )
|.e.\ 2 v o }:k4'_2/
So

-2+a

2 =

-2+a=38

a=10

and

6+b

2 = -2

6+b= -4

b= -10
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Heinemann Solutionbank: Core Maths 2 Page2 of 2

(a) The coordinates & are (10, —10) .

(3 Using ( -2,6) and (4, —2) , the gradient?d is
2% -2-6 -8
X=X, 4-(-2) 6

—4
- 3

(4) The gradient of a line perpendicularB is 1 =

(5) The equation dfis
y—y1=m(x—x1)

(o) 2l )

y - - 10 =7, x-10
.\ )L )
3x 30

y+10:7——

3x 30

y= "7, -7, -10

3x 70

Y= "4 - 4

3x 35

y= 5 -5

35

3
(b) The equation dfisy = 7 x- 7.
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Coordinate geometry in the (x,y) plane
Exercise B, Question 4

Question:

The linePQ is a diameter of the circle centre ( -4, —2) . Thelipasses through and is perpendicular ©Q.
Given thalQis (10, 4) , find the equation dl.

Solution:

(1) AV

(2) Let the coordinates &fbe (a,b) .
( -4, —2) isthe mid-point dPQ so

(042 a+n ) _ ()
SRR I U

10 +a _

2
10+a= -8
a= -18
4+b

2
4+b= -4

b= -8

The coordinates ®®are ( — 18, —-8) .

(3) The gradient oPQ is

yz_yl_ 4-(-2) 6 3
=%~ 10-(-4) T 147 7

. . : I
(4) The gradient of a line perpendiculaif@ is =3 .

( 7 )
(5) The equation d is
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Coordinate geometry in the (x,y) plane
Exercise B, Question 5

Question:

The lineRSis a chord of the circle centre (5, —-2) ,whBrandSare (2,3) and (10, 1 jespectively. The lir
| is perpendicular tRS and bisects it. Show thl passes through the centre of the ci

Solution:

(1) The gradient oRSis

Y27 Y1 1-3 -2 -1
4

%-% — 10-27 8

(2) The gradient of a line perpendiculaRBis

(3) The mid-point oRSis
(Bt ntv )

L)

(4) The equation dfis
y—yl:m(x—xl)
y-2=4(x-6)
y—-2=4x-24
y=4x - 22

2+10 3+1
2

N

N—
|

—

o
\

(5) Substitutex = 5 intoy = 4x — 22:
y=4(5) —22=20-22= -
Sol passes through the centre of the ci
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Coordinate geometry in the (x,y) plane
Exercise B, Question 6

Question:

1
The lineMN is a chord of the circle centr{ 1,3 ) ,whbt@andNare ( -5, -5) and (7,4)

respectively. The linkis perpendicular tMN and bisects it. Find the equationl ofVrite your answer in the form
ax + by + ¢ = 0, wherea, b andc are integer:

Solution:

(1) The gradient oMN is
Y27 Y1 4- (-5) 4+5 9

X=X _ T-(-5) _ 7+5 " 12 —

3
4

(2) The gradient of a line perpendiculati is =

-1 —4
3 -

(Z)

(3) The coordinates of the mid-pointidN are

(B nt% ) zser -sea )
N A N N
(4) The equation dfis

y—yl:m(x—xl)

-1) -4
2 3

NN

T R GRS
2 ) Tt

)=

y+§:_74(x—1

(3] ()

—— /T

1 -4 4
Yt o= 3 Xt 3
(x6)
By+3=-&+8
8x+6y+3=8
8 +6y—-5=0
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Coordinate geometry in the (x,y) plane
Exercise B, Question 7

Question:

The linesAB andCD are chords of a circle. The liye= 2x + 8 is the perpendicular bisector&B. The line
y = — 2x — 4 is the perpendicular bisector CD. Find the coordinates of the centre of the ci

Solution:

y=2

Substitutey = 2 intoy = 2x + 8:

2=X%+8

-6=2X

x= -3

Check.

Substitutex = — 3 andy = 2 intoy = - 2x - 4:
(2) =-2(-3) -4

2=6-4

2=2 Vv

The coordinates of the centre of the circle ( —=3,2) .
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Coordinate geometry in the (x,y) plane
Exercise B, Question 8

Question:

The linesEF andGH are chords of a circle. The lige= 3x — 24 is the perpendicular bisectorkf. GivenG andF are
(-2,4) and (4, 10) respectively, find the coordinates of the centre of the ¢

Solution:

(1) The gradient o6F is
"% _10-4 6
=% ~ 4-(-2) 7 6

=1

1
(2) The gradient of a line perpendiculaiGb is - 1 T 1.

(3) The mid-point of5F is
(e ut% ) c2¢4 ar0) (2 m
U )=\ 2 2 ): |22

(4) The equation of the perpendicular bisector is
y—yl=m(x—x1)

y-7=-1(x-1)

y-7=-x+1

y= -x+8

(5) Solvingy = - x + 8 andy = 3x — 24 simultaneously:
-X+8=3%-24
- 4x= -32

-32

X= T,

x=8

Substitutex = 8 intoy = - x + 8:
y=-(8) +8

y=-8+8

y=0

So the centre of the circle (8,0) .
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Coordinate geometry in the (x,y) plane
Exercise B, Question 9

Question:
The pointsP (3,16) ,Q(11,12) andR( — 7, 6) lie onthe circumference of a circle.

(a) Find the equation of the perpendicular bisector of

(i) PQ
(i) PR

(b) Hence, find the coordinates of the centre of the ¢

Solution:

(a) (i) The gradienPQ is

Y27 Y1 12 - 16 -4 -1
2

X-x ~ 1-3 7 8

The gradient of a line perpendicularR@Q is — 1 =2

-1
(7)
The mid-point ofPQ is

(e nte ) (ssu 16+12 ) f 3
I B T B WA

The equation of the perpendicular bisectoPQfis
y—y1=m(x—x1)
y-14=2(x-7)

y-14=%-14
y =2
(ii) The gradient oPR s
Y271 _ 6-16  -10
=% ~ -7-37 -10 =1
1
The gradient of a line perpendicularRRis - —-+ = - 1.

(1)
The mid-point ofPRis
(v woe ) (asn wee) _ (a2 oz _( )
N N N N
The equation of the perpendicular bisectoPBfis
y—yl:m(x—xl)
y-11=-1[x- (-2)]
y-11= -1(x+2)
y—-11= -x-2
y=-x+9

(b) Solvingy = 2x andy = - x + 9 simultaneously:
2Xx= -x+9

3x=9

x=3

Substitutex = 3 iny = 2x;

y=2(3)
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y=6

Check.

Substitutex = 3 andy = 6 intoy = - x + 9:
(6) =-(3) +9

6=-3+9

6=6V

The coordinates of the centre i (3,6) .

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Core Maths 2

Solutionbank C2

Pagel of 2

Edexcel Modular Mathematics for AS and A-Level

Coordinate geometry in the (x,y) plane
Exercise B, Question 10

Question:

The pointsA( -3,19) ,B(9,11) andC( - 15, 1) lie on the circumference of a circle. Find the coordinates of

the centre of the circl

Solution:

(1) The gradient oAB is
"% _11-19 -8
T 9-(-3) T 12

—-2
- 3

X=X

The gradient of a line perpendicularAB is

-2
(3
The mid-point ofAB is

[X1+X2 y1"3’2\\ _ [ -3+9 19+11\\ _

(T )T )

The equation of the perpendicular bisectoABfis
y—y1=m(x—x1)

(
)

k)
2

N o

(
\

y—-15

N |w

3
y-15=5x~-

3 21
y= X+ 5

(2) The gradient oBC is
Y270 1-11 -10 5

-15-9 — 12

Xy = Xq -24

- 12

. . . . -1 _
The gradient of a line perpendicularBG is 5

A =
(12)

The mid-point oBC is

[ﬁ w\\ [9+(—15) 11+1\\

\ 2 v 2 ) = \ 2 2 ) =

)
)

The equation of the perpendicular bisectoBGfis

Y=y =m(X=x)
I G
v )]

(
\

y-6=

5 LX_

PhysicsAndMathsTutor.com
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) - 12 6 3 21
(3) Solvingy = —-—x - gandy= 7x+ 7, simultaneously:

3 21 -12 6
Xt 5 = X-=

) . 3 21
Substitutex = - 3intoy = 7x+

3( \ 21
TR
-e 2
2 t 2

y:
12
y= 5
y=6
Check.

- 12 6
Substitutex = - 3 andy = 6 intoy = —;—x- 7

() _z2( )

6
6 _ _ 8
) = L)
% 8
6="7% -5
30
6= ¢
6=6 vV

The centre of the circle ( —3,6)
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Coordinate geometry in the (x,y) plane
Exercise C, Question 1

Question:

Find the distance between these pairs of points:
(@ (0.,1),(6,9)

(b) (4, -6),(9,6)

© (3.1).(-1,4)

(d) (3,5),(4.7)

(€) (2,9),(4.3)

() (0, -4),(5,5)

@ (-2,-7),(5,1)

() (-4,0), (3, -2a)

() (-b,4b), (-4, -2b)

() (2c.c) , (6, 4c)

K (-4d,d), (d, -4d)

) (-e, -e), (-3, -%)

(m) (3V2,6V2), (2V2,4V2)

(n) (-+v3,2V3), (3V3,5V3)

(0) (2V3-+V2,V5+V3), (4¥3-+2,3V5+ V3)

Solution:

(@) (%.¥) = (0,1), (%,Y,) = (6,9)
VOo-%) 2+ (v,-y;) 2

(6-0)2+ (9-1)2

6% + 82

36+ 64

v 100
10

() (X, Y1) = (4, =6) , (%.,¥,) = (9,6)
VOo-%) 2+ (V,-yy) 2

[ (9-4)2+[6- (-6)]2

5+ 12

25 + 144

\ 169
=13

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

(-1,4)

© (x.y%)=(3.1), (%,y,)

VOo-%) 2+ (v,-y,) 2
-1-3)2+ (4-1)2

(-4) 2432

16 +9

V25

5

(d) (x,y;) =(3,5), (X5,¥,) = (4,7)
\|(X2—X1) 2 + (Y2_yl) 2

(4-3)2+ (7-5)2

12 + 2

1+4

\5

(e) (Xlryl) = (219) ’ (X21y2)
VOo-%) 2+ (v-yy) 2
(4-2)2+ (3-9)2

2+ (-6)2

(4,3)

L T I I T T 1
<
N
o

) (x.y) =(0, -4), (%.¥%) = (5,5)
VOo-%) 2+ (V,-yy) 2

| (5-0)2+[5-(-4)]7?

52 + 92

25 + 81

V 106

@ (X.y1) =(-2, -7), (%,¥,) =(5,1)

VOo-%) 2+ (V-yy) 2
[5-(-2)12+[1-(~-7)]2
(5+2)2+ (1+7)?2

72+ 8

49 + 64

V113

(h) (X]_iyl) =(-4a,0), (X2,y2) = (3a, —2a)

VOo-%) 2+ (v,-yy) 2

[3a— (-4a) ]2+ (-2a-0) 2
(3a+4a) 2+ (-2a) 2

(72) 2+ ( -2a) ?

492 + 42

53a2

\ 53{a2

=aV53

) (x.y) = (-b,4),(%.y,) = (-4, -2b)

V(x=x) 2+ (Y-yy) 2

[ —4b- (-b) ]2+ (-2b-4b) ?
(—4db+Db) 2+ (—6b)?

(-3b) 2 4 ( -6b) 2

9? + 3602

45p2

PhysicsAndMathsTutor.com
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=\9 x 5 xp?
= v 9v5(p?
=3bV5

() (X.yy) = (2c,¢), (%.Y,) = (6c,4c)
VOo-%) 2+ (v,-yy) 2

=\ (6c-2c) 2+ (4c-c) ?
=\ (4c) %2+ (3c) ?

= | 16c2 + 9¢?

=\ 252

= v 25{c2

=5c

(K) (x.y;) = (—4d,d), (x%,y,) = (2, -4d)
VOo-%) 2+ (V,-yy) 2

[2d- ( -4d) ]2+ (-4d-d) ?

(2d+4d) 2+ ( -5d) 2

(6d) 2+ ( -5d) 2

|36d° + 250

6102

61Yd?

d(61

) (x.y) =(-e, -e), (%.Y) = (-3, -5e)
VOo-%) 2+ (v,-y,) 2

[ -3e-(-e)]?+[-5-(-e)]?
(-3e+e) 2+ (-5e+e) ?

(—2) 2+ (—-4e)?

4e? + 16¢2

2087

4 x5 x¢

Va4 x \5x\e
=2+ 5e

(M) (x,y;) = (3V2,6V2), (%,y,) = (2V2,4V2)
V(x=x) 2+ (Y-yy) 2

(2V2-3V2)2+ (4V2-6V2)2

[ (- V2)2+ (-2V2)2

2+8

V10

() (x,y,) = ( - V3,2V3), (X%,Y,) = (3V3,5V3)
VOo-%) 2+ (v,-y) 2

[3Y3-(-3)]2+ (5V3-2V3)?2
(3V3+V3)2+ (3V3)2

(4V3) 2+ (3V3) 2

48 + 27

\ 75

{25 x 3

V25 x%x 3

543

©) (x;,y;) = (2V3=-V2,V5+V3), (x,Y,) = (4V3-+V2,3V5+ V3)
VOo-%) 2+ (v,-yy) 2

[4V3-N2- (2V3-+V2) 12+ [3V5+N3- (N5++3)]?
(AN3-V2-2V3+ V2)2+ (3V5+ V3-V5-1+3)?2

(2V3) 2+ (2V5) 2

PhysicsAndMathsTutor.com
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\12 + 20
\ 32
\|16><2
V16 x 2
442
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Coordinate geometry in the (x,y) plane
Exercise C, Question 2

Question:

The point (4, —3) lies on the circle centi ( —2,5) . Find the radius of the circ

Solution:

(XlaY1) = (41 _3) ) (szyz) = ( _215)
VOo-%) 2+ (v,-y,) 2
(-2-4)2+[5-(-3)]2

( —6) 2+82

36 + 64

' 100

=10

Radius of circle = 1C.
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Coordinate geometry in the (x,y) plane
Exercise C, Question 3

Question:

The point ( 14, 9) is the centre of the circle radius 25. Show ( —1C, 2) lies on the circle

Solution:

(X,y) =(-10,2), (%,y,) = (14,9)
VOo-%) 2+ (v,-y,) 2

[[14- (-10) ]2+ (9-2)2

24 + 72

576 + 49

V 625

=25

So ( —10, 2) is on the circle
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Coordinate geometry in the (x,y) plane
Exercise C, Question 4

Question:

The lineMN is a diameter of a circle, whelkéandN are (6, —4) and (0, —2) respectively. Find the radius of
the circle

Solution:

(XlaY1) = (61 _4) ) (szyz) = (0, _2)
VOo-%) 2+ (v,-yy) 2
(0-6)2+[-2-(-4)]?
(-6)2+ (-2+4)?2

[ (-6) 2+ (2)2

36+4

v 40

\|4><10

=V4x 10

=2V10

The diameter has lengtm210.

) 210
So the radius has lengti, ~ ¥ 10.
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Coordinate geometry in the (x,y) plane
Exercise C, Question 5

Question:

The lineQR is a diameter of the circle centte whereQ andR have coordinates (11,12) and ( -5,0)

respectively. The poirRis (13,6) .
(a) Find the coordinates Gf.

(b) Show thaP lies on the circle

Solution:

(a) The mid-point oR is

[m w\\ _ [11+(—5) 12+0\\ B
> =

\2’2)_\ 2

(b) The radius of the circle is
VOo-%) 2+ (V,-yy) 2
(11-3)2+ (12-6) 2
8% + 62

64 + 36

\ 100

10

The distance betwedbhandP is
VOo-%) 2+ (V,-yy) 2
=\ (13-3)2%+ (6-6)7?
= £+02

=\ 1%

=10

SoP is on the circle

)
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Coordinate geometry in the (x,y) plane
Exercise C, Question 6

Question:

The points ( -3,19) , ( -15,1) and (9, 1) are vertices of a triangle. Show that a circle centre ( - 3,6)
can be drawn through the vertices of the triai

Solution:

(1) (XlaY1) = ( —3,6) ) (szyz) = ( _3119)

VOo-%) 2+ (v,-yy) 2

[(=3) - (=3)1%+(19-6)?
-3+3)2+ (13)2

[0+ 13

13

13

(2) (x;,y,) =(=-3,6),(%,y,) =(-15,1)
\|(X2—X1) 2 + (Y2_yl) 2
[ -15- (-3) 12+ (1-6)?2

(-12)2%2+ (-5)2
144 + 25

V169

=13

(3) (XlaY1) = ( —3,6) ) (szyz) = (911)
VOo-%) 2+ (V,-yy) 2

=\[9- (=3)]2+(1-6)?2
=\ (12)2+ (-5)?
=\144 + 25

= 169

=13

The distance of each vertex of the triangleto ( —3,6) is 13. So acircle centre ( — 3, 6) and radius 13 can be
drawn through the vertices of the trian
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Coordinate geometry in the (x,y) plane

Exercise C, Question 7

Question:

Pagel of 1

The lineST is a diameter of the circlg, whereSandTare (5,3) and ( —3,7) respectively.
The lineUV is a diameter of the circtg, centre (4,4 ) . The poidis (1,8) .

(a) Find the radius of (g, (ii) c,.

(b) Find the distance between the centres @indc,,.

Solution:

(a) (i) The centre of, is

(X1+X2 y1"y2\
L2 )T

The radius of:1 is

( 5+ (-3) 3+7\
2 2

\ )

VOo-%) 2+ (V,-yy) 2

42 + (-2) 2
16+ 4

\ 20

4 x5

=V4x 5
=25

(ii) The radius ot, is

(5-1)2+ (3-5)2

VOo-%) 2+ (v,-yy) 2

P+ (-4)2
9+16

V25

5

(4-1)2+ (4-8)2

(b) The distance between the centres is

VOo-%) 2+ (v,-y,) 2

© Pearson Education Ltd 2C

=\(1-4)2+ (5-4)2
=\ (=3)%+(1)?
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=10
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Coordinate geometry in the (x,y) plane
Exercise C, Question 8

Question:
The pointsJ ( -2,8) ,V(7,7) andW( -3, —1) lieon acircle.
(a) Show that\UVW has a right angle.

(b) Find the coordinates of the centre of the ci

Solution:

(a) (1) The distancBV is
VOo-%) 2+ (v,-y5) 2
[7-(=-2)12+(7-8)2
(7+2)2+ (-1)2

P+ (-1)2

8L+ 1

\ 82

(2) The distanc®W is

Y Oo=%) 2+ (v,-yy)
(=3-7)2+ (-1-7)2
(-10)2+ (-8)72
100 + 64

\ 164

(3) The distanc&W is
V(=) %+ (Y,-yy)
[-3-(-2)]2+(-1-8)2
(-3+2)2+ (-9)2

[ (—-1)2+(-9)7?

1+81
V 82
Now ( V82) 2+ (V82) 2= (V164)?2
U V82 V
V82 V164
W

i.e.UV?Z + UW? = VW2
So, by Pythagoras’ theoremUVW has a right angle &t.

(b) The angle in a semicircle is a right angle\8%is a diameter of the circle.
The mic-point of VW is
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(are n*% ) (7003 7e(n ) _ (723 7-1)
N A D

The centre of the circle (2,3) .
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Coordinate geometry in the (x,y) plane
Exercise C, Question 9

Question:
The pointsA (2,6) ,B(5,7) andC (8, —2) lieon acircle.
(a) Show that\ ABC has a right angle.

(b) Find the area of the trianc

Solution:

(a) (1) The distancAB is
VOo-%) 2+ (v,-yy) 2
(5-2)2+ (7-6)2
3% + 17

9+1

V10

(2) The distanc&C is
VOo-%) 2+ (v,-y,) 2
(8-5)2+ (-2-7)7?
P+ (-9)2

9+81

V90

(3) The distanc@C is
V(p=x) 2+ (v,-y,) 2
(8-2)2+(-2-6)72
62+ (-8)2

36 + 64

V100

Now ( V10) 2+ (V90) 2= ( V100) 2
i.e.AB? + BC? = AC?

So, by Pythagoras’ theorem, there is a right angk at

(b) The area of the triangle is

1 . E E E 1
, X base x height =, ABxBC= ; V10V90= 3 V900=7 x30=15
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Coordinate geometry in the (x,y) plane
Exercise C, Question 10

Question:

The pointsA( -1,9) ,B(6,10) ,C(7,3) andD (0, 2) lie on acircle.
(a) Show thaABCD is a square.

(b) Find the area oABCD.

(c) Find the centre of the circ

Solution:

(@) (1) The length ofAB is

VOo-%) 2+ (v,-y,) 2

[[6- (-1)]2+ (10-9)?

72+ 12

49 +1

V50

(2) The length oBC is

VOo-%) 2+ (V,-yy) 2
(7-6)2+ (3-10)?2

22+ (-7)2

1+49

V50

(3) The length ofCD is

VOo-%) 2+ (V,-yy) 2
(0-7)2+ (2-3)2

[(-7)2+ (-1)7

49 +1

V50

(4) The length oDA is

\|(X2—X1) 2 + (Y2_yl) 2
-1-0)2+(9-2)72

1+49

V' 50

The sides of the quadrilateral are equal.

(5) The gradient oAB is

2% 10-9 1

X=X, 6-(-1) 7

The gradient oBC is

Y27 3-10

_ =1 _
=] =-7

Xy = Xq 7-6

The product of the gradients = -1

VR
~N e
X
|
\l
1
|

N’

So the lineAB is perpendicular t&8C.
So the quadrilateradBCD is a square.

(b) The aree= 50 x v 50 =50
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(c) The mid-point oAC is
[X1+X2 y1+y2\\ [ -1+7 9+3
k 2 2 ) = k 2 1 2

So the centre of the circle (3,6) .
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Coordinate geometry in the (x,y) plane
Exercise D, Question 1

Question:

Write down the equation of these circles:
(a) Centre (3,2) ,radius4

(b) Centre ( —4,5) , radius 6

(c) Centre (5, -6) ,radius®3

(d) Centre (4, 7a) ,radius a

(e) Centre ( =2V 2, -3+ 2) , radius .

Solution:

(@) (X1vy1) =(3,2) r=4
So (x-3) 2+ (y-2)2=42
or (x-3)2+ (y-2)2=16

(b) (x,,y;) =(—-4,5) ,r=6
So [x-(—-4)] 24 (y-5) 2 - g2
or (x+4)2+ (y-5)2=36

©) (%.,y;) = (5, -6) r=243

So (x=5) 2+ [y-(-6)]2=(2V3)?2
(x=5)2+ (y+6)2=22(V3)?2
(x=5) 2+ (y+6)2=4x3

(x=-5) 2+ (y+6)2=12

(d (x,y;) = (2a,7a) ,r=5a

So (x-2a) 2+ (y-7a) 2= (5a) 2

or (x-2a) 2+ (y-7a) 2=252

€ (%,y,) = (-2V2, -3vY2) ,r=1

So [x— (-2V2) ]2+ [y-(-3V2)]2=1
or (x+2V2) 2+ (y+34V2)2=1
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Coordinate geometry in the (x,y) plane
Exercise D, Question 2

Question:

Write down the coordinates of the centre and the radius of these circles:
@ (x+5) 2+ (y-4)2=9

(b) (x-7) 2+ (y-1)2=16

(€) (x+4)2+y*=25

(d) (x+4a) 2+ (y+a) 2= 1447

() (x-3V5) 2+ (y+ V5) 2=27

Solution:

(@ (x+5) 2+ (y-4)2=9
or [x- (=5) ]2+ (y-4)2=9
The centre of the circleis ( — 5, 4) and the radius is 9.

(b) (x-7) 2+ (y-1)?2=16
or (x=7)2+ (y-1)2=4
The centre of the circleis (7,1) and the radius is 4.

(€) (x+4)2+y>=25
or [x- (-4)]2+ (y-0)2=5°
The centre of the circleis ( — 4, 0) and the radius is 5.

(d) (x+4a) 2+ (y+a) 2= 144
or [x= (-4a) ]2+ [y-(-a)]?=(12)?
The centre of the circleis ( -a4 -a) and the radius is 82

(e) (x-3V5) 2+ (y+ V5) 2=27

or (x=3V5)2+ [y- (- V5)]2=(V27)?2

Now V27 =Y9x3=v9x V3=3+3

The centre of the circle (3V5, — ¥5) and the radius i3 V 3.
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Coordinate geometry in the (x,y) plane
Exercise D, Question 3

Question:

Find the centre and radius of these circles by first writing in the form &) 2+ (y-b) 2=r2
(@)x2+y2+4x+9y+3=0

(b)x2+y2+5x-3y-8=0

(C)2%+22+8+15/-1=0

(d)2x2+2y2-8x+8y+3=0

Solution:

(@)x2+y2+4x+9y+3=0
X+ax+y?+9y= -3

vov2 gy, 20, &
(x+2) 4\ 2)

(g\zﬁ

(x+2) 2+ \y"' 2)
So the centreis ( =2, —4.5) and the radius is 4.61 (2 d.p.)

(b)x2+y2+5x-3y-8=0
X2+ 5x+y?2-3y=8

(s, ([ 2\, s
2 ) 4

+ +
\x

=) T\

(s, (30,
GUED RN
So the centre is ( — 2.5, 1.5) and the radius is 4.06 (2 d.p.)

()22 +2y2+8+15-1=0
15

X2 +y2 +dax+ Sy- % =0
15

x2+4x+y2+ Sy= Y

(1), 2

(x+2)2-4+ \y+ 4) 6 =

AR

9
(x+2) 2+ \y+ : ) 2=187;
So the centreis ( =2, —3.75) and the radius is 4.31 (2 d.p.)

(d) 22+ 2y2-8x+8+3=0
2 4 \2 3 _
Xc+y —4Ax+4y+ 5 =0
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3
X —Ax+y2+dy= —

3
(x-2)2-4+ (y+2)2-4= -3

13
(x-2) 2+ (y+2) 2= 3
So the centre is (¢ — 2) and the radius is 2.55 (2 d
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Coordinate geometry in the (x,y) plane
Exercise D, Question 4

Question:

In each case, show that the circle passes through the given point:
(@ (x—-2) 2+ (y-5)2=13, (4,8)

(b) (x+7)2+ (y-2)2=65 (0, -2)

©)x2+y2=2%, (7, -24)

(d) (x-2a) 2+ (y+5a) 2=20a2 (6a, —3a)

(e) (x-3V5) 2+ (y- V5) 2= (2V1C) % ( V5, - V5)
Solution:

(a) Substitutex= 4,y =8into (x-2) 2+ (y-5) 2=13
(x-2)2+ (y-5)2=(4-2)2+ (8-5)2=22+32=4+9=13 v
So the circle passes through (4,8) .

(b) Substitutex = 0,y = — 2into (x+7) 2+ (y-2) 2=65
(X+7)2+ (y-2)2=(0+7)2+ (-2-2)2=72+ ( -4)2=49+16=6%
So the circle passes through (0, -2) .

(c) Substitutex = 7 andy = — 24 intox2 + y2 = 25
X2 +y2 =72+ ( —24)2=49+576 =625 = 2%
So the circle passes through (7, —24) .

(d) Substitutex = 6a,y = — 3ainto (x-2a) 2+ (y+5a) 2=20a2
(x-2a) 2+ (y+5a) 2= (6a-2a) 2+ ( -3a+5a) 2= (4a) 2+ (2a) 2=16a2+ 4a2 = 2082V
So the circle passes through 4 6 - 3a) .

(e) Substitutex= ¥V 5,y= - Y5into (x-3V5) 2+ (y- V5) 2= (2v10) 2

(x-3V5) 2+ (y-V5) 2= (V5-3V5)2+ (- V5-+Y5)2=(-2V5) 2+ ( -2+5)
2=4x5+4x5=20+20=40= (V40) 2

Now v40={4x10=V4x V10=2V 10V

So the circle passes throu ( V5, - V5) .
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Coordinate geometry in the (x,y) plane
Exercise D, Question 5

Question:

The point (4, —2) lies on the circle centi (8, 1) . Find the equation of the circ

Solution:

The radius of the circle is

VOo-x) 2+ (v,-y) 2

| (8-4)2+ [1-(-2)]?2

42+ 3

16 +9

V25

5

The centre of the circleis (8, 1) and the radius is 5.
So (x-8) 2+ (y-1)2=%?

or (x-8) 2+ (y-1) 2=25
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Coordinate geometry in the (x,y) plane
Exercise D, Question 6

Question:

The linePQ is the diameter of the circle, whedPeandQ are (5, 6) and ( — 2, 2 Jespectively. Find the equation
the circle

Solution:

(1) The centre of the circle is
[X1+X2 y1"3’2\\ (5+(—2) 6+2\\ /
N N )\
(2) The radius of the circle is
VOo-%) 2+ (v,-y,) 2

3 )

N | w

8} _ [z
R

= \5—2}2+(6—4)2
{ (1o
49
= 7+4
49 16
= +

N
|
w
N—
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Coordinate geometry in the (x,y) plane
Exercise D, Question 7

Question:

The point (1, - 3) liesonthecircle(x-3) 2+ (y+4) 2=r2 Find the value cr.

Solution:

Substitutex=1,y= - 3into (x-3) 2+ (y+4) 2=r2
(1-3)2+ (-3+4)2=y2

(-2)2+(1)2=r2

4+1=r?

5=r2

Sor= 5

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Coordinate geometry in the (x,y) plane
Exercise D, Question 8

Question:

The liney = 2x + 13 touches the circk + (y-3) 2=20at ( - 4,5) . Show thatthe radiusat ( -4 ,5) is
perpendicular to the lin

Solution:

(1) The centre of the circk® + (y—3) 2=20is (0,3) .
(2) The gradient of the line joining (0,3) and ( -4,5) is
Y271 5-3 2 1

X=X ~ -4-07 -4 7 2

(3) The gradient of = 2x + 13 is 2.
(4) The product of the gradients is

1
- 2)(2:—1

So the radius is perpendicular to the |
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Coordinate geometry in the (x,y) plane
Exercise D, Question 9

Question:
The linex + 3y — 11 = 0 touches the circlex(+ 1) 2+ (y+6) 2=90at (2,3) .
(a) Find the radius of the circle.

(b) Show that the radius (2, 3) is perpendicular to the lir

Solution:

(a) The radius of the circlex(+ 1) 2+ (y+6) 2=90is V 90.
Vo0={9x10=v9x V10=3V10

(b) (1) The centre of the circlex(+ 1) 2+ (y+6) 2=90is ( -1, —-6) .
(2) The gradient of the line joining ( -1, —-6) and (2,3) is

2™ % 3-(-6) 3+6 9
X=X, 2-(-1) ~ 2+1 _ 3 =3
(3) Rearrang& + 3y — 11 = 0 into the forny=mx + ¢
x+3y-11=0
y-11= —-x
y=-x+11
1 11
Y= 7 X+t g

1
So the gradientof + 3y - 11 =0is - 3
(4) The product of the gradients is

1
3x -3 =~

So the radius is perpendicular to the |
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Coordinate geometry in the (x,y) plane
Exercise D, Question 10

Question:
The pointP (1, - 2) lieson the circle centre (4,6) .
(a) Find the equation of the circle.

(b) Find the equation of the tangent to the circlP.

Solution:

(a) (1) The radius of the circle is

Y Oo=%) 2+ (p=y) 2=\ (4-1)2+ [6- (-2) ] 2=\P+&={9+64=173
(2) The equation of the circle is

(x-4)2+ (y-6)2=(V713)?

or (x-4)2+ (y-6)2=173

(b) (1) The gradient of the line joining (1, —2) and (4,6) is
Yo~ Y1 6-(-2) 6+2 8

Xp= Xy 4-1 3 3

o)l w

(2) The gradient of the tangent-isi =
8
(g)

(3) The equation of the tangent to the circleat (1, - 2) is

y_ylzm(x_xl)

(oY 2 )
TR T
3

y+2=-73 \x—l

8y+16= -3 (x-1)

8y+16= - X+3

3x+8+16=3
3x+8y+13=0
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Coordinate geometry in the (x,y) plane
Exercise E, Question 1

Question:
Find where the circl (x-1) 2+ (y-3) 2= 45meets thix-axis

Solution:

Substitutey =0 into (x-1) 2+ (y-3) 2=45
(x=1)2+ (-3)2=45
(x-1) 2+9=45

(x-1)2=36
x-1= + 36

XxX—-1= %6

Sox-1=6 = x=7
andx-1= -6 = x= -5

The circle meets thx-axisat (7,0) and ( —=5,0) .
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Coordinate geometry in the (x,y) plane
Exercise E, Question 2

Question:
Find where the circl (x-2) 2+ (y+3) 2= 29 meets thy-axis

Solution:

Substitutex =0 into (x-2) 2+ (y+3) 2=29
(-2)2+ (y+3)2%=29
4+ (y+3)?2=29

(y+3)2=25
y+3=+ V25
y+3= %5

Soy+3=5 = y=2
andy+3= -5 = y= -8
The circle meets thy-axisat (0,2) and (0, —-8) .
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Coordinate geometry in the (x,y) plane
Exercise E, Question 3

Question:

Thecircle (x-3) 2+ (y+3) 2=34 meets th&axis at (a, 0) and thej-axis at (0 b) . Find the possible
values ola andb.

Solution:

(1) Substitutex=a,y=0into (x-3) 2+ (y+3) 2=34
(a-3) 2+ (3)2=34
(a-3)2+9=34

(a-3)2=25
a-3= + V25

a-3= 5

Soa-3=5 = a=8
anda-3= -5 => a= -2

The circle meets theaxisat (8,0) and ( —2,0) .
(2) Substitutex = 0,y =binto (x-3) 2+ (y+3) 2=34
(-3)2+ (b+3)2=34

9+ (b+3)2=34

(b+3) 2=25
b+3=+ 25
b+3=+5

Sob+3=5 = b=2
andb+3= -5 = b= -8
The circle meets thy-axisat (0,2) and (0, —8) .
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Coordinate geometry in the (x,y) plane
Exercise E, Question 4

Question:

The liney = x + 4 meets the circl (x—3) 2+ (y-5) 2=234atA andB. Find the coordinates /A andB.

Solution:

Substitutey = x + 4 into (x-3) 2+ (y-5) 2=34
(x-3)2+ [ (x+4) -5]2=34

(x-3)2+ (x+4-5)2=34

(x=-3)2+ (x-1)2=34
XX-—6x+9+x2-2x+1=34

2x2 - 8x+10 =34

22 -8x-24=0

X2 —4x-12=0

(x-6) (x+2) =0

Sox=6andx= -2

Substitutex = 6 intoy = x + 4
y=6+4

y=10

Substitutex = - 2 intoy=x+4
y= -2+4

y=2

The coordinates cAandBare (6,10) and ( -2,2) .
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Coordinate geometry in the (x,y) plane
Exercise E, Question 5

Question:

Find where the linx + y + 5 = 0 meets the circl (x+3) 2+ (y+5) 2=65.

Solution:

Rearrangingk+y+5=0

y+5= -x

y=-x-5

Substitutey = - x-5into (x+3) 2+ (y+5) 2=65
(x+3)2+ [ (-x-5) +5]2=65
(x+3)2+ (-x-5+5)2=65
(x+3)2+ (-x) 2=65

X2+ BXx+9+x2=65

2x? + 6x+9 =65

2x2+6x-56=0

X2+ 3x-28=0

(x+7) (x=-4) =0

Sox= —-7andx=4

Substitutex = - 7 intoy= -x-5
y=-(-7)-5

y=7-5

y=2

Substitutex = 4 intoy= - x-5
y=-(4) -5

y=-4-5

y=-9

So the line meets the circle ( —=7,2) and (4, —-9) .
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Coordinate geometry in the (x,y) plane
Exercise E, Question 6

Question:

Show that the liny = x — 10 does not meet the circ (x — 2) 2+ y2 = 25,

Solution:

Substitutey = x - 10into (x—2) 2+y2=25

(x-2)2+ (x-10) 2=25

X2 = Ax + 4 +x2 — 20x + 100 = 25

2x2 - 24x + 104 = 25

22 - 24x+79=0

Nowb2-4ac= ( —24)2-4(2) (79) =576 -632= —56
Asb? - 4ac < 0 then 2 - 24x + 79 = 0 has no real roots.

So the line does not meet the cir
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Coordinate geometry in the (x,y) plane
Exercise E, Question 7

Question:

Show that the linx +y = 11 s a tangent to the circx2 + (y-3) 2=232.

Solution:

Rearrangingc +y = 11

y=11-x

Substitutey = 11 —xintox? + (y—-3) 2=32
X+ [ (11-x) -3]2=32

XX+ (11-x-3) 2=32

X2+ (8-x)2=32

X2+ 64 - 16K+ x2 =32

2x2 - 16x + 64 = 32

2% -16x+32=0

X2 - 8x+16 =0

(x-4) (x-4) =0

The line meets the circle at= 4 (only).
So the line is a tange
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Coordinate geometry in the (x,y) plane
Exercise E, Question 8

Question:

Show that the lin3x — 4y + 25 = 0 is a tangent to the circx? + y2 = 25,

Solution:

Rearrange8—-4y +25=0
X+ 25=4
4y = 3x + 25
3 25
Y= aX* oy

. 3 25
Substitutey = 7 x + 7|nt0x2+y =25

X2 + (%x+ % ) 2=75

s, 9 , 150 625
X+ Xt e Xt g =25
25, 150 225

16Xt 16Xt 15 =0

25¢% + 15 + 225 = 0

X2+6x+9=0

(x+3) (x+3) =0

The line meets the circle at= — 3 (only).
So the line is a tange
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Coordinate geometry in the (x,y) plane
Exercise E, Question 9

Question:
The liney = 2x — 2 meets the circle X-2) 2+ (y-2) 2= 20 atAandB.
(a) Find the coordinates #fandB.

(b) Show thaAB is a diameter of the circ

Solution:

(a) Substitutey = 2x - 2into (x-2) 2+ (y-2) 2=20
(x=2)2+ [ (2x-2) -2]12=20

(x-2)2+ (2x-4)2=20

X2 —4x+4 + &2 - 16x+ 16 = 20

5x2 — 20x + 20 = 20

5x2 — 20x = 0

5x(x-4) =0

Sox=0andx=4

Substitutex = 0 intoy = 2x - 2

y=2(0) -2

y=0-2

y= -2
Substitutex = 4 intoy = 2x - 2
y=2(4) -2

y=8-2

y=6

So the coordinates éfandBare (0, —2) and (4,6) .

(b) (1) The length oAB is
VOo-%) 2+ (v,-y,) 2
(4-0)2+[6-(-2)]72
42+ (6+2)7
42 +8
16 + 64
\ 80
\|4 x 20
=V4x 20
=2V20
The radius of the circle X—2) 2+ (y-2) 2=20is V 20.
So the length of the cho#B is twice the length of the radius.
AB is a diameter of the circle.
(2) Substitutex = 2,y = 2 intoy = 2x — 2
2=2(2) -2=4-2=2V
So the liney = 2x — 2 joining A andB passes through the centre (2, 2) of the circle.
So0AB is a diameter of the circ
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Coordinate geometry in the (x,y) plane
Exercise E, Question 10

Question:
The linex + y = ameets the circle X—p) 2+ (y-6) 2=20at (3,10) , wheraandp are constants.
(a) Work out the value &.

(b) Work out the two possible valuesp.

Solution:

(a) Substitutex =3,y =10 intox +y=a
(3) + (10) =a
Soa=13

(b) Substitutex=3, y=10into (x-p) 2+ (y—-6) 2=20
(3-p) 2+ (10-6)2=20

(3-p) 2+42=20

(3-p) 2+16=20

(3-p) ?=4

(3-p) = V4

3-p= %2

So3-p=2 = p=1

and3-p=-2 = p=5
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Coordinate geometry in the (x,y) plane
Exercise F, Question 1

Question:

The liney = 2x — 8 meets the coordinate axesfAandB. The lineAB is a diameter of the circle. Find the equation of the
circle.

Solution:

Substitutex = 0 intoy = 2x - 8

y=2(0) -8

y=-8

Substitutey = 0 intoy = 2x - 8

0=2x%-8

2x=8

x=4

The line meets the coordinate axesat (0, —8) and (4,0)
The coordinates of the centre of the circle is

(xte ntv ) [ o+a -sv0 ) [ a

A AR

The length of the diameter is
VOo-%) 2+ (v,-yy) 2

[ (4-0)2+ [0~ (-8)]?2
42 + &

16 + 64

\ 80

\|16><5

V16 x \ 5

=445

o) ()
2 ) )

\ 2, -4

. 445
So the length of the radius7s,~  =\5.

The centre of the circle is (2, —4) and the radiuss32
So the equation is

(X_X]_) 2+ (y_yl) 2=r?
(x=2) 2+ [y-(-4)]1%=(2V5)7?
(x=2) 2+ (y+4) ?=20
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Coordinate geometry in the (x,y) plane
Exercise F, Question 2

Question:
The circle centre (8, 10) meets thaxisat (4,0) and ¢,0) .
(a) Find the radius of the circle.

(b) Find the value ca.

Solution:

(a) The radius is
VOo-%) 2+ (v,-y,) 2
(8-4)2+ (10-0)2
42+ 10

16 + 100

V116
=229

o e _ _

o
—_—
e
=
=
=
Y
e

The centre is on the perpendicular bisector of (4,0) aad(Q) . So
4+a

2
4+a=16
a=12
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Coordinate geometry in the (x,y) plane
Exercise F, Question 3

Question:

The circle (x - 5) 2+ y2 = 36 meets thx-axis atP andQ. Find the coordinates P andQ.

Solution:

Substitutey = 0into (x-5) 2+y2=236

(x-5)2=36
x-5=+36
X—-5= %6

Sox-5=6 = x=11
andx-5= -6 = x=-1
The coordinates (P andQare ( -1,0) and (11,0) .
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Coordinate geometry in the (x,y) plane
Exercise F, Question 4

Question:

Thecircle (x+4) 2+ (y-7) 2=121meets thy-axisat (0, m) and (0, n) . Find the value cm andn.

Solution:

Substitutex=0into (x+4) 2+ (y-7) 2=121
42+ (y-7)2=121

16+ (y-7)2=121

(y-7)2=105

y-7=+ 105

Soy=7= 105

The values om andn are7 + v 10t and7 - + 10&.
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Coordinate geometry in the (x,y) plane
Exercise F, Question 5

Question:
The liney = 0 is a tangent to the circ (x—8) 2+ (y-a) 2= 16. Find the value ca.

Solution:

AY , .
(x-8)+(y—a)=16

The radius of the circle is/ 16 = 4.
Soa=4
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Coordinate geometry in the (x,y) plane
Exercise F, Question 6

Question:

The pointA( -3, —7) liesonthecircle centre (5,1) .
Find the equation of the tangent to the circlA.

Solution:

The gradient of the line joining ( -3, —=7) and (5,1) is

y2_yl_ 1-(-7) 1+7 8
x2—xl_5—(—3)_5+3_8_1

) !
So the gradient of the tangent is 71y = -1

The equation of the tangent is
y—y1=m(x—x1)
y-(-7)=-1[x-(-3)]
y+7=-1(x+3)
y+7=-x-3

y= -x-10o0rx+y+10=0
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Coordinate geometry in the (x,y) plane
Exercise F, Question 7

Question:
Thecircle (x+3) 2+ (y+8) 2=100 meets the positive coordinate axe& @, 0) andB (0 ,b) .
(a) Find the value of andb.

(b) Find the equation of the lirAB.

Solution:

(a) Substitute/ = 0 into (x+3) 2+ (y+8) 2=100
(x+3)2+82=100

(x+3) 2+64=100

(x+3)2=36

x+3=+ V36

XxX+3= %6

Sox+3=6 = x=3

andx+3= -6 = x= -9

Asa>0,a=3.

Substitutex = 0 into (x+3) 2+ (y+8) 2=100
32+ (y+8)2=100

9+ (y+8)2=100

(y+8)2=91

y+8= + 401

Soy+8=+4V91 = y=+V91-8
andy+8=-V91 = y=-191-8
Asb>0,b= 91 -8.

(b) The equation of the line joining (3,0) and (6/91-8) is
Y-y, X=X
Y27 - XX
y-0 x-3
(Vo1-8) -0~ 0-3

y x-3
yo1-8 7~ -3

©
©
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Coordinate geometry in the (x,y) plane
Exercise F, Question 8

Question:
Thecircle (x+2) 2+ (y-5) 2= 169 meets the positive coordinate axeS &t ,0) andD (0,d) .
(a) Find the value of andd.

(b) Find the area (A OCD, whereO is the origin

Solution:

(a) Substitutey = 0 into (x+2) 2+ (y-5) 2=169
(x+2)2+ (-5)2=169
(x+2) 2+25=169

(x+2)2=144
x+2=+ 144
X+2= +12

Sox+2=12 = x=10
andx+2=-12 = x= -14
Asc>0,c=10.

Substitutex = 0 into (x+2) 2+ (y-5) 2=169
22+ (y-5) 2=169

4+ (y-5)2=169

(y-5) 2=165

y-5=+ 165

Soy-5=+V165 = y= V165+5
andy-5= - V165 = y= - V165+5
Asd>0,d= V165 + 5.

(b) AV
ND(0.V165+5)

> .
9] NC(10,0)™

The area ofAOCD is

(

1 )
= x 10 x V165 +5 =5, V165+5
? \ ) 7\ )
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Coordinate geometry in the (x,y) plane
Exercise F, Question 9

Question:
The circle, centre §p, q) radius 25, meets theaxisat ( —7,0) and (7,0) , whege> 0.
(a) Find the value g andg.

(b) Find the coordinates of the points where the circle meey-axis

Solution:

(a) By symmetryp = 0.

AY
SN
A2
"'xi,/”z ?’ \\\\,\ ,,f"l >
70— | _A10)° %

Using Pythagoras’ theorem
Q2+ 72 = 2%

0% + 49 = 625

> =576

q= + V576

g= +24

Asq>0,q=24.

(b) The circle meets theaxis atq + r; i.e.

at24 + 25 =49

and24 -25= -1

So the coordinatesa (0,49) and (0, —-1) .
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Coordinate geometry in the (x,y) plane
Exercise F, Question 10

Question:

Show thai (0, 0) lies inside the circl (x-5) 2+ (y+2) 2=23C.

Solution:

The distance between (0,0) and (5, -2) is
VOo-%) 2+ (v,-yy) 2

(5-0)2+ (-2-0)?

52+ (-2)2

25+4

V29

The radius of the circle is/ 30.

As V¥ 28< V30 (0,0) lies inside the circl:
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Coordinate geometry in the (x,y) plane
Exercise F, Question 11

Question:

The pointsA( -4,0) ,B(4,8) andC(6,0) lie on acircle. The linedB andBC are chords of the circle. Find
the coordinates of the centre of the cil

Solution:

(1) The gradient oAB is

27N 8-0 8 8

xp-x = 4-(-4) = 4+4a -8 =1

-1
(2) The gradient of a line perpendicularB is 1 - L

(3) The mid-point ofAB is

(e %% ) axs o0ve ) _
N N N
(4) The equation of the perpendicular bisectoABfis
y—yl=m(x—x1)

N o
N | oo

Yoo,
) )

_\0’4

y-4= -x

y= -X+4

(5) The gradient oBC is
27% 0-8 -8
x2—xl: 6-4a- 2 - 4

(6) The gradient of a line perpendicula®G is - (_14) =
(7) The mid-point oBC is
(% n% ) axe 80} (10 &)
\2*2):k2’2):k2*2)
(8) The equation of the perpendicular bisectoBGfis
y—yl:m(x—xl)

s )
y-4=7,, x=-5

)

5
4

IN

<
|
N
1
ENE e

X —

1 11

1 11
(9) Solvingy = —=x+ 4 andy = ,x+ 7, simultaneously

ioou
aX+ = -x+4
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X + =4

NG|

4
3
4

ENR RS

X =

x=1

Substitutex =1 intoy = -x+4
y= -1+4

y=3

So coordinates of the centre of the circle (1, 3) .
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Coordinate geometry in the (x,y) plane
Exercise F, Question 12

Question:
The pointsR( -4,3) ,S(7,4) andT (8, —7) lie onacircle.
(a) Show that\RST has a right angle.

(b) Find the equation of the circ

Solution:

(a) (1) The distance betweBandSis
VOo-%) 2+ (v,-y5) 2

=\[7-(-4)]2+ (4-3)2
=\ (7+4)2+1?

=\112 + 12

=\121+1

= V122

(2) The distance betwe&andT is
VOo-%) 2+ (V) 2
(8-7)2+ (-7-4)2

12+ (-11)2

1+121

V122

(3) The distance betwedhandT is
VOo-%) 2+ (v,-yy) 2

[8- (-4)12+ (-7-3)?2
(8+4)2+ (-10)7?

12+ (-10) 72

144 + 100

\ 244

By Pythagoras’ theorem
(V122)2+ (V122)2= (V244)2
So ARST has a right angle (8.

(b) (1) The radius of the circle is

1 1 1 1 1
> % diameter =5 V244 = 514x61=5V4x V6l=7 x2V61= 161

(2) The centre of the circle is the mid-pointRif:
(X1+X2 y1">’2\
N

((-a+8 3+(-7) ) [ 4
= k 2 2 ) = \2
So the equation of the circle is

(x=2)2+ (y+2)2=(V61)?2
or (x-2) 2+ (y+2) 2=61

N A
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Coordinate geometry in the (x,y) plane
Exercise F, Question 13

Question:

The pointsA( -7,7) ,B(1,9) ,C(3,1) andD( —7,1) lie onacircle. The linedB andCD are chords of
the circle.

(a) Find the equation of the perpendicular bisector &HiJii) CD.

(b) Find the coordinates of the centre of the ci

Solution:

(a) (i) (1) The gradient of the line joinidgandB is
27N 9-7 2 _2_1

X=X, 1-(-7) _ 1+7 8 ~ 4

) . . . 1 -
(2) The gradient of a line perpendicularB is - = = = -4

(3) The mid-point ofAB is
(e nt% ) (721 700} _ [ -6 16 )
k2*2):k2'2j:k2*2j
(4) The equation of the perpendicular bisectoABfis
y—y1=m(x—x1)

y-8= -4[x- (-3)]
y-8=-4(x+3)

y-8= —-4-12

y= —-4-4

(ii) (1) The gradient of the line joininG andD is
Y27 Y1 1-1 0

x-% = -7-3- -10-0

So the line is horizontal.

((are ntye ) sr(-7) 1s1 )
)

(2)Themid—pointof::Disk > 1 2 ):k 5 S

1
o
NN

(3) The equation of the perpendicular bisecto€bfisx = - 2
i.e. the vertical line through ( -2,1)

(b) Solvingy = - 4x — 4 andx = - 2 simultaneously,
substitutex = - 2 intoy= - 4x -4
y=-4(-2)-4=8-4=4

So the centre of the circle ( —2,4) .
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Coordinate geometry in the (x,y) plane
Exercise F, Question 14

Question:

The centres of the circlesx(-8) 2+ (y-8) 2=117and k+1) 2+ (y-3) 2= 106 areP andQ respectively.
(a) Show thaP lieson (x+1) 2+ (y-3) 2=106.

(b) Find the length cPQ.

Solution:

(@) The centre of X-8) 2+ (y-8) 2=117is (8,8) .
Substitute (8,8) into k+1) 2+ (y-3) 2=106
(8+1)2+ (8-3)2=92+52=81+25=106v
So (8,8) liesonthecircle X+1) 2+ (y-3) 2=106.

(b) AsQ is the centre of the circlex(+ 1) 2+ (y—3) 2=106 andP lies on this circle, the leng®Q must equal tr
radius.
SoPC = V 10¢€
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Coordinate geometry in the (x,y) plane
Exercise F, Question 15

Question:

The liney = — 3x + 12 meets the coordinate axe®\a&ndB.
(a) Find the coordinates #fandB.

(b) Find the coordinates of the mid-pointAf.

(c) Find the equation of the circle that passes thrA, B andO, whereO is the origin

Solution:

@y=-3x+12

(1) Substitutex = 0 intoy = - 3x + 12
y=-3(0) +12=12

SoAis (0,12) .

(2) Substitutey = 0 intoy = - 3x + 12
0= -X+12

3x =12

x=4

SoBis (4,0) .

(b) The mid-point ofAB is
( X X N1tY, \ 0+4 12+0\

_
k 2 ! 2 ) k 2 2

(©) AY

A(0,12)

>
0 B(4,0)"

«AOB =90 °, soAB is a diameter of the circle.
The centre of the circle is the mid-pointAB, i.e. (2,6) .
The length of the diametéB is
VOo-%) 2+ (V,-yy) 2
(4-0)2+ (0-12)2
2+ (-12)°2
16 + 144
V160

) ) V160
So the radius of the circle 55

The equation of the circle
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(Meo\
(x=2)2+ (y-6) 2= ?
)

160

(x-2) 2+ (y-6) 2=

(x-2) 2+ (y-6) ?=40
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Coordinate geometry in the (x,y) plane
Exercise F, Question 16

Question:

The point<A( -5,5) ,B(1,5) ,C(3,3) andD (3, - 3) lie on a circle. Find the equation of the cir

Solution:
(1)
A
A(-5.5
(-3, }>< | ><BU,S)
: x({BJ)
|
I r
(2.0 O s ,j
: W -{-v'-}
|
|
|

(2) The mid-point ofAB is

(a0 e ) ser oses ) fca o) )

N N A N N

So the equation of the perpendicular bisectokibisx = - 2.

(3) The mid-point ofZD is

(ST I EE I TV DR I (- D I R D I e
N A N N N

So the equation of the perpendicular bisectdZfisy = 0.

(4) The perpendicular bisectors intersectat ( —2,0) .

(5) The radius is the distance between ( -2,0) and ( -5,5)
VOo-%) 2+ (v,-yy) 2

[-5-(-2)]2+(5-0)?

(-5+2)2+ (5)2

[ (-3) %+ (5)?

9+ 25

V 34

(6) So the equation of the circle centre ( -2, 0) and radiB4 is
[x=(=-2)]2+ (y-0)2=(V34)?

(x+2) 2+y2=34
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Coordinate geometry in the (x,y) plane
Exercise F, Question 17

Question:

The line ABis a chord of a circle centre (2, —1) ,wheramrd Bare (3,7) and ( -5, 3) respectively. ACa diameter of
the circle. Find the area AABC.

Solution:

@) YA

(2) Let the coordinates of 2 (p,q) .
(2, —=1) isthe mid-pointof (3,7) andp(, q)

3+p 7+q
So™, =2and— =-1
3+p
2 =2
3+p=4
p=1
7+q
; = -1
7+q= -2
g= -9

So the coordinates of@e (1, -9) .
(3) The length of ABs

(Xz_xl) 2+ (yz_yl) 2

=\(-5-3)2+(3-7)?2
=\ (-8)2%+(-4)2
=\64 + 16

=80

The length of B4s
\|(X2—X1) 2+ (YQ_yl) 2
(-5-1)2+[3-(-9)]72
(-6)2+ (3+9)?2
(=6)2+ (12)2
36 + 144
\ 180
(4) The area of ABC s
1

1 1 1 1
5 V180780 = 3 V14400 = 5 } 144 x 100 =5 V144 x Y 100 = 5 x 12 x 10 = 60
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Coordinate geometry in the (x,y) plane
Exercise F, Question 18

Question:

are the vertices of a triangle.

N |-

RER I
e ) A

N |-

BRER
2 )

The pointsA( -1,0) ,B

(a) Show that the cirche? + y2 = 1 passes through the vertices of the triangle.

(b) Show tha AABC is equilatera

Solution:

(a) (1) Substitute ( = 1,0) int? +y2=1
(-1)2+(0)2=1+0=1V
So ( —1,0) ison the circle.

1 3
(2) Substitute S ) into@ + y2 =

is on the circle.

(1 -43)
L2’ )

. r( 1 V3 \ )
(b) (1) The distance between ( —1,0) a\dg = / is

VOo-%) 2+ (v,-yy) 2
i
2\

1
> t1

P E R
\2‘0/

N
m|< L1

L)
")
L[
"\

s

|
—~| |

3
2

N—
N—

o [
\

3
oy

|
o
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1
(2) The distance between ( —1,0) ar{d 3

V3

)
>

— 3\2_’_(_\/3\2
>) L)
S 3
=V a4ty
B
=Y 4
=3

(3) The distance betwee{
)

VOo-%) 2+ (v,-yy) 2

143 )
2 ’2}

al

(1 1),
)
P+ (-V3)2
0+3
V3
So0AB, BC andAC all equal v 3.
AABC is equilatera

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

[ -Js

RER
2 )

a3~

N |-

w

N—

is

Page2 of 2



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Coordinate geometry in the (x,y) plane
Exercise F, Question 19

Question:
The pointsP (2,2) ,Q(2+ V3,5) andR(2- V3,5) lieonthecircle k-2) 2+ (y-4) 2=r2
(a) Find the value af.

(b) Show thaAPQR is equilatera

Solution:

(a) Substitute (2,2) intoX-2) 2+ (y-4) 2=r2
(2-2)2+ (2-4)2=12

02 + ( _2) 2-y2

r2=4

r=2

(b) (1) The distance between (2,2) and (28,5) is
VOo-%) 2+ (v,-yy) 2
(2+V3-2)2+(5-2)2

[(V3) 2+

3+9

V12

(2) The distance between (2,2) and (2/8,5) is
VOo-%) 2+ (v,-y5) 2
(2-V3-2)2+(5-2)2

| (- V3) 2+ (3)?2

3+9

V12

(3) The distance between (2+3,5) and (2-V3,5) is
VOo-%) 2+ (v,-y,) 2
[(2-V3) - (2+3)]2+ (5-5)2
(2-V3-2-V3) 2+

(-23)2

| (—2)2x (V3)2

4 x3

V12

SoPQ, QRandPRall equal v 12.

APQR is equilatera

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Coordinate geometry in the (x,y) plane
Exercise F, Question 20

Question:

)

The pointsA( -3, -2) B( -6,0) andC(p,q) lie onacirclecentre( —2 '2] .The liBE is a
diameter of the circle.

(a) Find the value g andg.

(b) Find the gradient of (B (ii) AC.

(c) Show thaAB is perpendicular tAC.

Solution:

. : . 5
(a) The mid-pointof ( —6,0) andp(, q) is -35.,2

( )
L%

( )
\ )

( -6+p 0+q

K 2 ! 2

N o

So

).
)

(b) (i) The gradient of the line joining ( =3, —2) and ( -6,0) is
Yo~ Y1 0-(-2) 2 i 2

X%-% _ -6-(-3)  -6+3 -3 3

(ii) The gradient of the line joining ( =3, —2) and (1,4) is

Y2~ Y1 4-(-2) 4+2 6 3

X=X,  1-(-3) _ 1+3 4 ~ 2

(c) Two lines are perpendicularmf, x m, = - 1.
2 3_ .,

Now - 5 x 5= -1

So0AB is perpendicular tAC.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise A, Question 1

Question:

Write down the expansion of:
@ (x+y) *

(b) (p+a)®

(c) (a—-b)?

(d) (x+4)3

(€) (x-3)1

(M (a+2)°

(@ (x-4)*

(h) (2x-3y) *

Solution:

(@) (x+y) *would have coefficients and terms

14 6 4 1
Oy
(x+y) 4= D4+ 43y + 6x%y2 + Axy® + Iy?

(b) (p+q) ®would have coefficients and terms

15 10 10 5 1
p° pa pPe? p?a® pot o°
(p+q) °=1p°+ 5p%q + 100 + 10p°9° + 5pq’ + 1g°

(c) (a-b) 3would have coefficients and terms

13 3 1
a2a?( -b)a(-b)2(-b)?3

(a-b) 3=1a3 - 3a% + 3ab? - 1b°

(d) (x+4) 3would have coefficients and ter
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13 3 1
X3 X24 x42 43
(x+4)3=13+ 122+ 48 + 64

(e) (2 - 3) “would have coefficients and terms

1 4 6 4 1
(2x) 4 (2x) 3( -3) (2x) 2(-3)2(2x) (-3)3(-3)%

(2x=3)4=1(2x) *+4(x)3(-3) +6(X) 2(-3)2+4(x) (-3)3+1(-3)*
(2x-3) 4=16¢* - 96x3 + 216¢2 — 216x + 81

() (a+2) ®>would have coefficients and terms

15 10 10 5 1
a® a*2 a%22 a223 a2% 2°
(a+2) ®=1ad+ 10a* + 40a% + 80a2 + 80a + 32

() (x-4) *would have coefficients and terms

1 4 6 4 1
(3x) 4 (3x) 3(—-4) (3X)2(-4)2(3x) (-4)3(-4)"

(3x=4)4=1(3X) *+4(X)3(-4) +6(X) 2(-4)2+4(X) (-4)3+1(-4)*
(3x—4) 4=81x* - 432 + 8642 — 768 + 256

(h) (2x-3y) *would have coefficients and terms

1 4 6 4 1
(2x) 4 (2x) 3( -3y) (2x) 2( -3y) 2(2x) (-3y)3(-3y)*

(2x=3y) *=1(x) *+4(2x) 3(-3y) +6(x) 2( -3y)2+4(x) (-3)3+1(-3)*
(2x—3y) 4=16x* - 96x3% + 216x%y2 — 21€xy3 + 81y*

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise A, Question 2

Question:

Find the coefficient ok3 in the expansion of:
(@ (4+x)*

(b) (1-x)°

(© (3+%)3

(d) (4+)°

(e) (2+x) °

(1),
® k4_ ij

@ (x+2)°
(h) (3-2x) *

Solution:

(@) (4 +x) *would have coefficients 1 4® 1
The circled number is the coefficient of the tertr®4
Termis 4 x 4x3 = 163

Coefficient = 16

(b) (1-x) 5would have coefficients 15 1® 5 1

The circled number is the coefficient of the terfr(1- x) 3.
Termis 10 x £( -x) 3= - 103

Coefficient = - 10

(c) (3 + ) 3would have coefficients 1 3®

The circled number is the coefficient of the termx () 22.
Termis1x (&) 3=83

Coefficient =8

(d) (4 + ) °would have coefficients 1 5 ®s51
The circled number is the coefficient of the terfr(2x) 3.
Termis 10 x 4 (2x) 3= 12803

Coefficient = 1280

(e) (2 +x) ®would have coefficients 1 6 18 15 6 1
The circled number is the coefficient of the terfr32
Termis 20 x 233 = 1603

Coefficient = 16C
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( )

1
) L 4- X ) 4 would have coefficients 1 4® 1

Y,

1
The circled number is the coefficients of the tern{4 % /

. (1)
Termis 4 x 4 -Zx 3= -23
L)

Coefficient = - 2

(9) (x+2) 5would have coefficients 1@ 105 1
The circled number is the coefficient of the terfg?.
Term is 10 xx322 = 40x3

Coefficient =40

(h) (3 - 2) 4would have coefficients 1 4® 1

The circled number is the coefficient of the terh( 3- 2x) 3.
Termis4 x 3 ( - 2x) 3= - 96¢

Coefficient = - 96
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The binomial expansion
Exercise A, Question 3

Question:
Fully expand the expressic(1+3x) (1+2x) 3.

Solution:

(1 + 2x) 3has coefficients and terms

13 3 1

1312 (2x) 1 (2x) 2 (2x) 3

Hence (1+2) 3=1+6x+ 122+ 8

(1+3) (1+2)3

= (1+3X) (1+6x+12¢2+8x3)
S1(1+6&x+123+83) +3x(1+6x+ 122+ 8x3)
=1+ 6x+ 124+ 83+ 3x + 182 + 36x3 + 24x*

=1+ Ox + 30x2 + 44x3 + 24x*
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The binomial expansion
Exercise A, Question 4

Question:

Expand (2 +y) 3. Hence or otherwise, write down the expansio ( 2 + x — x2) 3in ascending powers .

Solution:

(2 +y) 3has coefficients and terms

13 3 1
2322y 2y2y3

Therefore, (24) 3=8+ 12/ + 6y2 + 1y3

Substitutey = x — x?
= (2+x-x2)3=8+12(x-x%) +6(x-x°) 2+1(x-x%) 3
> (2+4x-x2)3%=8+1X%(1-x) +6x3(1-x) 2+x3(1-x) 3

Now

(1-x)2=(1-x) (1-x) =1-X+x2

and

(1-x)3=(1-x) (1-x)?2

(1-x)3=(1-x) (1-2%+x2)

(1-x) 3=1-X+xX2-x+2¢-x3

(1-x)3=1-X+3¢-x3

Or, using Pascal's Triangles

(1-x)3=1(1)3+3(1)2( -x) +3(1) (-x)2+1(-x)3
(1-x)3=1-X+3¢-x3

SO (2+x—-x2)3=8+1X(1-X) +6x2(1-X+x2) +x3(1-3X+3Z¢-x3)
> (2+4x-x2)3=8+1X-12¢+6x2 - 123+ 6x* + x3 - 3x* + A — %8
= (2+4x-%) 3=8+1X%-6x2 - 113+ 34+ 30 -8
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The binomial expansion
Exercise A, Question 5

Question:

Find the coefficient of the term x3 in the expansion ¢ (2 +3x) 3(5-x) 3.

Solution:

(2 + 3x) 3would have coefficients and terms

13 3 1

2322 (3x) 2(3x) 2 (3x) 3
(2+3) 3=1xB+3x2(3x) +3x2(X) 2+1x ()3
(2+3x) 3=8+ 36+ 542 + 273

(5 -x) 3would have coefficients and terms

13 3 1

5352( -x)5( -x) 2 (-x)3

(5-x)3%=1x53+3xF( -x) +3x5( -x) 2+1x ( -x) 3

(5-x) 3=125- 7%+ 15 - x3
(8+36x+54x*+27x" W 125-T5x+15x3-x")

(2+30 3(5-x) *= SN A~ 7

Term inx3is

8x (—x3) +36xx 152+ 542 x ( —75) + 273 x 125
= - 8x3 + 5406 - 40503 + 3375¢

= - 1433

Coefficient ofx3 = — 142
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The binomial expansion
Exercise A, Question 6

Question:

The coefficient 0x2 in the expansion ¢ (2 + ax ) 2is 54. Find the possible values of the consa.

Solution:

(2 +ax) 3has coefficients 1 & 1

The circled number is the coefficient of the terh{ 2x ) 2.
Terminx2is3x 2 x (ax) 2=6a%2

Coefficient ofx2 is 6a2.

Hence

6a2=54 ( +6)

a2=9

a= =3
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The binomial expansion
Exercise A, Question 7

Question:
The coefficient 0x2 in the expansion ¢ (2 -x) (3+bx) 2is 45. Find possible values of the consb.

Solution:

(3 +bx) 3has coefficients and terms

13 3 1
3332 (bx) 3(bx) 2 (bx) 3

(3+bx) 3=1x3BF+3xFbx+3x3(bx) 2+1x (bx) 3
(3+bx) 3=27 + 2Dx + 922 + b33

(2=x) (27427 bx + 9b3x* + Hx%)
50(2_)() (3+bX)3= \""-_._.-/

Term inx2is 2 x 922 — x x 27bx = 180%x2 — 27bx2
Coefficient ofx? is 1&?2 - 27

Hence

1802 -27b=45 ( +9)

2b2-3pb=5

202 -3b-5=0

(20-5) (b+1) =0

_ s
b= 5, -1
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The binomial expansion
Exercise A, Question 8

Question:

2X

1),
IE

Find the term independent wfn the expansion ofk X2 -

Solution:

( )

1
K X - o ) 3 has coefficients and terms

1 3 3 !
) )5 )

This term would be independentyés thex's cancel.
P I U O -
4

Term independent ofis 3 \x } k - } = 3¥ XT3 =
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The binomial expansion
Exercise B, Question 1

Question:
Find the values of the following:
(a 4!
(b) 6!
8!
©)sr

10!
d g

(e)*C,

(f) 8Cs

(9)°C,

(h) °C,

(i) *°Cq

() °C,

(k) ®Cs

() "Cq

Solution:

(@4! =4x3x2x1=24
(b)6! =6x5x4x3x2x1=720

81 8xTxBxBxAx3xIx|

AT vy v v vy R

10! I'Dx‘)f_lo

91 ~ 9)1 -

4 41 ar 3xxd 12
(€)"C, = (4-2)121 = 2!2!:m,:2 =6
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(N °C¢ = (8—11) 161 = 2?:3! =%j=% =28
©°C, = (5_2!) T3 =5;1§?1=§ =10
(hec, = (6_2!) - 3?;! :6><:;5!>:;3-1:5:<;x4 _ 0
() °Co= oo rToT = Tiel :lﬂ*g,; -2 1o
0°C,= Tooayar = Tz :6:fi?f:% =15
(K) 8Cq = # - Bx;r?;ﬂ =8x?5 =56
n! _nx(n=1)x(n=2)x(n=3)! n(n-1) (n-2)

()"Cs= gy rar = (1=3)1 3!
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The binomial expansion
Exercise B, Question 2

Question:
Calculate:

(@)*Cy

(4]
Pl

(©)*C,

(d)(g}

(4]
e

Now look at line 4 of Pascal's Triangle. Can you find any conne:

Solution:

4! M
(@)*C, = (4-0) 101~ M0l

) (4 _ o a4 4x3 4
L1 ) = G-vrmr T s T gy T
. 4 4 3x2 2
©"C= a2y 121 = 2121 - 21 2 =3 =6
(4 ar 4 AxH 4
= = = :1 =4

(d) \ 3} T o (4-3) 131 7 1131 113

(4) & 4 1
(e)k4) = (4—4)141:{”4,! =0 =1

The numbers 1, 4, 6, 4, 1 form the fourth line of Pascal's Tri:
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The binomial expansion
Exercise B, Question 3

Question:
Write using combination notation:
(a) Line 3 of Pascal's Triangle.

(b) Line 5 of Pascal's Triang

Solution:

(a) Line 3 of Pascal's Triangle is
(3)Y (3) (3) (3)
\o/) (1) (2) (3)

(b) Line 5 of Pascal's Triangle is
(5) (85) (5) (5) (5) (5)
\o) (1) (2) (3) (a)
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The binomial expansion
Exercise B, Question 4

Question:
Why is6C, equal to( Z ) ?

(a) Answer using ideas on choosing from a group.

(b) Answer by calculating both quantiti

Solution:

(6

€) 602 or k 5 ) is the number of ways of choosing 2 items from a group of 6 items.

(6)

K 4 / or 6C4 is the number of ways of choosing 4 items from a group of 6 items.

These have to be the same.
For example, if you have a group of six people and want to pick a team of four, you have automatically selected a team
of two.

61 6! 6x5x4
(0)°C,= T6-2)121 = 121 =W:15
(6\ 61 6! _ﬁ}{j}(‘:}.‘!_

\4] T (6-4)141 T 2141 _T-’H_lg)

(6)

Hence®C, = \4}
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The binomial expansion
Exercise C, Question 1

Question:
Write down the expansion of the following:
(@ (x+y)*

(b) (p-q) >
€ (1+) 4

(d) (3+x) 4

(1),
(e)\l—zxj

(M (4-x)*
(@ (2+3y)°

() (x+2) °

Solution:

@ (x+y)*
=9Cy(2x) *+4Cy (2x) 3(y) +4C,(2x) 2(y) ?+4C3(2x) *(y) *+%C,(y) *

=1x16¢+4x 83y +6 x Y2+ 4 x XPB + 1 xy
= 16x% + 32 + 24x%y2 + 8xy® + y*

(b) (p-q)°

=5C, p°+5C, p*( -q) +5C, p3( -q) 2+5C; p?( -q) 3+5C, p( -q) *+5%C,( -q) ®
=1xp +5x (-pig) +10xp’?+10x ( -p’g®) +5xpg*+1x ( -°)

= p° - 5p'q + 10p%° - 100%¢° + 5pg* - o°

) (1+) 4

=4C, (1) 4+9C (1) 3(2x) 1+4C, (1) 2(2x) 2+4C5(1) (2x) 3+4C,(2x) 4
Z1x1+4xX+6x2+4x%x83+1x16¢

=1+ &+ 242 + 323 + 16¢

(d) (3+x) 4

=4Cy(3) 4+4C (3) 3(x) +4C,(3) 2(x) 2+4C4(3) (x) 3+4C,(x) *
=1x8l+4x2K+6x K +4x33+1xxt

=81+ 10& + 54x2 + 123 + x4

(1),
(e)Kl—zxj
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=4C, (1) 4+4C (1) 3 ( - —x) +4C,(1) 2 ( - x}2+4c3 (1} ( —;x}3+4c4 ( -
),
X
J
1 1 1
=1x1+4x ( —Ex) +6 % ZX2+4X ( ——x3) +1 x EX4
=1-2x+ 7%~ %x3+ %x“

0 (4-x) *
=4Co(4) 4440, (4) 3 (= x) +7C,(4) 2(=x) 2440 (4) 1( = x) P+4C,(~x) ¢

=1x256+4x (-64%) +6%x16C+4x%x ( -43) +1xxt
=256 — 256 + 96x% — 16x3 + x*

(@ (2x+3y)°
=5Cy (2x) ®+5C; (2x) *(3y) +°C,(2x) 3(3y) 2+°C5(2x) ?(3y) *+°C,(2x) (3y) *+°C5(3y) °

=1x32%+5x48% + 10 x 7232 + 10 x 108243 + 5 x 16Xy* + 1 x 243°

= 32 + 240¢% + 72032 + 10803 + 81ky* + 243/°

(h) (x+2)°

=6CO(X) 6+6C1(X) 521+6C2(X) 422+6C3(X) 323+6C4(X) 224+6C5(X) 125+6C626
=1xxX0+6x20+15 x4 +20x 83+ 15x 162+ 6 x 3% + 1 x 64

=x8 + 12x% + 60x* + 160x3 + 240x2 + 192x + 64
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The binomial expansion
Exercise C, Question 2

Question:

Find the term in Xof the following expansions:
@ (3+x)°

(b) (2x+y) ®

© (1-x)°

(d) (3+2x) °

(e) (1+x) 10

() (3-2x) °

(@ (1+x) 20

(h) (4-3x) 7

Solution:

(@ (3+x) >
Termin®is®C; (3) 2(x) 3=10x 98 = 90

(b) (2x+y) ®
Termin ¥ is°C, (2x) 3(y) 2= 10 x 8%y? = 80xy?

(€ (1-x)°
Termin®is®C, (1) 3( -x) 3=20x ( -18) = - 208

(d) (3+2x) °
Termin®¥is®C, (3) 2(2x) 3=10 x 728 = 720%

(e) (1+x) 10
Termin ¥ is 10C4(1)" (x) 3=120 x 1¥ = 120%

() (3-2x) °
Termin®¥is®C, (3) 3( - 2x) 3=20x ( -216X) = - 4320%

(@) (1+x) 20
Termin®¥is2°C, (1) 17 (x) 3=1140 x 1% = 1140%

(h) (4-3x) 7
TerminBis7C, (4) (- 3x) 3=35x ( - 6912%) = - 241 920%
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The binomial expansion
Exercise C, Question 3

Question:

Use the binomial theorem to find the first four terms in the expansion of:
(@ (1+x) 1°

(b) (1-)°

(€) (1+%)°

(d) (2-x) 8

(1 )y
(e)\z—zxj

M (3-x) 7
@ (x+2y) 8

(h) (2x-3y) *°

Solution:

(@ (1+x) 10

= 1000110 + 10C119x1 + 100218)(2 + 100317)(3 +
=1+10 x X+ 45 x % + 120 x %3 +
=1+ 10+ 45¢ + 1208 +

(b) (1-2)°

5Co1% +5C 14 ( = 2x) 1+5C,13 ( - 2x) 2+5C12( - 2x) 3+
=1x1+5x (-X) +10x42+10x ( —-83) +

=1- 1+ 40¢% - 80 +

€ (1+X) 58

=6C16+6C 15(3x) 1+6C,14(3x) 2+°6C,13(3x) 3+
=1x1+6xX+15x K +20x 2% +

=1+ 18& + 135¢ + 5403 +

(d) (2-x) 8

=8C,28+8C 27 ( -x) 1+8C,285( -x) 2+8C25( -x) 3+
=1x256+8x ( —128) +28x642+56x ( —323) +
=256 — 1024 + 17922 - 1792 +

(1 )
(e)KZ—zxj
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=10C0210+10C129 ( _ %X ) 1+10C228 ( _ %X ) 2+10C327 ( _ 1 \3_,_
=1x1024+10x ( —256) +45x 642+ 120 x ( - 163) +
= 1024 - 2568 + 2880¢ — 1920 +

M (3-x) 7

=7C3"+7C,3F( -x) 1+7C,35( -x) 2+7C3*( -x) 3+
=1x2187+7x ( —-729) +21 x243%2+35x ( -8K3) +
= 2187 - 5108 + 51032 — 2835 +

(@ (x+2y)®

:8C0X8+8C1X7(2y) 1+8C2x6(2y) 2+8C3x5(2y) 34+
=1 xx8+8 x X'y +28 x &8y2 + 56 x 85y +

=x8 + 16x7y + 1128y2 + 44858 +

(h) (x-3y)°

=9Cy(2x) ?2+9C, (2x) B( -3y) 1+9C,(2x) "( -3y) 2+9%C5(2x) ®( —-3y) 3+
=1x512%+9x ( —7688y) +36 x 1157y + 84 x ( —172853) +

=512x9 - 69128y + 4147:x7y? — 1451583 +
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The binomial expansion
Exercise C, Question 4

Question:

The coefficient o&? in the expansion of (2 + ax§is 60.
Find possible values of the consta.

Solution:

(2+ax) "

Term inx?is6C,2* (ax ) 2= 15 x 1622 = 2402
Coefficient ofx? is 24®2.

If this is equal to 60 then

24002=60 ( +240)

_r ()

Thereforea = +

N |-~
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The binomial expansion
Exercise C, Question 5

Question:

The coefficient o&3 in the expansion of (3 bx) °is - 720.
Find the value of the consteb.

Solution:

(3+bx) 5

Term inx3is5C,32 (bx ) 3= 10 x D3 = 9033
Coefficient ofx® is 93,

If this is equal to - 720 then

903 = - 720 ( +90)

b*=-8 (V)

Henceb = - 2.
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The binomial expansion
Exercise C, Question 6

Question:

The coefficient o0& in the expansion of (2 %) (3 - ax) “4is 30.
Find the values of the consta.

Solution:

(3-ax)*

=4C3*+4C,33 ( —ax) +4C,3% ( —ax) 2+4C3( ~ax) 3+4C,( —ax) 4
=1x8l+4x (—27ax) +6x&C+4x ( —&X3) +1xak

=81 - 108ax + 5422 - 12a33 + ax*

(2+x) (3-ax)*=

(2+x)(81=108ax + 5S4a’x* = 12a°x" + a‘x*)
—

Terminx3is 2 x ( — 1233) +x x 54a2x2 = — 24a3x3 + 54ax3
Hence

-24a3+5482=30 ( +6)

-4a%+9°=5

0=4a%-9?+5 (4xPB-9x212+5=0 = a=1isaroot)
0=(a-1) (4a2-5a-5)

Soa=1and

422 -5a-5=0

Using the formula for roots,

5+{25+80 5% 105

8 8

a=

) 5+ V105 5- 105
Possible values afare 1, 3 and— 5
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The binomial expansion
Exercise C, Question 7

Question:

X
Write down the first four terms in the expansion gf I5 )

By substituting an appropriate value forfind an approximate value to ( 0.9%) Use your calculator to find the
degree of accuracy of your approximat

Solution:

(L x )

ey

= 6C,16 + 6,15 ( - %) +6C,14 ( - )

[ _x) E (
\

=1%x1+6x \ —10} +15x100 + 20 x

X
10

=1-0.6¢+ 0.15¢ - 0.023 +
We need to find ( 0.99 ¥

X
Sol- 75 =0.99

X
=> 7, =001
= x=0.1
_ | o x
Substitutex = 0.1 into our expansion fo\ 15, }

R

= \1— 10j6=1—0.6xo.1+0.15><(0.1)2—0.02><(0.1)3+

> (0.99)6=0.94148

From a calculator ( 0.99 § = 0.941480149
Accurate to 5 decimal plac
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The binomial expansion
Exercise C, Question 8

Question:

X\lO

Write down the first four terms in the expansion gf 2E+]

By substituting an appropriate value forfind an approximate value to ( 2.11§. Use your calculator to find the deg
of accuracy of your approximatic

Solution:

PP
L*re)
10¢ 210 4 ( \1+1 8( \2+1o 7( \
C,210 + 10C 2 \) 002\} 032\}

512x 256X 128%
=1x1024+10x 7 +45x7,5 +120 X5 +

=1024 + 1024 + 460.82 + 122.883 +

If we want to find (2.1 )°we need

X _
2+ g =21

X
=> g=0.1

= x=05

Vg

Substitutex = 0.5 into the expansion fo{ 2 4)-;— ]

(2.1)19=1024 + 1024 x 0.5 + 460.8 x (0.53+ 122.88 x (0.5)3+
(2.1)10=1024 + 512 + 115.2 + 15.36 +

(2.1) 19=1666.56
From a calculator

(2.1)10=1667.988
Approximation is correct to 3 s.f. (both 167
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The binomial expansion
Exercise D, Question 1

Question:

Use the binomial expansion to find the first four terms of
(@ (1+x)®

(b) (1-2)°

(©) ( ;) 10
(d) (1-3%)°
(€) (2+x) 7

(M (3-2) 3

@ (2-%)°
(h) (4+x)*

(i) (2+5x)

Solution:

(a) Heren = 8 andx = x
8><72 8x7x6
21 Xt g

(1+x) 8=1+8+ x3 +
(1+x) 8=1+8+282+56+

(b) Heren = 6 andx = — 2x

o (229 %

\ 6x5 6x5x4
J

(1-2) 6=1+6( - X

(1-2x) %=1-12+ 60x%2 - 160 +

X
(c) Heren =10 andx = 7

(et Vaog () jwxe (2, mxexs (x ),
T Al UE2S ARRETIN U2 B TIN W
( X;)10:1+5x+%x2+15x3+

(d) Heren=5 andx = - 3x

(1—3x)5:1+5( —&) PO (80 2 T (-3 B
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(1-3x) °=1-15¢+ 90x% - 2703 +

YGRS
Y A e

X
Heren =7 andx = 35S0

(€) (2+x) '=

I (x ), zx6( x ), 7x6x5( x) ]
(2+x) =128, 1+7, > + ) >

L Lz) ") *o0?) ]
(2+x)7:128(1+2x+ 7x2+ %x3+ )
(2+x) 7=128 + 44& + 6722 + 560 +
Heren = 3 andx = 32X,so
(3—2()3:27(1—2<+ %xZ %x3\

(3-2x) 3=27 - 54+ 36x2 — 8x3

oo | o x ) e ol 3\
@ (2-%X) |_2\1 ZJJ_Z \1 > )
Heren=6 andx = - 3Tx,so

cooal vl ) Lo o), s ()]
v “leu LE ) U ) J
(2- 3x)6—64(1 X+ xz— %x3+ )
(2-3) 6=64-576&+ 2160¢ — 43203 +
(h) (4+x) 4= [4(1+X;) }4=44(1+f)4
Heren = 4 andx = L,so

P B s x ), axsxz x ), )
A Y L5) T ) )
(4+x)4=256(1+x+g +%x3+ )
(4+x) 4=256+ 256 + 96x% + 163 +

S I - T I e -
Ozes0f= 2 tr% ) 72 (172
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Heren =7 andx = , SO

7 %6
!

(2+5x) "=128 5

35 525 4375
1+ 5x+ o+ o x3+

(2+5x) "=128 p

Yt Nt NN
N

(2+5x) 7=12¢+ 2240x + 1680(x2 + 700003 +

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page3 of 3



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise D, Question 2

Question:

If xis so small that terms af and higher can be ignored, show that:
(2+x) (1-3x) 5=2-29 + 165x2

Solution:

(1-23) 5:1+5( —3<) b (=) 24

(1-3x) 5=1- 15+ 90x? +

(2+x) (1-3) °
= (2+x) (1-1%+902+ ... )
=2 -3+ 180¢ +
+ x-15¢+
=2 - 29x + 165x2
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The binomial expansion
Exercise D, Question 3

Question:

If xis so small that terms af and higher can be ignored, and
(2-x) (3+x) “=a+bx+cx2
find the values of the constara, b andc.

Solution:

=8

[

=81 + 10& + 54x% + 123 +

(2-x) (3+x) 4
= (2-x) (81+10&%+542+ 123+ ... )
=162 + 216 + 108¢ +
- 81x-108¢Z +
=162 + 13% + 0x2 + ...
Thereforea =162, b=135c¢c=0
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The binomial expansion
Exercise D, Question 4

Question:

When (1-X) Pis expanded, the coefficientxf is 40. Given thap > 0, use this information to find:
(a) The value of the constgmt

(b) The coefficient ok.

(c) The coefficient ox3.

Solution:

(1-2) P

( \ p(p-1

=1+p\—2x) +T)(—2x)2+

=1-2px+2D(p-1)x+
Coefficient ofx2is p (p—-1) =40
= p(p-1) =20

> p?-p-20=0
= (p-5)(pt+t4) =0
= p=5

(a) Value ofp is 5.

(b) Coefficient ofxis — 2 = - 10.

p(p-1) (p-2

(20 3=

5x4x3
(c) Term inx3 = BETHE ( -

3
8x3 = -80¢
\ )
Coefficient ofx3is — 80.
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The binomial expansion
Exercise D, Question 5

Question:

Write down the first four terms in the expansion of ( 1 4 Zk By substituting an appropriate valuexdfvhich should
be stated), find an approximate valuel.028. State the degree of accuracy of your ans

Solution:

(1+2) 8
8x7 2 8x7x6 3
=1+8x X+ 21 (2x) <+ 31 (2x) °+

=1+ 16K+ 1122 + 4483 +

If we want an approximate value to ( 1.08 yve require
1+2x=1.02

2x=0.02

x=0.01

Substitutex = 0.01 into our approximation for (1 3 8
(1.02)8

=1+16x0.01+112x (0.01%+448 % (0.01)3
=1+ 0.16 + 0.0112 + 0.000448

=1.171648

By using a calculator

(1.02)8=1.171659

Approximation is correct to 4 s.f. (1.172 for both soluti
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The binomial expansion
Exercise E, Question 1

Question:

(

3
When \ 1-7x ] Pis expanded in ascending powerxahe coefficient ok is — 24.

(a) Find the value gb.
(b) Find the coefficient o2 in the expansion.
(c) Find the coefficient af3 in the expansion.

[E]
Solution:

A A

- . 3p
(a) Coefficient ok is - =,

We are given its value is - 24

3
= - 7p = -24
=> p=16
. 2. p(p-1) 9 _ 16 x 15 9 _
(b) Coefficient ofx“ is 2 X, =", x; =270
- ) p(p-1) (p-2) 27 16 x 15 x 14 27
(c) Coefficient oi®is — T3 X B = - T 3, X g =-1890
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The binomial expansion
Exercise E, Question 2

Question:

Given that:
(2-x) B=A+Bx+Cx%+ ...
Find the values of the integefs B andC.

[E]
Solution:

(2-x) 13

- 213+13C1212( —X) + 13C2211( —X) 2 4
=8192 + 13 x ( —4096) + 78 x 20482 +
=8192 - 53248 + 1597442 +
=A+Bx+0CZ¢+ ...

S0A =819, B= - 5324¢ C = 15974«
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The binomial expansion
Exercise E, Question 3

Question:

(a) Expand (1 -2) 1%in ascending powers afup to and including the term i3, simplifying each coefficient in the
expansion.

(b) Use your expansion to find an approximation to ( 0.98, stating clearly the substitution which you have used for
X.

[E]
Solution:

@ (1-x) ™

( \\ 10x9 10x9x8

:1+1o\ _2() + S (mX) 2+ Ty (-X%) 3%+

=1+10x ( -X) +45x 42+ 120 x ( -83) +
=1 - 20k + 180¢ - 9603 +

(b) We need (1-2) =0.98

= 2X=0.02

= x=0.01
Substitutex = 0.01 into our expansion for (1 %x2 10
(1-2x0.01)10=1-20x0.01 + 180 x 0.1- 960 x 0.08 +
(0.98)19=1-0.2 +0.018 - 0.00096 +
(0.98)10=0.81704 +
So (0.9¢) 10~ 0.8170:-
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The binomial expansion
Exercise E, Question 4

Question:

(a) Use the binomial series to expand ( 2x3 3%in ascending powers afup to and including the term i3, giving
each coefficient as an integer.

(b) Use your series expansion, with a suitable valug, flar obtain an estimate for 187giving your answer to 2
decimal places.

[E]
Solution:

(@) (2-%) 0

=210+20C 29 ( - 3x) 1+10C,28 ( -3x) 2+20C27( - 3x) 3+
=1024 +10 x ( —1538) + 45 x 23042+ 120 x ( —34563) +
= 1024 - 15368 + 1036862 — 4147263 +

(b) We require 2 —8=1.97
= 3x=0.03
= x=0.01

Substitutex = 0.01 in both sides of our expansion of ( 2x)310
(2-3x0.01)10=1024 - 15360 x 0.01 + 103680 x 091 414720 x 0.03 +
(1.97) 19~ 102¢ - 153.€ + 10.36¢ — 0.4147: = 880.3532 = 880.3! (2 d.p.
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The binomial expansion
Exercise E, Question 5

Question:
(a) Expand (3 +2) “in ascending powers af giving each coefficient as an integer.
(b) Hence, or otherwise, write down the expansion of ( X} 2in ascending powers af

(c) Hence by choosing a suitable valueXshow that (3+2/2) 4+ (3 -2+ 2) 4is an integer and state its value.

[E]
Solution:

(@) (3 + X) “has coefficients and terms

14 6 4 1
3433 (2x) 3%(2x) 23 (2x) 3 (2x) 4
Putting these together gives

(3+2X) 4=1xF+4xFx2X+6xFx () 2+4x3x (X)3+1x (X)*
(3+2x) 4=81+ 216+ 216¢ + 963 + 16x*

(b) (3-2%)4=1x3F+4xPBx (=) +6xFx (-X)2+4%x3x (-X%)3+1x (-Xx)*
(3-2x) 4=81- 216+ 216¢ - 96x3 + 16¢*

(c) Using parts (a) and (b)
(3+2X) 4+ (3-X) =

81 +216x + 216x* + 96x° + 16x°
81 = 216x + 216x* = 96x° + 16x°

162 t 432x? b 32x!

Substitutingx = V 2 into both sides of this expansion gives
(3+2V2) 4+ (3-2V2)%4=162+432(V2)2+32(V2)
4=162+432%x2+32x4=162+ 864+ 12€ = 115¢
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The binomial expansion
Exercise E, Question 6

Question:
X
The coefficient o&? in the binomial expansion 0( 1% } N wherenis a positive integer, is 7.

(a) Find the value af.

(b) Using the value df found in part (a), find the coefficient &f.

[E]
Solution:

(5\\ n(n-1) ( \ n(n-1) (n-2) ( \ n(n-1) (n-2) (n-3)

S
k1+2) =1 |\2)| 2| 2 ) 31 |2 ) 41
[ x )
\ 2 )

N | X

44

(a) We are told the coefficient &f is 7
n(n-1) 1

= 2 2 =7
= n(n-1) =56

= n-n-56=0

= (n-8) (n+7) =0
> n=8

(b) Coefficient ofx* is

4
n(n-1) (n-2) (n-3) 1 E/?Xﬁ/ﬁ . L_E
41 A oy.£v41 ) L
8
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The binomial expansion
Exercise E, Question 7

Question:
(a) Use the binomial theorem to expand ( 3 x L0 giving each coefficient as an integer.

(b) Use your expansion, with an appropriate valuefto find the exact value of ( 10034 State the value ofwhich
you have use

[E]
Solution:

(@) (3+1x) 4

=3*+4C,33(10x) +4C,(3) 2(10x) 2+4C,(3) 1(10x) 3+ (10x) *
=3%+ 4 x 270k + 6 x 900¢ + 4 x 30003 + 10000¢

=81 + 108% + 5400¢ + 12000 + 10000¢

(b) We require 1003 = 3 + X0

= 1000 = 1&

= 100 =x
Substitutex = 100 in both sides of our expansion
(3+10x 100)% =81+ 1080 x 100 + 5400 x 166- 12000 x 108 + 10000 x 106
(1003 ) 4 =81 + 108 000 + 54 000 000 + 12 000 000 000 + 1 000 000 000 000
(1003) 4=

1 000 000 000 000
12 000 000 000

54 000 000

108 000

81

1012054 108 081
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The binomial expansion
Exercise E, Question 8

Question:
(a) Expand (1 +2) 12in ascending powers afup to and including the term i3, simplifying each coefficient.

(b) By substituting a suitable value fgrwhich must be stated, into your answer to part (a), calculate an approximate
value of (1.02)12

(c) Use your calculator, writing down all the digits in your display, to find a more exact value of (4202 )

(d) Calculate, to 3 significant figures, the percentage error of the approximation found in part (b).

[E]
Solution:

@ (1+x)

=1+12 ( X ) + —12;!11(2() 24 —lZXBlIleO(z() 34

=1+ 24K + 264¢ + 17603 +

(b) We require 1 +2=1.02
= 2=0.02

= x=0.01
Substitutex = 0.01 in both sides of expansion
(1+2x%x0.01)12=1+24x0.01+ 264 x 0.1+ 1760 x 0.0%
(1.02)12=1+0.24 + 0.0264 + 0.00176

(1.02) 12=1.26816

(c) Using a calculator
(1.02) 12=1.268241795

| Answer b - Answer c |

(d) % error = x 100

Answer ¢

% error = 0.006449479
% error = 0.0064! %

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise E, Question 9

Question:
1
X

Expand \ X = } 5, simplifying the coefficients.

[E]
Solution:

(

1
K X= 3 ) 5 has coefficients and terms

15 10 10 5 1
EX (= )R (=) PR (=) (=)

Putting these together gives

(1) (

) \

X |-
N—
+
=
ot

0

=5 -5+ 10—

RN
X |
N—
=
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The binomial expansion
Exercise E, Question 10

Question:

In the binomial expansion of ( 2kx) ", where kis a constant and n is a positive integer, the coefficiert isfequal to the
coefficient of %.

(a) Prove that i 6k + 2.

2
(b) Given also that k 7, expand ( 2k x) "in ascending powers ofup b and including the term irfxgiving each coefficient

as an exact fraction in its simplest form.

[E]
Solution:

(@ (2k+x) "= (2k) M+1C, (2k) "~ Ix+1C, (2K) "2 +1C, (2K) "33+
Coefficient of ¥ = coefficient of ¥
nCZ(Zk) n—2:nC3(2k) n-3

at (Zk Y.,  nl
(n=2)120 U7 ) " (n=3)131

(2k) n-2 (n-2) 121

(2) 73 = (n-3) 131 (Use laws of indices)

(2K) 1= ey [ (n—z) = (n—
{rr—2_l></2“
2k= ﬁ/

3

2

(2k) n-3

3x2k=n-2
6k=n-2
n==6k+2

(b)Ifk= Sthenn=6x 3 +2=6

Expression is

(2. )
2x 7 +x , 8

\ )

§+x)6

Ve (2 (2 (
+6Cc, | 3 x+6C, | 7 AP+EC

J L) 2\ *\

4096 2048 1280 1280

_ 2= 2Ufe 228 o, 2=
= Tt e Xt T X+ X+

1
w s

TN T

w s
N—
w
e
+
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The binomial expansion
Exercise E, Question 11

Question:
(a) Expand (2 ) 6as a binomial series in ascending powers gfving each coefficient as an integer.

(b) By making suitable substitutions foin your answer to part (a), show that (2#3) 6— (2 - v 3) 6canbe
simplified to the formk V' 3, stating the value of the inteder

[E]
Solution:

(@ (2+x)°
= 26+ 6C 25 + 6C,29x2 + 6C 233 + 6C,22¢* + 6C 2% + X5
=64 + 19X + 240¢ + 160 + 60x* + 12 + x8

(b) Withx = V' 3

(2 + V3)j=64+192V3+240(V3) 2+160(V3)3+60(V3)4+12(V3)5+ (V3)6 D
withx= — v 3

(2-V3)6=64+192( -V3) +240( -V3)2+160( -V3)3+60( -V3)4+12( -V3) >+
(-V3)°8

(2-V3)6=64-192V3+240(V3)2-160(V3)3+60(V3)4-12(V3)°%+ (V3)6 @
@—@gives

(2++V3)8-(2-+3) 6

=384V3+320(V3)3+24(+V3)°

=384V3+320x3V3+24x3x3V3

=384+ 3 + 960V 3 + 216 3

= 1560+ 3
Hencek = 156(
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The binomial expansion
Exercise E, Question 12

Question:
The coefficient o&? in the binomial expansion of (2 + kx8, wherek is a positive constant, is 2800.
(a) Use algebra to calculate the valud.of

(b) Use your value df to find the coefficient o3 in the expansion.

[E]
Solution:

(@) The term i of (2 +kx) 8is
8C,25 (kx) 2= 28 x 643x% = 17932
Hence 1792 = 2800

k2= 1.5625

k= +1.25

Sincek is positivek = 1.25.

(b) Term inx3of (2 +kx) 8is
8C,25 (kx ) 3=56 x 3233
Coefficient ofx3 term is179zk3 = 1792 x 1.253 = 350(
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Exercise E, Question 13

Question:

(a) Given that
(2+x) 5+ (2-x) °=A+Bx2+Cx4,
find the value of the constarisB andC.

(b) Using the substitutiop = x2 and your answers to part (a), solve
(2+x) 5+ (2-x) 5=349.

[E]
Solution:

(@) (2 +x) °will have coefficients and terms

15 10 10 5 1
25 2% 232 223 Dy O

Putting these together we get

(2+x) %=1xP+5x2x+10x 22+ 10 x B3 +5x 24+ 1 xx°
(2+x) 5=32+ 80+ 802 + 40 + 10x* + x°

Therefore

(2-x) 5=32-80+80x% - 40 + 10x* - x°

Adding (2+x) 5+ (2-x) =64+ 1603 + 20x*
SoA=64,B=160,C=20

(b) (2+x) 5+ (2-x) 5=349
64 + 160 + 20x* = 349
2064 + 1602 - 285=0 ( +5)
44+ 322 -57=0
Substitutey = x?
42 +3%-57=0
(2y-3) (y+19) =0
3 19
Y= 207 o

3 ‘3
— V2 2 - — _ =
Buty=x%sox"= 5 = x= =%\ 73
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The binomial expansion
Exercise E, Question 14

Question:
In the binomial expansion of (2 + px3, wherepis a constant, the coefficient xtis 135. Calculate:
(a) The value op,

(b) The value of the coefficient af in the expansion.

[E]

Solution:

(a) The term in@ in the expansion of (2 + px Yis
5C,22 (px ) 3=10 x 43S = 40>

We are given the coefficient is 135 so
40p3=135 ( +40)

p3 = 3.375 ( ’\‘7)
p=15

(b) The term ink* in the expansion of (2 + px ¥ is
5C,2t (px) 4=5xp*=5x2(1.5)%*=50.625
Coefficient ofx* is 50.62!
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Radian measure and its applications
Exercise A, Question 1

Question:

Convert the following angles in radians to degrees:
.
(@) %

b)

S5

© 12
A5

T
Ohry

Tn

Ry
57
9) %

3
(h) %

(i) 37
Solution:

180 °

(@5 rad="5" =9°

T 180 °
(b) grad=—". =12°

15°
() % rad =5x180° =75°
32

T 180 °
(dZrad=">— =90°

7 2 I:}‘:"
(e) 5 rad=7x180° =140°
—
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T 3{]':
() 5 rad=7x180° =210°
— &

5z 45':'
(@) rad=5x180° =225°
i
3r
(h) 7 rad=3x90° =270°

(i) 3rrac=3x18C° =54C°
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Radian measure and its applications
Exercise A, Question 2

Question:

Use your calculator to convert the following angles to degrees, giving your answer to the nearest 0.1 ° :

(a) 0.46

(b) 1¢

(c) 1.13%

(d) V3¢

(e) 2.5

(f) 3.1£

(g) 3.4

Solution:

(2) 0.46=26.356 ... ° =26.4° (nearest0.1°)
(b) 1°=57.295 ... ° =57.3° (nearest0.1°)

(c) 1.135=65.030 ... ° =65.0° (nearest0.1°)
(d) V3=99239 .. ° =99.2° (nearest0.1°)
(e)2.5=143.239 ... ° =143.2° (nearest0.1°)
() 3.14=179.908 ... ° =179.9° (nearest0.1°)
(g)3.4€=199.9¢ ... ° =200.C° (neares0.1°)
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Radian measure and its applications
Exercise A, Question 3

Question:

Use your calculator to write down the value, to 3 significant figures, of the following trigonometric functions.

(a) sin 0.5

(b) cos v 2¢

(c) tan 1.05

(d) sin Z

(e)cos 3.€°

Solution:

(a)sin 0.5=0.47942 ... =0.479 (3sf)
(b) cos V2¢=0.1559 ... =0.156(3s.f)
(c)tan 1.05=1.7433 ... =1.74(3s.f.)
(d)sin Z=0.90929 ... =0.909 (3s.f.)
(e)cos 3.€6= -0.8967 ... = -0.89i(3s.f.
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Radian measure and its applications
Exercise A, Question 4

Question:
Convert the following angles to radians, giving your answers as multiptes of
(a) 8°
(b) 10°
(c) 22.5°
(d) 30°
(e) 45°
(f) 60°
(9) 75°
(h) 80°
(i) 112.5°
(i) 120°
(k) 135°
(I) 200°
(m) 240°
(n) 270°
(0) 315°
(p) 330
Solution:
2

(@)8° :'E.xﬁ]m{l - = rad

45

(b) 10° =10><ﬁ) rad =ﬁ rad

22:5x 1 )
(c)225° = ]3{] = 3 rad

8
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(d)30° =30 x 75; rad = rad

(e)45-° :45><ﬁ) rad :% rad

(f) 60 ° =2 x answer to (d) :% rad

5
HFxx 5z
(@75° = m’ rad - T, rad
12
(h) 80 ° =8nx%}md = % rad

5
()1125° =5x answerto (c) =, rad
. 2r
() 120° =2 x answerto (f) =5 rad

3r
(k) 135° =3 x answerto (e) =, rad

nj
:Hﬂ'ﬂ X T rad - — rad

(1) 200 ° 125 5

Az
(m)240° =2 x answerto (j) =5 rad

3r
()270° =3x90° =7 rad

3z T

(0)315° =180° +135° %+ -, = ~, rad

11z

(p)330° =11x30° =" rad
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Radian measure and its applications
Exercise A, Question 5

Question:

Use your calculator to convert the following angles to radians, giving your answers to 3 significant figures:
(a) 50°

(b) 75°

(c) 100°

(d) 160°

(e) 230°

(f) 320°¢

Solution:

(@)50° =0.8726 .. ¢ =0.873(3s.f)
(b)75° =1.3089 ... ¢ =1.3F(3s.f)
(c)100° =1.7453 .. ¢ =17%(3s.f)
(d)160° =2.7925 ... ¢ =279 (3s.f)
(e)230° =4.01425 ...° =4.0€(3s.f)
(f)32C° =558 ... © =55 (3sf
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Exercise B, Question 1

Question:
An arc ABof a circle, centre @Qnd radiug cm, subtends an angle@dians at OThe length of ABs | cm.

(a) Find | when
@)r=6,0=0.45
(i)r =4.5,6=0.45

3
(i) r =20, 6= 5=

(b) Find rwhen
@)1 =10,6=0.6
(i)l =1.26,0=0.7

5
(i) | =1.57, 6= ;=7

(c) Find #when
@HI1=10,r=75
(i)l =4.5,r=5.625
@iy 1= V12,r= 3

Solution:
(@) Using I=r6
@)l =6x045=27
(i) =4.5x0.45=2.025
3
(i) =20 x Gz =7.5r(23.6 3s.f)

I
(b) Usingr= 7
Lo 10 2
(r= 56 =163

oo L1260
(ir= 757 =18

12 18 3
(iiiy r = —1:' =15x 7 =7 =3¢

12

: i
(c) Using 6= 7

N, 101
@i)o= 25 =13

(i) 6 = 5o = 0.8

V12 293
V3

(i)0= —75 = =2
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Radian measure and its applications
Exercise B, Question 2

Question:

A minor arcAB of a circle, centr® and radius 10 cm, subtends an anghO. The major aréB subtends an anglex5
atO. Find, in terms or, the length of the minor alAB.

Solution:

The total angle at the centre €80
6x = 21

X:3

Usingl = ré to find minor arcAB
z _ 10r

|:1o><;: 3 Ccm
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Radian measure and its applications
Exercise B, Question 3

Question:

An arcAB of a circle, centr® and radius 6 cm, has lendtbm. Given that the chorB has length 6 cm, find the value
of |, giving your answer in terms .

ZA)

AOAB is equilateral, soz AOB = % rad.

Solution:

Usingl = ré@
r
l=6x 3 =2
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Radian measure and its applications
Exercise B, Question 4

Question:

The sector of a circle of radiug 10 cm contains an angle of 5 radians, as shown in the diagram. Find the length of
the arc, giving your answer in the fopn/ g cm, wherep andq are integers.

Usingl = r@ withr = v 10 cm and) =  5°
= V10x V5= V50=\25x2=5V 2 cm
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Radian measure and its applications
Exercise B, Question 5

Question:

Referring to the diagram, find:

2cm

2cm

(a) The perimeter of the shaded region wtien0.8 radians.

(b) The value 06 when the perimeter of the shaded region is 1«

Solution:

2cm

(a) Usingl =46,

the smallerarc =3 x0.8=2.4 cm

the largerarc = (3+2) x0.8=4 cm

Perimeter =24 cm+2 cm+4 cm+2 cm =10.4 cm

(b) The smaller arc =Bcm, the larger arc =ébcm.
So perimeter = (8+50+2+2) cm.
As perimeter is 14 cm,

80+4 =14
80 = 10

0 _ 1
0= 75 =17
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Radian measure and its applications
Exercise B, Question 6

Question:

A sector of a circle of radiuscm contains an angle of 1.2 radians. Given that the sector has the same perimeter as a
square of are36 cm?, find the value or.

Solution:

Usingl = r#, the arc length = 1r2cm.

The area of the square = 36 %rmo each side = 6 cm and the perimeter is, therefore, 24 cm.
The perimeter of the sector = arc lengthr+cn = (1.2 +2r) cm=3.2 cm.

The perimeter of square = perimeter of sector so

24 =3.2
ﬁ
r=13,= 7.5

rem Y\ \

N
<1.2° | lem

‘\HH I|I ] |
\"-._ ! ."I |
rem. [/
/¥
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Radian measure and its applications
Exercise B, Question 7

Question:

A sector of a circle of radius 15 cm contains an angteraflians. Given that the perimeter of the sector is 42 cm, find
the value o¢.

Solution:

Usingl = ré, the arc length of the sector =a%sm.
So the perimeter = ( 5+ 30) cm.
As the perimeter =42 cm

150+ 30 =42
> 15=12
12 4
> 0="15=7%

15cm
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Radian measure and its applications
Exercise B, Question 8

Question:

2
In the diagram ABs the diameter of a circle, centrea@d radius 2 cm. The pointi€on the circumference such thatCOB = Sz

radians.

2cm

(a) State the value, in radians, af COA.
The shaded region enclosed by the chorda€ CBand ABis the template for a brooch.

(b) Find the exact value of the perimeter of the brc

Solution:

. \
f*ff\\ N\
/SN

RN |

Fy

2
(@ «COA=z~- Zm= 7 rad

(b) The perimeter of the brooch = AB + arc BC + chord AC.
AB =4 cm

2
arc BC =ré withr =2 cmand & 37 S0

2 4
achC:2xg7r: 37 Cm

As « COA = % (60 °), ACOA is equilateral, so
chord AC =2 cm

4 4
The perimeter =4 cm +;z cm +2 cm = K 6+37 ) cm
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Radian measure and its applications
Exercise B, Question 9

Question:

The pointsA andB lie on the circumference of a circle with cenrand radius 8.5 cm. The poiGtlies on the major a
AB. Given that ~ ACB = 0.4 radians, calculate the length of the minorABc

Solution:

C

Using the circle theorem:
Angle subtended at the centre of the circle = 2 x angle subtended at the circumference

2 AOB =2« ACB=0.8
Usingl =6
length of minor arAB = 8.5 x 0.8 cm= 6.8 cm
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Radian measure and its applications
Exercise B, Question 10

Question:

In the diagramOAB is a sector of a circle, cent@and radiu®k cm, and « AOB = 24 radians. A circle, centr€ and
radiusr cm, touches the a®B at T, and touche®A andOB atD andE respectively, as shown.

(a) Write down, in terms dR andr, the length oDC.

(b) Using AOCE, show thaRsin 6§ =r (1 +sin@) .

3
(c) Given that sing = 7 and that the perimeter of the sed@#B is 21 cm, find', giving your answer to 3 significant

figures

Solution:

@0C=0T-CT=Rcm-rcm= (R-r) cm

PhysicsAndMathsTutor.com
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(b) In AOCE, « CEO =90 ° (radius perpendicular to tangent)
and « COE =40 (OT bisects « AOB)

i ) CE
Using sin « COE = ‘o

r

R-r

(R-r) sinf=r
Rsinf-rsinf=r
Rsinfd=r+r sin @
Rsinfd=r(1+sing)

sin § =

33 _ 7 _ I
(c)Assino= 7,,R=7r = R=73r
_ 3
andg =sin~! 7 =0.84806 ... °

The perimeter of the sector R2 2RI = 2R

( )

1.84806

() (
\ \

1+6j=3r

N—

14
So21=7r , 184806 ...
3
\ )
21 x3
= 1= 4(184806 .. ) 2(1s4s06 .. - 243 (3s.f.)
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Radian measure and its applications
Exercise C, Question 1

Question:
(Note: give non-exact answers to 3 significant figures.)

Find the area of the shaded sector in each of the following circles with Cehieave your answer in termsafwhere
appropriate.

(@) / - _\
||' C 1
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(€)

i
¢ 4cm
®
0.2¢
S5cm (_‘,‘/
Solution:
(a) / \
(_'.'

& cm

¢

Area of shaded sector %8 0.6 =19.2 cm

Nl -

(b)

9cm

Q/

T 27n

1
Area of shaded sector 5 #8 = = —,~ cn?=6.75r cm?
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(©)

M

wh| A

1.2¢m ;
/
O
— rad

= 5

—,

Angle subtended & by major arc =2 - 7;

1 9
Area of shaded sector 5 x 2.2 — =1.296 cm?

(d

rad

(2-15
=38.3 crAi(3s.f)

= )
(271—1.5)

Angle subtended & by major arc
% 4

Nl =

Area of shaded sector

C)

T
The triangle is equilateral so angleGain the triangle is;  rad
21
5 rad

2r

Angle subtended & by shaded sector =- % rad =
16
3 = 3mom?

1
Area of shaded sector 5 % #
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(f) B

0.2¢
Sem (O |

As triangle is isosceles, angleGin shaded sector is 6.4

1
Area of shaded sector 5 %80.4 =5 cn?
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Radian measure and its applications
Exercise C, Question 2

Question:
(Note: give non-exact answers to 3 significant figures.)

For the following circles with centi@, the area of the shaded sector is given. Find the valueinfeach case.

(@)

Solution:
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ACm

A=12 cm?

1
Area of shaded sector 5 & x 1.2 = 0.6 cnm?

So 0.6¢=12
> x2=20

> x=4.47 (3st)

(b)

A=15ncm?

1
Area of shaded sector 3 xR x

23
So 15r= ,mx2

24 x 15
23

= x=3.96(3s.f)

> X¢=

(©)

1
Area of shaded sector 5 x 4.8x cm?

1
So 20=7; x4.5x

PhysicsAndMathsTutor.com
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> x= 22 =198(3sf)
4.5
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Radian measure and its applications
Exercise C, Question 3

Question:
(Note: give non-exact answers to 3 significant figures.)

The arcAB of a circle, centr® and radius 6 cm, has length 4 cm.
Find the area of the minor secAOB.

Solution:

Usingl =6
4=69

2
0=73

1 2
So area of sector =, @& 7 =12 cn?
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Radian measure and its applications
Exercise C, Question 4

Question:

(Note: give non-exact answers to 3 significant figures.)

The chordAB of a circle, centr® and radius 10 cm, has length 18.65 cm and subtends an afigkdains aO.
(a) Show that = 2.40 (to 3 significant figures).

(b) Find the area of the minor secAOB.

Solution:

(@)

9.325cm

Using the line of symmetry in the isosceles triarighB
0 9.325

Sin ; = 10

(9325 )

0
S =sin~1 Lo ) (Use radian mode)

0=2 sin"! =2.4025 .. =2.40(3sf)

(9325 )
N

_ 1
(b) Area of minor sectohOB = - x 1% x 6§ = 120 cn? (3 s.f.)
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Radian measure and its applications
Exercise C, Question 5

Question:
(Note: give non-exact answers to 3 significant figures.)

The area of a sector of a circle of radius 12 cm is 160 cm
Find the perimeter of the sec

Solution:

i 1
Using area of sector :Erzé)

1
100 = 3 x 1%6
0 25
= 0=, =1

(o n ) o1 _ 122
)

2
The perimeter of the sector =12 + 12 #1212 \ 2+6 =12x 72 =75 =403 cm
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Radian measure and its applications
Exercise C, Question 6

Question:
(Note: give non-exact answers to 3 significant figures.)

The arcAB of a circle, centr® and radius cm, is such thatz AOB = 0.5 radians. Given that the perimeter of the
minor sectoAOB is 30 cm:

(a) Calculate the value of
(b) Show that the area of the minor se&0B is 36 crA.

(c) Calculate the area of the segment enclosed by the AB and the minor arAB.

Solution:
A
B
(a) The perimeter of minor sector AOBr=r + 0.5 = 2.5 cm
So030=2.5
30
> r=5.=12

1 1
(b) Area of minor sector =, K x 0= 5 x12x05=36 cn

(c) Area of segment

1, [ )

= >r2  f-siné
>\ )

)

1 (
= > x12 | 05-sin 0.5
? \ )

=72(0.5-sin 0.5)
=1.4¢ cm? (3s.f.
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Radian measure and itsapplications
Exercise C, Question 7

Question:
(Note: give non-exact answers to 3 significant figures.)

In the diagram, ABs the diameter of a circle of radiusm and « BOC = 6 radians. Given that the area ofCQB is equal
to that of the shaded segment, show that® sin 6 = .

Solution:

Using the formula

1
area of atriangle =, ab si@

1
area of /COB = 3r? sin § @

<«AOC= (z-6) rad

Area of shaded segment %rz[ (n—@) - sin (n—@) } @

As @ and @are equal

Lognge tal g, )]
Sresin = Sr Ln 0 K HJJ

sinf=x-0- sin (z—6)
andassin g—-6) = siné
sinfd=n-6-sin 6
So O+2sinf=x
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Radian measure and its applications
Exercise C, Question 8

Question:
(Note: give non-exact answers to 3 significant figures.)

In the diagramBC is the arc of a circle, cent@and radius 8 cm. The poimsandD are such that OA =0OD =5 cm.
Given that « BOC = 1.6 radians, calculate the area of the shaded region.

Solution:

1
Area of sector OBC =§r2¢9 withr =8 cmandy = 1.6

1
Area of sector OBC =, x%x 1.6 =51.2 crf

Using area of triangle formt
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1
Area of AOAD = 7 x5x5x sin 1.6=12.495 cm

Area of shaded regic = 51.2 — 12.49% = 38.7 cm? (3 s.f.
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Radian measure and its applications
Exercise C, Question 9

Question:
(Note: give non-exact answers to 3 significant figures.)

In the diagramAB andAC are tangents to a circle, cen®end radius 3.6 cm. Calculate the area of the shaded region,

2
given thatzBOC = 7z radians.

B~
{
|I|' '---..\_\_\_\_\_\_H_-
/ -H‘“x__
J.6cm _
—
2o =

0 |
|
C
Solution:
Br
|I|I|' '---..\_\_\_\_\_\_H_-
-..\_\_\_\_\_\_-\_-
3.6cm _ A
-
o™ |

. L4 AB
In right-angledAOBA: tan 3 = S¢

> AB=36tan 3
1 T
Area of AOBA = 5 % 3.6 x 3.6 x tan 3

So area of quadrilateral OBAC = 3.8 tan % =22.447 .. ck

1 2
Area of sector =, x3%x Fw=1357 .. cm

Area of shaded regi
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= area of quadrilater@®BAC — area of sectoddBC
=8.8¢ cm? (3s.f.
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Question:
(Note: give non-exact answers to 3 significant figures.)

A chord ABsubtends an angle ofr&dians at the centre @ a circle of radius 6.5 cm. Find the area of the segment enclosed
by the chord ABand the minor arc ABvhen:

(@) 0=0.8

2
OYERY:

4
(c)o= 37
Solution:

1
(a) Area of sector OAB =,  x 6?5¢ 0.8
1

Area of AOAB = 7 x 6.% x sin 0.8

1 1 .
Areaof segment =, x 5% 0.8~ 5 x 6.5 x sin 0.8 =1.75 cr(3s.f)

(2 2 )

1
(b) Area of segment =, x E?.SK sT-sin o7 ) =25.9 cn? (3 s.f)

1 2 2
(c) Area of segment =,  x 62.5( 3T-sin 3w ) =259 cnf (3 s.f)

2
Diagram shows why. z is required.
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Exercise C, Question 11

Question:
(Note: give non-exact answers to 3 significant figures.)

An arcAB subtends an angle of 0.25 radians atth@imference of a circle, centr® and radius 6 cm. Calculate the ¢
of the minor sectcOAB.

Solution:

Using the circle theorem: angle at the centre = 2 x angle at circumference
<AOB = 0.5

1
Area of minor sector AOB =, x?6< 0.5 =9 cn?
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Exercise C, Question 12

Question:
(Note: give non-exact answers to 3 significant figures.)

In the diagramAD andBC are arcs of circles with cent€ such tha©A =0D =r cm,AB =DC = 8 cm andzBOC =0
radians.

B
Scm A

Y
\

(b) Given also ther = 100, calculate the perimeter of the shaded re:

Solution:

1
Area of larger sector =, 1(+8) 29 cm?

1
Area of smaller sector =120 cm?

Area of shaded region

1 1
5 (r+8) 29— Sr2%9 cm?

N |-

9[ (r2+16r+64) —rZ} cm?
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(oves) oo

1
=20, 16+64 | c
SN )

=80 (r+4) cn?
S048=9) (r+4)
=> 6=r0+49 *
> r0=6-49

6
> r=7,-4

(b) Asr = 106, using *
1002+ 40-6=0
502+29-3=0
(50-3) (+1) =0

3
Sof = gandr =100=6

Perimeter of shaded region =r§+8+ (r+8)0+8 ] cm

18

. 18 42 _
So perimeter =" +8+. +8=28cm
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Question:
(Note: give non-exact answers to 3 significant figures.)

A sector of a circle of radius 28 cm has perimBtem and areé cn?.
Given thalA = 4P, find the value oP.

Solution:

xD8 0 =392 cm? = A cm?

Nl =

The area of the sector

The perimeter of the sector = (28 56) cm =P cm
AsA=4pP
3920 =4 (28 +56)
989 = 289 + 56
700 = 56
56

0= 75 =08

P =280 +56=28(0.8) +56=78.
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Exercise C, Question 14

Question:
(Note: give non-exact answers to 3 significant figures.)

The diagram shows a triangular plot of land. The shd&BC andCA have lengths 12 m, 14 m and 10 m respectively.
The lawn is a sector of a circle, cendvand radius 6 m.

A

6m 4m

B C

14 m

(a) Show thavBAC = 1.37 radians, correct to 3 significant figures.

(b) Calculate the area of the flowert

Solution:

6m 4m

B C
14 m
(a) Using cosine rule
b? + ¢ - a?
CosA= " L.
107+ 122 - 142
CoOsA= ", ox1z =02

A=cos"! (0.2) (usein radian mode)
A=136¢ .. =1.37(3sf.
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1
(b) Area of AABC = 5 x 12 x 10 x sinA=58.787 ... M

1
Area of sector (lawn) =, x26< A=24.649 .. m

Area of flowerbed = area AABC - area of sectc = 34.1m? (3 s.f.
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Exercise D, Question 1

Question:

TriangleABC is such that AB =5 cm, AC = 10 cm and ABC = 90 ° . An arc of a circle, centfeand radius 5 cm,
cutsAC atD.

(a) State, in radians, the value af BAC.

(b) Calculate the area of the region encloseBC, DC and the arBD.

Solution:
C
5clI
D
5¢cm
A 5¢cm B

(a) In the right-angled\ ABC

5 1
cos «BAC= 7~ = 7

10 2
ZBAC= 7
1 T
(b) Area of AABC = 5 x5x 10 xsin 3 =21.650 .. cfn
1 T
Area of sector DAB =, x%x 7 =13.089 .. cm

Area of shaded region = area/AABC - area of sectcDAB = 8.56 cn? (3 s.f.
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Exercise D, Question 2

Question:

The diagram shows a minor sec@VIN of a circle centr® and radiug cm. The perimeter of the sector is 100 cm and
the area of the sectorAscn?.

M SN
" /
\ /

M,
\‘x ,.r"r
\ / rem
\ /
\ /
x\\ /
xf
o

(a) Show that\ = 50r - r2,

(b) Given that varies, find:
(i) The value of for whichA is a maximum and show thatis a maximum.

(ii) The value of « MON for this maximum area.
(iii) The maximum area of the sectOoMN.

[E]
Solution:
M N
* /
\ /
N
‘n\\ J.r"r
\ /rem
\ /
Y /
x\ /
xf
9

(a) Let «MON = ¢°
Perimeter of sector = (r2+r0) cm

So100=2+r@
= rf=100-2
100
> (0= — -2*

r

1
The area of the sector A cm? = Erzé) cm?

soa= L (—2)
> A=50-r2
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() ([)A= - (r2-50r) = = [ (r-25)2-625] =625—- (r—-25) 2
The maximum value occurs wherr 25, as for all other values psomething is subtracted from 625.
100

(i) Using *, whenr = 25,0 = —- -2=2

(iii) Maximum area = 625 c?
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Exercise D, Question 3

Question:

The diagram shows the triangcD with OC = OD = 17 cm and CD = 30 cm. The mid-pointGi is M. With centre
M, a semicircular aré, is drawn orCD as diameter. With cent@ and radius 17 cm, a circular akgis drawn fromC

to D. The shaded regidr is bounded by the arés andA,. Calculate, giving answers to 2 decimal places:

0

(a) The area of the triang®CD.
(b) The angleCOD in radians.
(c) The area of the shaded regikn

[E]
Solution:

(a) Using Pythagoras' theorem to fiot\:
OM? = 172 - 152 = 64
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= OM=8cm

1 1
Area of AOCD = ; CD xOM = 5 x 30 x 8 =120 cf

15
(b)In AOCM:sin ~ COM= ; = «COM=10808 .. °©
So ~ COD=2x « COM = 2.16 (2 d.p.)

(c) Area of shaded regidR = area of semicircle — area of segmeDA,
Area of segment = area of sed®ED — area of sectof\ OCD

(

1
=5 % 17 k « COD -sin « COD ) (angles in radians)

=192.362 ... crha(use atleast3d.p.)
1
Area of semicircle =, % x 15 =353.429 .. cm
So area of shaded regiR = 353.42¢ ... - 192.36. ... =161.01cm?(2d.p.
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Exercise D, Question 4

Question:

The diagram shows a circle, cen@gof radius 6 cm. The poinsandB are on the circumference of the circle. The .
of the shaded major sector is 80%iBiven that «~ AOB = 4 radians, where 0 € < , calculate:

£
\

(a) The value, to 3 decimal places gof

(b) The length in cm, to 2 decimal places, of the minoA&.c

(a) Reflex angle AOB = (2-60) rad

1
Area of shaded sector 5 %8 (271—9) = 36z — 189 cn?
So 80 =3 - 189
= 189 =36r - 80

36z — 80
> 6=~ =1839(3dp)
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(b) Length of minor arAB = 66 = 11.0Zcm (2 d.p.
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Exercise D, Question 5

Question:

The diagram shows a sectOAB of a circle, centr® and radius cm. The length of the aB isp cm and « AOB is§
radians.

B

(a) Find@ in terms ofp andr.

1
(b) Deduce that the area of the sector is pf.cm

Given thatr = 4.7 andp = 5.3, where each has been measured to 1 decimal place, find, giving your answer to 3 decimal
places:

(c) The least possible value of the area of the sector.
(d) The range of possible valuestof

[E]
Solution:

(@ Usingl=r8 = p=rb

p
Sofd=

r

1 1 Pl
(b) Area of sector =,r29= Jr2x = = Jprcn?
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(c)4.65 < r<4.75,525 < p<535
1
z
(Note: Lowest is 12.20625, so 12.207 should be given.)

Least value for area of sector x 5.25 x 4.65 = 12.207(8nd.p.)

max p 5.35
(d) Max value o) = ==~ = = = 1.1505
So give 1.150 (3 d.p.)
. _ min p _ 5.25 _
Min value of¢ = T —"~ = 7. =1.10526

So give 1.106 (3 d.g
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Exercise D, Question 6

Question:

The diagram shows a circle cen®and radius 5 cm. The length of the minor ARis 6.4 cm.

(a) Calculate, in radians, the size of the acute ahQR:
The area of the minor sectdOB is R; cn? and the area of the shaded major se&@B is R, cne.

(b) Calculate the value ;.
(c) CalculateR;: R, in the form 1p, giving the value op to 3 significant figures.

[E]
Solution:

(&) Usingl =16,6.4 =9
6.4
=> 0=, =128
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1
H =2
(b) Using area of sector Zr<0

1
R, = 5 x¥x128=16

(c)R, = area of circle R, =x5? - 16 = 62.5398

R 16 1

SO'R, = G25308 .. - 3.908

= p= 3.91(3sf)

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:
P
A d B
2d
i ll|||
2d 08 |
/ |
D C
9]
Shape X

Shape Y
The diagrams show the cross-sections of two drawer handles.
ShapeX is a rectangl&BCD joined to a semicircle witBC as diameter. The length ABd-cm and BC = @ cm. Shape

Y is a secto©OPQ of a circle with centr® and radius @ cm. AnglePOQ is 0 radians.
Given that the areas of shapéandY are equal:

1
(@) Prove that = 1 + x.
Using this value of), and given thadl = 3, find in terms oft:

(b) The perimeter of shapé

(c) The perimeter of shapé

(d) Hence find the difference, in mm, between the perimeters of sX andY. [E]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Page2 of 3

2d

2d a

ol

0
Shape X Shape Y
(a) Area of shapX

= area of rectangle + area of semicircle
1
=202 + ;ndz cm?

1
Area of shap& = 5 (2d) %0 = 2020 cn¥

1
AsX=Y. 22+ Jad?=2d%9

Divide by 2%

1+ 5 =6

(b) Perimeter oK

= (d+2d+d+zd) cmwithd=3
= (3r+12) cm

(c) Perimeter ol

= (2d+2d+2d9) cmwithd=3ando=1+
(=)
=12+6, 1+
N
N
= 18 + — cm
\ .

(d) Difference (in mm)
T '
= 18+ — - I+ 12 x 10
LU 2 )\ )]
(o)
=10 , 6- —
L)
=12.87 ..
=12.¢(3sf.
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Exercise D, Question 8

Question:

The diagram shows a circle with cen@&nd radius 6 cm. The choRf divides the circle into a minor segméRjtof
areaA; cn? and a major segmeRy, of areaA, cr?. The chordPQ subtends an angleradians a0.

(a) Show thap\; =18 (6 —sin §) .
Given thatA, = 3A; andf(0) =20-2 sinf -

(b) Prove thatf @) =0.

(c) Evaluate f(2.3) and f(2.32) and deduce 2.2< § < 2.3Z [E]

Solution:
p_—
R,
| R |
II
O ——

(a) Area of segmerR, = area of sectdDPQ - area of triangl©PQ
1 1
> A= 5 x@x0- 5 x6xsino

> A/ =18(0-sin?)

(b) Area of segmerR, = area of circle — area of segméjt
= A,=762-18(0~sin 0)
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= A,=36r-18)+ 18 sing
AsA, =3A
36r - 18+ 18 sind=3 (18 - 18 sind) =540 - 54 sin g
So7H-72 sinf-36r=0
=> 36(P-2sinf-z) =0
=> 20-2sinf-z=0
Sof(8) =0
(c)f(2.3) = -0.0330
f(2.32) = +0.0339
As there is a change of sif lies between 2.3 and 2..
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Exercise D, Question 9

Question:

TriangleABC has AB = 9 cm, BC = 10 cm and CA = 5 cm. A circle, cetiand radius 3 cm, intersed@8 andAC at
P andQ respectively, as shown in the diagram.

A -

L

« 10 ¢m

(a) Show that, to 3 decimal placeg, BAC = 1.504 radians.

(b) Calculate:

(i) The area, in ch of the sectoAPQ.

(i) The area, in crf of the shaded regidBPQC.

(iii) The perimeter, in cm, of the shaded regBPQC. [E]

Solution:

L

« 10 ¢m

(a) In AABC using the cosine rule:

B2+ 2 — a2

cos A= 2be

52+ 9% - 107
= cos £ BAC= ", 5.9 =0.06

= «BAC=150408 ... radians =1.5043d.p.)
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1
(b) (i) Using the sector area formula: area of sector; 20

1
= areaof sector APQ =, 2% 1.504 =6.77 cri(3s.f.)

(i) Area of shaded regioRPQC

= area of AABC - area of sectoAPQ
1 1

= 5 x5x9xsin 1.508- 5 x 3x 1504 cm

=15681 .. cm

=15.7 cnf (3s.f)

(iii) Perimeter of shaded regi®PQC

=QC + CB + BP + ar®Q

=2+10+6+ (3x1.504) cm

=2251 .. cm

=22.Etcm (3s.f.
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Question:

The diagram shows the sec@®B of a circle of radius cm. The area of the sector is 15%and ~ AOB = 1.5
radians.

A ( R ﬂmh} B
\ /

\/
@)

(a) Prove that = 2 5.

(b) Find, in cm, the perimeter of the secAB.
The segmenR, shaded in the diagram, is enclosed by thé\Brand the straight lin&B.

(c) Calculate, to 3 decimal places, the areR.of

[E]

Solution:
A& ""f__ﬁ_ﬂ_ﬁy B
\ /
/
\ /7

1
(a) Area of sector =12 k1.5) cnt

32
So;r2=15

60

> 2= 7 =20

> r=vV20=Y4x5=vV4x V5=2v5
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(b) Arc length AB =r (1.5) =3+ 5cm
Perimeter of sector

=AO + OB + arcAB
(2V5+2VY5+3vY5) cm

7V 5cm

15.7 cm (3 s.f)

(c) Area of segmeri
= area of sector — area of triangle

1
=15~ 5r? sin 1.5 cn?

(15 - 10 sin 1.5) cn?
=5.025 cr? (3 d.p.
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Exercise D, Question 11

Question:

The shape of a badge is a se&BC of a circle with centré and radiu#\B, as shown in the diagram. The trian§&C
is equilateral and has perpendicular height 3 cm.

(a) Find, in surd form, the length AB.

(b) Find, in terms of, the area of the badge.

23
(c) Prove that the perimeter of the badgeTs ( T+6 ) cm.

[E]
Solution:
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(b) Area of badge
= area of sector

1 s
= 5 % (2V3) 2)whered =

w |a

1
= 2)(12)(

= 2z cn?

(c) Perimeter of badge
=AB + AC + arcBC

(2x/3+2x/3+2x/3”; ) cm

\
(=)

2\/3k2+3)cm

m(6+7z cm
>\ )
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Exercise D, Question 12

Question:

There is a straight path of length 70 m from the péitd the pointB. The points are joined also by a railway track in
form of an arc of the circle whose centr&€iand whose radius is 44 m, as shown in the diagram.

Railway track
1T ITLTTI Ty

i 'J““l I”"”lr ¥y

% £
3 Ty,

.

£

#

Ak
K’

fah

Path
T0m

{"r

(a) Show that the size, to 2 decimal places0ACB is 1.84 radians.

(b) Calculate:

(i) The length of the railway track.

(ii) The shortest distance fro@to the path.

(iii) The area of the region bounded by the railway track and the path.

[E]
Solution:

e
9
o

Lol
L]
1
L]
L]
L]
L]

C
(a) Using right-angled\ ADC
. 35
sin £ ACD = 7

()
L)

and £ ACB=2 sin~1 k " ] (work in radian mode)

So « ACD =sin~1!

> ~ACB=18395 .. =18%2d.p.)
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(b) (i) Length of railway track = length of arc AB =44 x 1.8395 ... =80.9m(3s.f)
(ii) Shortest distance froi@ to AB is DC.

Using Pythagoras' theorem:

DC?=44 - 3%

DC = \l A% - 35 =26.7m (3s.f)

(iii) Area of region = area of segment

= area of sectohBC — area ofAABC

1 1 1 )
=, x4#x18395 .. - , x70xDC (oF x4&4sin 1.8395 .. ©
=847m? (3s.f.
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Exercise D, Question 13

Question:
A d4em D
6 cm. ﬂ‘nll
026 |
III
6em /
B 4cm C

The diagram shows the cross-sec#®CD of a glass prism. AD = BC = 4 cm and both are at right anglB<CtaAB is
the arc of a circle, cent@ and radius 6 cm. Given that AOB = 26 radians, and that the perimeter of the crssion
is2(7+x) cm:

Vo=

(
(&) Showthat, 2+2 singd-1 = 3.
\ )

(b) Verify thatd = .

(c) Find the area of the cr-section

Solution:

(&) In AOAX (see diagram)

X .
6—S|n6

=> X=6sind
SoAB=X%=12 sind (AB=DC)
The perimeter of cross-section
arc AB + AD + DC + BC
[6(20) +4+12 sinfd+4] cm
(8+120+12 sin §) cm
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S02(7+r) =8+ 1Y +12 sind
> 14+2=8+12+12 sino

= 120+12 sin0-6=2¢

w ™

Divideby 6: 2 +2 singd-1=

T T 1 T

(b) Wheno = =, 20+2 sinf-1= 75 + ( 2x 7 ) -1=73 Vv
(©) 4cm

6cm

] 12sinf

6cm
The area of cross-section = area of rectaABIED - area of shaded segment
Area of rectangle =4 x ( 12 sin% ) =24 ém

Area of shaded segment
= area of sector — area of triangle
1 1 T

T
= S x@x T -5 x&sin 3

=3261 .. cn
So area of cro-section = 20.7 ¢2 (3 s.f.
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Question:
Two circles G and G, both of radius 12 cm, have centresadd Q respectively. Qlies on the circumference of,0, lies on the

circumference of C The circles intersect at Ad B and enclose the region R

2
(a) Show that« AO,B = 3z radians.

(b) Hence write down, in terms of the perimeter of R

(c) Find the area (R, giving your answer to 3 significant figur

Solution:

A

B

(@) AAO,O, is equilateral.

T .
So £ A0, = gradlans

2” .
ZA0B=22A00,= radians

(b) Consider arc AGB in circle G.
Using arc length x0

o
arc AQB = 12 x Y =8rcm
Perimeter of R= arc AQB + arc AQB = 2 x 8z = 16z cm

(c) Consider the segment ABin circle G.
Area of segment AB
= area of sector (AB - area of /O,AB
1 2r 1 . 2t
= 5 x12x 5 - 5 x1Zxsin

=88.442 .. crA
Area of region R
= area of segment AB + area of segment ABG

=2x88442 .. cr
=177cm? (3 s.f.
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Exercise A, Question 1

Question:

Which of the following are geometric sequences? For the ones that are, give the vatuiefsequence:
(@) 1,2, 4,8,16, 32,

(b) 2,5, 8, 11, 14,

(c) 40, 36, 32, 28,

(d) 2, 6, 18, 54, 162,

(e) 10, 5, 2.5, 1.25,

M5, -55 -5,5,

(@3,3,3,3,3,3,3,

(h) 4, - 1, 0.25, - 0.062",

Solution:

1 2 4 8 16 32
(a)x__);_/ m.__)z,..z x.._,:...r x.._);../ n._,;_.f
Geometria = 2

bl 5 8 11 14
()x._,,_,,-ra._):./x,;zx.,;../

Not geometric (this is an arithmetic seque

g | % %1
2 il 3

Geometria =

N |-

PhysicsAndMathsTutor.com
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5 -5 5 =5
) g~ g
=] o | w1
Geometrioc = -1
3 3 3 3 3
()R N N
1 b | | w1

Geometriar = 1

4 -1 025 -00625
(h) S S

w=] w=] =1
4 4 4

1
Geometriar = — n
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Exercise A, Question 2

Question:

Continue the following geometric sequences for three more terms:
(a) 5, 15, 45,

(b) 4, -8, 16,

(c) 60, 30, 15,

1
@175

(e) 1.p, p?,
() x, — 2x2, 4x3,
Solution:

5 15 45 135 405 1215
(@ )x_.)_..f N \...)_..# \-...,_..#

.'43' J'C‘ \

(b) -8 16 -32 64 -128
xh,_,-fx._,_..fx._)...f\..._)_..fx_,_.x

=2 =2 2

60 30 15 75 375 1875
(c)\-..a,_..f\-._;.,.-f\-..,_..-r'\-.._)_.x \-.._,,_..-f

g

2 2 2 3 3
Il 1 1L L
(d) 4 16 6d 256 1024
w | w ] w | wl w
q q 1 4 4

N Wi
R e T S N

X P xp xp
0" -2 4 -8 1 -3¢
x.._,_..f x.._)_,-f e N Ny

W= w=2x =K W=t w=2x
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Exercise A, Question 3

Question:
If 3, xand 9 are the first three terms of a geometric sequence. Find:
(a) The exact value of

(b) The exact value of the 4th te

Solution:

@3 x 9
term 2 term 3 X 9

rem2 =3 OF

Common ratio =%erm 1 %% 2 3

Therefore,
X

9
3 = % (cross multiply)

=27 @)
x=\27
x=\9 x 3
x=3V3

(b) Term 4 =term 3 >

term 2 3V3
Term 3=9and = =5 =13

term 1 ~

Sotermr 4=9+ 3
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Exercise B, Question 1

Question:

Find the sixth, tenth anath terms of the following geometric sequences:
(a) 2, 6, 18, 54,

(b) 100, 50, 25, 12.5,

()1, -2,4, -8,

(d)1,1.1,1.21,1.33:

Solution:

2 6 18 54
@)~y e

In this seriea = 2 andr = 3

6thterm =ar® " 1=ar®=2 x =486
10th term =arl0-1=ar9=2 x P = 39366
nthterm =ar"~"1=2x 3 -1

100 50 25 125
) N o N

2 2 2

1
In this series = 100,r = 2

25

6th term =ar®~1=ar®= 100 x (§)5: "

25

128

©

10th term =ar9-1=ar? = 100 x ( % )

1 X
nth term =ar"~1 =100 x (5 \\ n-1- 4x25 _ 25
k ) 2n—1 2n—3
I -2 4 -8
(C)x_}_./ N S
=2 W=2 =2
In this seriem =1 andr = - 2

6thterm =ar® " l=zar®=1x ( -2)5= -32
10th term =arl0-1=gr%=1x ( -2)9%= -512
nthterm =ar""1=1x ( -2)"n-1=( -2)n-1

LT 121 1331

1
@) e e
< 1.1 x . w11
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In this seriea =1 andr = 1.1

6thtermisar®~1=ar®=1x (1.1)°=1.61051

10th termisarl® - 1=ar9=1x (1.1)9=2.35795 (5d.p.)
nthtermisar" 1=1x (1.1) "~1= (1.1) -1
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Exercise B, Question 2

Question:

Thenth term of a geometric sequence x (5) " Find the first and 5th tern
Solution:

nthterm =2 x (5)"

Istterm (n=1) =2x5=10

5thterm (n=5) =2 x 5° =2 x 312F = 625(
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Exercise B, Question 3

Question:
The sixth term of a geometric sequence is 32 and the 3rd term is 4. Find the first term and the com

Solution:

Let the first term =a and common ratio *
6th term is 32
> ab-1=32

> a’®=320
3rd termis 4
= ar3—1=4
> a’=4 @
®-+Q@:
__,{_‘f‘js _ 2
ar
r3=8
r=2

Common ratio is 2

Substituter = 2 into equatior@
ax22=4

ax4=4 (+4)

a=1

First term is

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Given that the first term of a geometric sequence is 4, and the third is 1, find possible values for the
Solution:

Firsttermis4 = a=4 O©

Thirdtermis1 => a3 1=1 = a?2=1@

Substitutea = 4 into @
42=1 ( +4)

I+
N |-

r =

The sixth term =ar8~1=ar®
_ 1
= 8

N |-

L (1)
If r = 7 then sixth term =4 x 5
? \?)

N

1 1
Ifr= - Ethen sixth term =4 x 3

/T

\E
)

1
Possible values for sixth term are and Fa
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Exercise B, Question 5

Question:

The expressions — 6, 2x andx? form the first three terms of a geometric progression. By calculating two different
expressions for the common ratio, form and solve an equatx to find possible values of the first te

Solution:

If x — 6, 2 andx? are terms in a geometric progression then
2X
X-6

T

= ,)L (cancel first)
*

i

2X X
x-6 2
AX=X(x-6)

4x = x2 - 6x

0=x%-10x

0=x(x-10)

x=0or 10

If x=0thenfirstterm =0-6= -6
If x = 10then firsttermr=10-6=4

(cross multiply)
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Exercise C, Question 1

Question:

A population of ants is growing at a rate of 10% a year. If there were 200 ants in the initial population, write down the
number after

(a) 1 year,

(b) 2 years,

(c) 3 years and

(d) 10 year:

Solution:

A growth of 10% a year gives a multiplication factor of 1.1.
(a) After 1 year number is 200 x 1.1 = 220

(b) After 2 years number is 200 x ¥ 242

(c) After 3 years number is
200 x 1.8 = 266.2 = 266 (to nearest whole number)

(d) After 10 years number is
20C x 1.110=518.74¢ ... =51¢ (to nearest whole numb
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Exercise C, Question 2

Question:

A motorcycle has four gears. The maximum speed in bottom gear is 40 kel the maximum speed in top gear is
120 km h™ 1. Given that the maximum speeds in each successive gear form a geometric progression, calculate, in km
h~1to one decimal place, the maximum speeds in the two intermediate gears.

[E]
Solution:

Let maximum speed in bottom geardkm h~1

This gives maximum speeds in each successive gear to be
ar ar? ard

Wherer is the common ratio.

We are given

a= 40D

ar3 = 1209

Substitute® into @:

40r3=120 ( +40)

=3
r=33
r=1442 ... (3d.p)

Maximum speed in 2nd gear is

ar=40x 1442 ... =57.7kmh!
Maximum speed in 3rd gear is

ar?=40x (1.44: .. ) ?2=83.zkmh-1
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Exercise C, Question 3

Question:

A car depreciates in value by 15% a year. If it is worth £11 054.25 after 3 years, what was its new price and when will it
first be worth less tha£5000°

Solution:

Let the car be worthZ£when new.
If it depreciates by 15% each year the multiplication factor is 0.85 for every year.
We are given
price after 3 years is £11 054.25
= Ax (0.85)3=11054.25
= A= Z2%2-18000
(0.85)3

Its new price is £18 000

If its value is less than £5000
18 000 x (1 0.85)" < 5000

(0.85) "< 5000
. 18 000

[ so00 )

log (0.85)"<log leOOO)

[ oae ) (5000 )

n log K0.85) <log Klsoooj

5000
18 000

N> og (0.85)

log ( )

Note: < changes to > because log (0.85) is negative.
Son> 7.88

n must be an integer.

So number of years is 8.

It is often easier to solve these problems using an equality rather than an inequality.
E.g. solvel8 00( x ( 0.85) "=500C(
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Exercise C, Question 4

Question:

The population decline in a school of whales can be modelled by a geometric progression. Initially there were 80 whales
in the school. Four years later there were 40. Find out how many there will be at the end of the fifth year. (Round to the
nearest whole numbe

Solution:

Let the common ratio be—the multiplication factor.
Initially there are 80 whales

After 1 year there is 80

After 2 years there will be 89

After 3 years there will be 89

After 4 years there will be 80

We are told this number is 40

80r*=40 ( +80)

40

4_
™= g0

1
ré= 3

1
_4l =
r=-+.
r =0.840896

After 5 years there will be
4C x 0.840891 ... =33.63t ... =34whale
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Question:

Find which term in the progression 3, 12, ... is the first to exceed 1 000 O

Solution:

3 12 48 .

Sy Ty
w0 w il

This is a geometric series witgh= 3 andr = 4.
If the term exceeds 1 000 000 then
ar"~1>1 000 000
Substitutea = 3,r = 4
3x4"-1>1 000000
-1 1000 000

3

log £-1> log ( 1003())000)

(n—l) log 4 > log (%0)

[ \ 0g ( 1oooooo)
3

[ n-1 | > T

\ J

n-1>9.173

n>10.173

Son=11
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Exercise C, Question 6

Question:

A virus is spreading such that the number of people infected increases by 4% a day. Initially 100 people were diagnosed
with the virus. How many days will it be before 1000 are infe«

Solution:

If the number of people infected increases by 4% the multiplication factor is 1.04.
After ndays 100 x (1.04 )" people will be infected.

If 1000 people are infected

100 x (1.04 )" =1000

(104)"=10

log (1.04)"=log 10

nlog (1.04) =1

1

log (1.04)

n=>58.708 ...
It would take 59 day

n=
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Question:

| invest£A in the bank at a rate of interest of 3.5% per annum. How long will it be before | double my

Solution:

If the increase is 3.5% per annum the multiplication factor is 1.035.
Therefore aften years | will have A x (1.035)"

If the money is doubled it will equal2therefore

Ax (1.035)"=2A

(1.035)"=2

log (1.035)"=log 2

nlog (1.035) =log 2

log 2
) = 20.14879

n= log (1.035

My money will double after 20.15 yee
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Exercise C, Question 8

Question:

The fish in a particular area of the North Sea are being reduced by 6% each year due to overfishing. How long would it
be before the fish stocks are halv

Solution:

The reduction is 6% which gives a multiplication factor of 0.94.
Let the number of fish now e
After nyears there will b& x (0.94)"

1
When their number is halved the number WiIIpE
Set these equal to each other:

1
Fx (094)"= JF
1
(094)"= 7
log (0.94)"=log

[ oon )

n log \ 0.94)

7~ TN
N |-

I
o
Q@

TN N
N |-
N—

| 1
og ()
N= 1og (0.94)
n=11.2
The fish stocks will half in 11.2 yea
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Question:

Find the sum of the following geometric series (to 3 d.p. if necessary):

@1+2+4+8+ ... (8terms)
(b)32+16+8+ ... (10terms)
(c)4-12+36-108 ... (6terms)
1
(d) 729 -243+81- ... -3
6
e X 4
r=1
8
M X 2x(3)F
r=1
10
(1)
(@ X 6x \E)r
r=1
5
(1)
(hy X 60x \ _Ejr
r=0
Solution:
@1+2+4+8+ ... (8terms)
In this serieq=1,r =2,n = 8.
a(rm-1)
As [r]| >1use§ = — -1
a(r-1) 1x (2-1)
§=",-1 = 51 =256 - 1 =255
(b)32+16+8+ ... (10terms)

1
In this seriem = 32,r = .= 10.

a(1-r")
As |r| <luse§ = ",
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32[1—(%)1"1

a(1-r10)
0= 1t = 1 =63.938 (3d.p.)
=3
(c)4-12+36-108+ ... (6terms)
In this seriem = 4,r= - 3,n=6.
a(rm-1)
As |r| >1use§ = — [
a(r®-1) 40 (-3)°%-1]
= r-1 T -3-1 =-728
1
(d)729-243+81- ... - 3
. . - 243 1 . 1
In this series = 729,r = 229 = gand theith term is -3

Usingnth term =ar" 1

RS G S I
RGN U

1

T 2187 T

w |

(1)
N

(_1\7: (_l\n—l
3 3
v ) L)
Son-1=7
= n=8
There are 8 terms in the series.
a(1-r") 1
As |r| <luse§ = ", witha=729,r= - Zandn=8.
__ 18
729[1- ( 3)]
5= 1 =546
1-0=3)
6
e X 4=4+2+8+ .. + B
r=1

A geometric series with=4,r = 4 andn = 6.

a(rm-1)
UseS,= = [}

4(4-1)
Y 4= ",-; =5460
r=1
8
M X 2x(3)'
r=1
=2x3+2x3F+2x3B+ .+ 2x38
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—ox (343743 L 43Y)

e Y

A geometric series with = 3,r = 3 andn = 8.

a(rm-1)
Use§,= — 3
8 r 3(3F-1) —|
T 2x (3)'=2x | T35 | =19680
r=1 L ]

r=1
(1) (1) (1)
=6 x S 1+6x - 24+ + 6x = 110
\?) \?) \?)
| | 1y
—ox[ D+ D+ D) ]
e —
1 1
A geometric series wita = 7 ,r = Jandn = 10.
a(1-rm)
UseS,= ~— 1
1 1
10 (1\ E[l—(;)lo]
Y 6x S5 1 =6x 1 =5.994 (3d.p.)
_ \?) -2
r=1 2
5
(1)
(h)E 60 x PR
L2

=60 x

=60 x

w |-

(
-
1

=60x(]-3+ 79 .. 243)

m

1
A geometric series with = 1,r = — Zandn = 6.

a(1-r")
UseS,= ~ 1

- Lye

5 ( 1\ 11-(-3)71
> 60 x \ —gjf:60x 1 =44.938 (3d.p.)
r=0 t--3)

PhysicsAndMathsTutor.com
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Exercise D, Question 2

Question:

The sum of the first three terms of a geometric series is 30.5. If the first term is 8, find possible vr.

Solution:

Let the common ratio he
The first three terms are &; 8nd 82.
Given that the first three terms add up to 30.5
8+& +82=305 ( x2)
16 + 16 + 162 =61
16r2+ 16r - 45=0
(4r-5) (4 +9) =0
5

5 -9
40 4

r =
] 5 -9
Possible values crfarez and—4 .
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Geometric sequences and series
Exercise D, Question 3

Question:

The man who invented the game of chess was asked to name his reward. He asked for 1 grain of corn to be placed on the
first square of his chesshoard, 2 on the second, 4 on the third and so on until all 64 squares were covered. He
would like as many grains of corn as the chessboard carried. How many grains of corn did he claim as

Solution:

| +2+4+8+ ...

Number of grains :, -

e
64 terms
This is a geometric series wigh= 1,r = 2 andn = 64.

a(rm-1)
As |r| >1use§ = — 1

) 1(284-1)
Number of grains :— ,_;  =2%-1
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Exercise D, Question 4

Question:

Jane invests £4000 at the start of every year. She negotiates a rate of interest of 4% per annum, which is paid at the end
of the year. How much is her investment worth at the end of (a) the 10th year and (b) the 2

Solution:

Start of year 1 Jane has £4000

End of year 1 Jane has 4000 x 1.04

Start of year 2 Jane has 4000 x 1.04 + 4000

End of year 2 Jane has (4000 x 1.04 + 4000 ) x 1.04

= 4000 x 1.04 + 4000 x 1.04

(a) End of year 10 Jane has

4000 x 1.040 + 4980 x 1.o§ ...+ 4000 x 1.04
=4000 x (1.04 +1.04+ ... +1.04)
- —————

A geometric series with = 1.04,r = 1.04 andh = 10.
1.04 (1.040-1)
=4000 x T a1

= £49 945.41

(b) End of 20th year ‘
= 4000 x(1.047"+1.04"+ ... +1.04)
e — e —

A geometric series with = 1.04,r = 1.04 and = 20.

1.04 (1.040-1)
=4000 x ™ 1o4-1

=£123876.8

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Geometric sequences and series
Exercise D, Question 5

Question:

A ball is dropped from a height of 10 m. It bounces to a height of 7 m and continues to bounce. Subsequent heights
bounces follow a geometric sequence. Find out:

(a) How high it will bounce after the fourth bounce.

(b) The total distance travelled after it hits the ground for the sixth

Solution:
1 AN [10m
VIRVAY. Tm
'.1|' VAP IR FR 4.9m
' Sy
«0.T =07

(a) Alter the [irst bounce it bounces to 7m } 0.7

Alfter the 2™ bounce it bounces to 4.9m 07
After the 3™ bounce it bounces to 3.43m § =,
After the 4™ bounce it bounces to 2.401m » *0.7

(b) Total distance travelled

= 0+7+7+49+49+ .
A A A

st nd L
I bounce 27 boumee 3 bounce

= 2x(10+7+49+_ ) -10

(I e
O terms

a=10,r=07. n=6

10(1-0.7)

=2x 707 10

=48.8234r
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Exercise D, Question 6

Question:
Find the least value n such that the sum 3+ 6+ 12+ 2 ... tonterms would first exceed 1.5 millic
Solution:
3+6+12+24+ ... isageometric series with3,r = 2.
a(rm-1) 3(2"-1) [ \

So§ =" 1 =T 211 :3\2]_1]

We want§, > 1.5 million
S,>1 500 000
3(2"-1) >1 500 000
2"-1>500 000
2">500 001

log 2'>log 500 001

n log 2 >log 500 001
log 500 001

n= log 2

n>18.9
Least value onis 19
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Exercise D, Question 7

Question:

Find the least value n such that the sum5+4.5+4.00 ... tonterms would first exceed ¢
Solution:

5+45+4.05+ .. isageometric serieswith5 andr = 22 =0.9.

Usings, = oL - H=E) g ( 1-09 )

We WantSn > 45
50(1-0.9) >45

( NS

k1—0.91 ) > o

1-09>09

0.9"<0.1

log (09)"<log (0.1)
nlog (0.9) <log (0.1)
log (0.1)

log (0.9)

n>21.85
Son =2z

n>
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Geometric sequences and series
Exercise D, Question 8

Question:

Richard is sponsored to cycle 1000 miles over a number of days. He cycles 10 miles on day 1, and increases t
by 10% a day. How long will it take him to complete the challenge? What was the greatest number of miles he
completed in a single da

Solution:
Day one = 10 miles — x 1.1
Day two =10x1.1=11 miles =~
Du_',r three=11x1.1=12.1 miles =~ '
We want 10+ 11+ 12,1 +... = 1000
T ndla}-:; T
a(rm-1)

Use the sum formul§, = 1 Wwitha=10,r=1.1.

r -

10(19-1)

T 11.1 =1000

10(19-1)

— o1 =1000

1.1"-1=10

11"=11

log 1.7'=log 11

nlog 1.1 =1log 11
_ log 11

n= log 1.1

n = 25.16 days

It would take him 26 days to complete the challenge.
He would complete most miles on day 25

=10 x 1.24 (usingar" ~ 1)

= 98.5 miles (3 s.f
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Exercise D, Question 9

Question:

A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the plan. Alan wants to save up £20
000. He works out that he can afford to save £500 every year, which he will deposit on January 1st. If interest is paid on
31st of December, how many years will it be before he has saved £20 000

Solution:

Jan. 1styear 1 = £500
Dec. 31st year 1 =500 x 1.035
Jan. 1st year 2 = 500 x 1.035 + 500

Dec. 31styear 2= (500 x 1.035 + 500) x 1.035 = 500 x 263500 x 1.035

Dec. 31st yean
=500 x 1.038+ ... + 500 x 1.035+ 500 x 1.035

=500 x(1.035™+ ....+1.035°+1.035)
e —— v

A geometric series with = 1.035,r = 1.035 anah.

a(rm-1)
Usesn: r-1

1.035(1.038-1)
Dec. 31styean =500 x 1035 - 1

Set this equal to £20 000

1.035 (1.038-1)
20000=500 X~ joms-1

[ \ 20000 x (1.035 - 1)
\ 1.038' -1 ) = 500 x 1.035

1.035'- 1 =1.3526570
1.035'=2.3526570
log (1.03%') =log 2.3526570
nlog (1.035) =log 2.3526570
log 2.3526570 ...

log 1.035

n=24.9 years (3 s.f.)
It takes Alan 25 years to sa£20 000

n=
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Exercise E, Question 1

Question:

Find the sum to infinity, if it exists, of the following series:
(a)1+0.1+0.01+0.001 +

(b)1+2+4+8+16+

(c)10-5+25-1.25+

(d)2+6+10+14

e)1+1+1+1+1+
-
H3+1+ st +

(@) 0.4+08+12+16+
(h)9 +8.1+7.29 + 6.561 +
ML1+r+r2+r3+

() 1-2x+4x2-8x3+
Solution:

(@ 1+0.1+0.01+0.001+
Asr=0.1,S_ exists.

b)1+2+4+8+16+
Asr =2,S_ does not exist.
(c)10-5+25-1.25+

1
Asr= - 75,S_ exists.

a 2
— _ 10 _ 10 _ £ _ 2 _ Lz
S = = —— = ==10x3; =3 =63
3
2

1-(-73)

N |-

(d2+6+10+14 +
This is an arithmetic series.
S_, does not exist.

e)1+1+1+1+1+
Asr =1,S_ does not exist.
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1 1
H3+1+ st g+

1
Asr= 73,S_ exists.

(9y0.4+08+1.2+1.6+
This is an arithmetic series.

S_, does not exist.

(h)9 +8.1+7.29 + 6.561 +

8.1 _
Asr= 75 =0.9,S_ exists.

ML+r+r2+r3+
S, existsif r]| <1.

l.
S_= Cif|r] <1

© 1-

() 1 - 2x+ 4x2 - 83 +

Asr:—2x,Sooexistsif| —2<| <1 =

1 1 ||
w T 1-(-2x) _ 1+2x
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Exercise E, Question 2

Question:

Find the common ratio of a geometric series with a first term of 10 and a sum to infinit

Solution:

Substitutea = 10 andS_ = 30 into

N—

30(1-r) =10 ( +30)
10

1-r= 30
1
1-r= 3
1
1= 3 tr
2
3 =T

2
The common ratio ig
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Geometric sequences and series
Exercise E, Question 3

Question:

Find the common ratio of a geometric series with a first ter — 5 and a sum to infinity ¢ - 3.

Solution:

Substitutea = - 5andS_ = - 3into

1-r= _3
5
1-r=+73
3
1= 3 tr
3
1- 3 =r

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise E, Question 4

Question:

2
Find the first term of a geometric series with a common ratip of and a sum to infinity of 60.

Solution:

2
Substituter = FandS_ =60 into

a

Soo = 1-r
60 = —2— (simplify denominator)
1_ E
3
a , 1
60 = — (multiply by 3 )
1
3
1
60 x 3 =a
20=a

The first term is 2(
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Exercise E, Question 5

Question:

1
Find the first term of a geometric series with a common ratio of - and a sum to infinity of 10.
Solution:

1
SubstituteS_ | = 10 andr = - 7into

a

S, = 1o,

0

) 40
The first term Spa
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Geometric sequences and series
Exercise E, Question 6

Question:

Find the fraction equal to the recurring decimal 0.232323;
Solution:

0.23232323 ... =

23 . 23 23
oo T Toooo T Topoooo T -

23 1
This is an infinite geometric series wih= 7 jandr = 7.

a

UseS, = 7.,
I <]
100 100 23 100 23
0.23232323 ... = 1 __99 =700 %99 o9
1_— —
100 100
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Geometric sequences and series
Exercise E, Question 7

Question:

o0
Find ¥ 4(05)".
r=1

Solution:

o0

Y 4(05)"

r=1

=4(05)1+4(05)2+4(05)3+

—ax (0.5'+0.5+0.5%+....)
e — YT

This is an infinite geometric series wih= 0.5 andr = 0.5.

UseS_ = 1-r -
0
. 0.5 05
Y 4(05)"=4x T o =4x g =4
r=1
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Exercise E, Question 8

Question:

A ball is dropped from a height of 10 m. It bounces to a height of 6 m, then 3.6, and so on following a geometric
sequence.
Find the total distance travelled by the ball.

Solution:

Total distance

= 10+6+6+3.6+3.6+2,16+2.16+ ...
%06 %().6 =6
= 2 (10+6+3.6+2.16+ ....) =10
R
This is an infinite geometric series wilh= 10,r = 0.6.
UseS_ = ﬁ

) 10
Total distance =2 X106

10
-10=2%, -10=50-10=40 m
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Exercise E, Question 9

Question:

The sum to three terms of a geometric series is 9 and its sum to infinity is 8. What could you deduce about the common
ratio? Why? Find the first term and common ri

Solution:

Let a = first term and = common ratio.
If S_ existsthen | <1.

InfactasS_  <S; rmustalso be negative.

a(1-r3)

UsingS;=9 = ~— -~ =9 O]
a
andS, =8 = 7., =8 @
Substitute® in @:
8(1-r3) =9
9
32 2
1-r°=73
1
3_ _ =
= "3
_ 1
r=--
. 1 . .
Substituter = - 7 back into Equatio®
a :8
L1
( 2)
3
a=8x 5
a=12

© Pearson Education Ltd 2C
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Exercise E, Question 10

Question:

Pagel of 1

The sum to infinity of a geometric series is three times the sum to 2 terms. Find all possible values of the con

Solution:

Let a = first term and = common ratio.

We are toldS | =3 xS,
N &

1=F

> 1=3(1-r2)

> 1=3-37
= 3r2=2
2
2 — —
=> re=3
2
=> r=zx\73

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise F, Question 1

Question:

State which of the following series are geometric. For the ones that are, give the value of the common ratio
(Q)4+7+10+13+16+

(b)4+6+9+135+

()20+10+5+25+

(d)4-8+16-32+

(e)4-2-8-14-

Hl1+1+1+1+

Solution:

4+T7+10+13+16+ ...
@ (A A A
+3 +3 +3 +3
Not geometri—you are adding 3 each time.

4+6+9+13.5+..
(B) (A A

x1.5 =15 =I5

Geometric witha = 4 andr = 1.5.

20+ 10+5+ 2.5+ ...
() A ALA

| 1 |
Kj Xi }(j
o 1
Geometric witha = 20 andr = 2

(dy4-8+16-32+ ...
4+ -8+ 16+-32+...
TA A A

w2 x—2 =2

Geometric witha = 4 andr = - 2.

Not geometri—you are subtracting 6 each tit
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I1+1+1+1+...
DA A

xl =l =l

Geometric witta = 1 andr = 1.
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Exercise F, Question 2

Question:

Find the 8th andith terms of the following geometric sequences:
(a) 10, 7, 4.9,

(b) 5, 10, 20,

(c)4, - 4,4,

(d) 3, - 1., 0.75,

Solution:
(@) 10,7,4.9, ...

_ _ 2nd term _ a _
a=10,r= Istterm ~— 10 0.7

8thterm =10 x (0.7)®¥~1=10x 0.7 = 0.823543
nthterm =10 x (0.7 )"~ 1

(b) 5, 10, 20,
10

a=5r= 73 =2

8thterm =5x8-1=5x 2/ =640

nthterm =5x2-1

(c)4, - 4,4,
-4

a=4r=",=-1

Sthterm =4x ( -1)8"1=4x (-1)7= -4
nthterm =4 x ( -1)""1

(d) 3, - 1.5,0.75,

-15

a=3,r= 3 = -05

-3
8thterm =3x ( -05)8"1=3x ( -05) 7= 5 = -0.0234375

(1),
2)

nthterm =3 x ( —05)""1=3x L -
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Exercise F, Question 3

Question:

Find the sum to 10 terms of the following geometric series:
(@4+8+16+

(b)30-15+75

(c)5+5+5

(d)2+0.6 +0.32

Solution:

(@Q)4+8+16+

a=4,r=2
a(rm-1)
As |r| >lusep= — ;1
4(29-1)

Sio= T 2-1  =4092

(b)30 - 15 + 7.5 +

_ _ 1
a=30,r= - >
a(1-r")
As |r| <lusep= — -,
0[1- (- 2)%®]  30[1- (- % ) 1]
Sip= 1 = 1 =19.98 (2d.p.)
1- (- E ) 1+ E
(c)5+5+5+
a=5r=1
Asr =1 the sum formulae cannot be used.
5+5+5+ ....5
S0= e~ =50
10 terms

(d2+0.8+0.32+
_o - 28 _
a=2,r="7 =04

a(1-r")

As |r| <luse$= — 1,
2[1- (0.4)10] 2[1- (0.4)10]
Si0= 1-04 = 0.6 =3.33(2dp,)
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Exercise F, Question 4

Question:

Determine which of the following geometric series converge. For the ones that do, give the limiting value of this sym (i.e. S

2
(@6+2+73 +

(b)y4a-2+1-
(c)5+10+20 +

(d)4+1+0.28+

Solution:

2
@6+2+73 +

2 1

a==6andr = 5 = 3

As |r| <1 series converges with limit

_ 2 _ 6 _ 6 _
S,=1,=——=—=9
1 2
PR 2
3 3
y4-2+1- ..
=(4)+(-2)+(1)+
_ __2_ 1
a=4andr = - 2- "3

As |r| <1 series converges with limit

a 4

8
3

Nilw [

1- (-

N |-

)

(c)5+10+20 +
a=5r=2
As |r| > 1 series does not converge.

(d)4+1+025+

a=4andr = 2

As |r| <1 series converges with limit
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Exercise F, Question 5

Question:

A geometric series has third term 27 and sixth term 8:
B . 2 .
(a) Show that the common ratio of the serieg is

(b) Find the first term of the series.
(c) Find the sum to infinity of the series.

(d) Find, to 3 significant figures, the difference between the sum of the first 10 terms of the series and the sum to infinity
of the series.

[E]
Solution:

(a) Leta = first term and = common ratio.
rdterm =27 > a?2=27 @®

6thterm =8 = a®=8 @
Equation@ + @:
5

g 8 / r
\

N

r

¢5-2 \
J

2
The common ratio i%

. 2 . .
(b) Substituter = 7 back into Equatlo@:

(2,

ax \3) =27
4

ax 5:27
_ 27 x9
a= 4

a=60.75

The first term is 60.75

a

(c) Sum to infinity = 7"~
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Sum to infinity is 182.25

a(1-r0)

(d) Sumto ten terms = | _,

60.75[1—(%)10] 60.75[1—(2)101

SOSlO: 2 = 1
(1-7) =
3 3

Difference betwees,;andS = 182.25 - 179.0895 = 3.16 (3 s.f.)

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise F, Question 6

Question:
The second term of a geometric series is 80 and the fifth term of the series is 5.12:

(a) Show that the common ratio of the series is 0.4.
Calculate:

(b) The first term of the series.
(c) The sum to infinity of the series, giving your answer as an exact fraction.

(d) The difference between the sum to infinity of the series and the sum of the first 14 terms of the series, giving your
answer in the forma x 10", where 1 < a<10 andnis an integer.

[E]
Solution:

(@) 2ndtermis80 = ar2-1=80 = ar=80 O®
Sthtermis 5.12 = ar®~1=512 > a‘*=512 @
Equation®@ + Equation®:

ar 512
ar %

( { 3
r3=0.064

L] )
r=04

Hence common ratio = 0.4

(b) substitute = 0.4 into Equatior@:
ax04=80 ( +04)

a= 200

The first term in the series is 200.

a 200 200 1
() Sumtoinfinity = T_ =7_"02 =06 =333
a(1-rm)

(d) Sumtonterms =" _
200 (1 - 0.4%)
SoS, = (1-04) = 333.3324385

1
Required differencs§,, - S = 333.3324385 - 333 = 0.0008947 = 8.95 x1(3 s.f.)
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Exercise F, Question 7

Question:

"n=1,2,3,

[GEN
N—

Thenth term of a sequenceus, whereu, = 95 (

(a) Find the value af; andu,.
Giving your answers to 3 significant figures, calculate:

(b) The value otl,,.

15
(c) X u,
n=1

(d) Find the sum to infinity of the series whose first term, iand whoseth term isu,.

[E]

Solution:

@, =95 ( : ) :

Replacenwith 1 = u, =95 ( g ) 1=76
Replacenwith2 = u,=95 ( g ) 2=60.8

4
(b) Replacewith21 = u, =95 | 7 ) 21=0.876 (3 s.f.)

© 3 u- J6+608+..+95()

=1 15 terms

4
A geometric series with= 76 andr = 7.

a(1-r")
Use§, = 1

PhysicsAndMathsTutor.com
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15 76[1—<§)15] 76[1—(?)151 )

u, = ) = 1 (= Sisequivalentto x 5)
n=1 75 5
15 I 1
Y u,=76x5x | 1- (g\lﬁ" | =366.63=367 (to3s1f)
n=1 R

Sum to infinity is 38(
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Exercise F, Question 8

Question:

2
A sequence of numberg, u,, ... ,u,, ... isgiven by the formula, =3 ( 3 ) N — 1 wheren s a positive
integer.

(a) Find the values af;, u, andus.

15
(b) Showthat > u, = - 9.014 to 4 significant figures.

n

n=1

(c) Prove that, , , =2

VR
w N
N—

[E]
Solution:

(@u,=3 (%)”—1

Replacenwith1 = u; =3 x
Replacenwith2 = u, =3 x

Replacenwith3 = uy=3x

15 () [ 10 ]
RIS R Y R T S S E N RS E P S S
=1 LU L IL !

2 3 15
2 2 2 2
= 3x(3)+3d 3+ 3xd3)+ 4 3x(F) =1-1-1- ...~
a geometric series with 15 lerms, 15 Limes

-

2
wherea=3x3=2andr=3
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a(1-r")
Use§ = ~ 1,
2
15 2[1-( 3 ) 181
u, = ) -15=5986 ... - 15= -9.0137 = —-9.014 (4 s.f)
— 1-=
n=1 3

. (200 2 (2
©u,,,=3 k3j

k3) —1:3)(5)(
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Geometric sequences and series
Exercise F, Question 9

Question:

The third and fourth terms of a geometric series are 6.4 and 5.12 respectively. Find:
(a) The common ratio of the series.

(b) The first term of the series.

(c) The sum to infinity of the series.

(d) Calculate the difference between the sum to infinity of the series and the sum of the first 25 terms of the series.

[E]
Solution:

(a) Leta = first term and = the common ratio of the series.
We are given

3rdterm=6.4 > a?=6.4 @O
dthterm =512 = ar®=512 @
Equation@ + Equation@:

¥ 512
a8
r=0.8

The common ratio is 0.8.

(b) Substitute = 0.8 into EquatiofD:
ax0.8=64

a= 4
0.8
a=10
The first term is 10.

a

(c)UseS, = 7_, witha=10and =0.8.

10 10
S, = Y

» = 1-08- 02 =90

Sum to infinity is 50.

a(1-r25) 10(1-0.85)
(d) S5 = 1t = 1-0s -—49.8111

S, - Sy =50 - 49.8111
=0.189 (3 s.f.
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Exercise F, Question 10

Question:

The price of a car depreciates by 15% per annum. If its new price is £20 000, find:
(a) A formula linking its value ¥ with its agea years.

(b) Its value after 5 years.

(c) The year in which it will be worth less th£4000

Solution:

(a) If rate of depreciation is 15%, then car is worth 0.85 of its value at the start of the year.
New price =£20 000
After 1 year value = 20 000 x 0.85

After 2 years value = 20 000 x 0.85 x 0.85 = 20 000 x ( 0.85)

After ayear value/ = 20 000 x (0.85)2

(b) Substitutea = 5:
V' =20000 x (0.85)°=8874.10625
Value of car after 5 years is £8874.11

(c) When value equals £4000

4000 =20 000 x (0.85 7% ( +20000)

0.2= (0.85)2 (take logs both sides)

log (0.2) =log (0.85)2 (useloga™=n log a)
log (0.2) =alog (085) [ + log (0.85) ]

_ log (0.2)
A= 109 (0.85)
a=9.90

It will be WO.I’.t.h less tha£4000 in the 10th yee
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Exercise F, Question 11

Question:

Pagel of 2

The first three terms of a geometric seriesppf&q+ 1) ,p(2q9+2) andp (29— 1) respectively, wherg andq

are non-zero constants.
(a) Use algebra to show that one possible valugi®b and to find the other possible valueyof

(b) For each possible value gfcalculate the value of the common ratio of the series.
Given thatg = 5 and that the sum to infinity of the geometric series is 896, calculate:

(c) The value op.

(d) The sum, to 2 decimal places, of the first twelve terms of the series.
[E]

Solution:

@Ifp(3q+1) ,p(29+2) andp (29— 1) are consecutive terms in a geometric series then

P2q+2) _ p(2q-1)
P3qt1) P(2q+2)

2q+2 2q9-1

3q+1 - 2q+2 (cross multiply)

(20+2) (9+2) = (Hy-1) (H+1)
A +8q+4=60-19-1

0=22-99-5

0=(2g+1) (q-5)
1

4= - 3.5

(b) Wheng=5termsar@ (3x5+1) ,p(2x5+2) p(2%x5-1) =1,1pand P
12p 3

Common ratio :_16p =2

N |-
+
N
N—
©
N
X
|
N |-
|
H
N—
1

Wheng = - %termsarep K3>< —§+1) P (Zx -

Common ratio =—*— = -2

(c) Wheng =5 terms are X§ 12p and $

a

UsingS_ = 7

-r
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896 = 0P
L3
4
()
so= 0 | x|
2\ )
224 = 16
14 =p

Thereforep = 14

) a(1-r)
(d)UsingS, = —

3
16p[1 - ( 2)12]

3
1- 2
4

16x14[1 - (% )12

p=14 = S,= =867.617

1
4

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise F, Question 12

Question:

A savings scheme pays 5% per annum compound interest. A deposit of £100 is invested in this scheme at the start of
each year.

(a) Show that at the start of the third year, after the annual deposit has been made, the amount in the scheme is £315.25.
(b) Find the amount in the scheme at the start of the fortieth year, after the annual deposit has been made.

[E]
Solution:

(a) Start of year 1 = £100
End of year 1 =100 x 1.05
Start of year 2 = (100 x 1.05 + 100)

End of year 2 = (100 x 1.05 + 100 ) x 1.05 = 100 x 285100 x 1.05
Start of year 3 = 100 x 1.65+ 100 x 1.05 + 100 = 110.25 + 105 + 100 = £ 315.25

(b) Amount at start of year 40
=100 x 1.08°+ 100 x 1.088+ ... +100 x 1.05 + 100

=100x (1.0577+1.05%+ ... +1.05+1)
e Yy . S

A geometric series with= 1,r = 1.05 anch = 40.

a(r"-1)
Use§, = = -1

Amount at start of year 40
1(1.080-1)
=100 x "5 -1

= £12079.9¢

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise F, Question 13

Question:

A competitor is running in a 25 km race. For the first 15 km, she runs at a steady rate of 12A¢tartcompleting 15 km,
she slows down and it is now observed that she takes 20% longer to complete each kilometre than she took to complete the
previous kilometre.

(a) Find the time, in hours and minutes, the competitor takes to complete the first 16 km of the race.
The time taken to complete thi kilometre is yhours.

1
(b) Show that, for 16 < r < 25 y= 7, (1.2)"" 15

(c) Using the answer to (b), or otherwise, find the time, to the nearest minute, that she takes to complete the race.

[El
Solution:

. . distance 15 .
(a) Using time = speed " 12 " 1.25 hours = 1 hour 15 mins.

The competitor takes 1 hour 15 mins for the first 15 km.
1 hour 15 mins_ 75

. H = — = H
Time for each km s 15 15 5 mins

Time for the 16th kmis 5 x 1.2 = 6 mins
Total time for first 16 km is 1 hour 15 mins + 6 mins = 1 hour 21 mins

(b) Time for the 17th kmis 5 x 1.2 x 1.2 = 5 x 4 Rins
Time for the 18th km is 5 x 132mins

) _ ) 5x (1.2)715
Time for the thkmis5x (1.2)" " ¥ mins =~ o hourss

1
Soy= 3, (12)"" 1

(c) Consider the 16th to the 25th kilometre.

Total time for this distance

=5x12+5x13+5x12+ .. + 5x130

=5x  (1.241.2°+41.2%+....1.2")
e —

A geometric series with a=1.27r1.2 and n = 10.
12(1.20-1)

=5x 12-1

= 155.75 mins

= 156 mins (to the nearest minute)

Total time for the race

= time for 1st 15 km + time for last 10 km
=75+ 156

=231 mins

= 3 hours 51 mir

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise F, Question 14

Question:

A liquid is kept in a barrel. At the start of a year the barrel is filled with 160 litres of the liquid. Due to evaporatio
end of every year the amount of liquid in the barrel is reduced by 15% of its volume at the start of the year.

(a) Calculate the amount of liquid in the barrel at the end of the first year.

(b) Show that the amount of liquid in the barrel at the end of ten years is approximately 31.5 litres.
At the start of each year a new barrel is filled with 160 litres of liquid so that, at the end of 20 years, there are 20 barrels
containing liquid.

(c) Calculate the total amount of liquid, to the nearest litre, in the barrels at the end of 20 years.

[E]
Solution:

(a) Liquid at start of year = 160 litres
Liquid at end of year = 160 x 0.85 = 136 litres

(b) Liquid at end of year 2 = 160 x 0.85 x 0.85 = 160 x 8.85
Liquid at end of year 10 = 160 x 0¥5=31.499 ... =31.5litres

(c) Barrel 1 would have 20 years of evaporation. Amount = 160 x (0485 )
Barrel 2 would have 19 years of evaporation. Amount = 160 x ( 0.55)

Barrel 20 would have 1 year of evaporation. Amount = 160 x ( 0.85)
Total amount of liquid
=160 x 0.85°+ 160 x 0.83°+ ... + 160 x0.85

=160 x (0.857+0.85"+ ....+0.85)
e —— T/

A geometric series with= 0.85,r = 0.85 anch = 20.

a(1-r)
Usesn = 1-r
Total amount of liquid
0.85 (1 -0.859)
=160 x 1-085

=871.52
= 872 litres (to nearest litr

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise F, Question 15

Question:

At the beginning of the year 2000 a company bought a new machine for £15 000. Each year the value of the machine
decreases by 20% of its value at the start of the year.

(a) Show that at the start of the year 2002, the value of the machine was £9600.

(b) When the value of the machine falls beldv@@, the company will replace it. Find the year in which the machin
be replaced.

(c) To plan for a replacement machine, the company pays £1000 at the start of each year into a savings account. The
account pays interest of 5% per annum. The first payment was made when the machine was first bought and the last
payment will be made at the start of the year in which the machine is replaced. Using your answer to part (b), find how
much the savings account will be worth when the machine is replaced.

[E]
Solution:

(a) Beginning of 2000 value is £15 000
Beginning of 2001 value is 15 000 x 0.8
Beginning of 2002 value is 15 000 x 0.8 x 0.8 = £ 9600

(b) Beginning of 2003 value is 15 000 x ( 0.8)

After nyears it will be worth 15 000 x (0.8
Value falls below £500 when

15 000 x ( 0.8)"< 500
(08) "<

15 000
1
(08) "< 35

(1)

log (0.8)"<log \30}

n log (0.8) <log (3_10)

1
log (35

N> og (08)

n>15.24
It will be replaced in 2015.

(c) Beginning of 2000 amount in account is £1000

End of 2000 amount in account is 1000 x 1.05

Beginning of 2001 amount in account is 1000 x 1.05 + 1000

End of 2001 amount in account is

(1000 x 1.05 + 1000 ) x 1.05 = 1000 x 190% 1000 x 1.05

Beginning of 2002 amount in account is 1000 x #.83.000 x 1.05 + 1000

PhysicsAndMathsTutor.com
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Beginning of 2015 amount in account

=1000 x 1.0%5+ 1|qoo x 1.034+ ... +1000 x 1.05 + 1000
=1000 x (1.05"+1.057+ ... +1.05+1)
ey T Y
A geometric series with= 1,r = 1.05 anch = 16.
a(r"-1)
UseS,= = -1
Beginning of 2015 amount in account
1(1.056-1)

=1000 x 755

=£23 657.4!

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise F, Question 16

Question:

A mortgage is taken out for £80 000. It is to be paid by annual instalmer88@0 fith the first payment being made
the end of the first year that the mortgage was taken out. Interest of 4% is then charged on any outstanding debt. Find the
total time taken to pay off the mortga

Solution:

Mortgage = £80 000

Debt at end of year 1 = (80 000 - 5000 )

Debt at start of year 2 = (80 000 -5000) x 1.04
Debt at end of year 2

= (80 000 -5000) x 1.04 - 5000

=80 000 x 1.04 - 5000 x 1.04 — 5000

Debt at start of year 3

= (80 000 x 1.04 - 5000 x 1.04 - 5000) x 1.04

=80 000 x 1.04- 5000 x 1.04 — 5000 x 1.04
Debt at end of year 3 =80 000 x 12045000 x 1.04 — 5000 x 1.04 — 5000

Debt at end of year
=80 000 x1.08-1-5000x1.04-1-5000x1.08-2- ... -5000x 1.04 - 5000
Mortgage is paid off when this is zero.

= 80 000x1.084-1-5000x1.024-1-5000x1.02-2- ... -5000=0

= 80 000x 1.08-1=5000x1.02"1+5000x1.02"2+ ... +5000

n=1 =2
- 80 000x1.08-1=5000 (1.04 +1.047"+ . .+1)
N e —

A geometric series with=1,r = 1.04 anch terms.

a(rm-1)
UseS, = =1

1(1.08-1)
80 000 x 1.04"1=5000 X ~ 7o, 1

80 000 x 1.08~1=125 000 (1.08-1)

80 000 x 1.04~1=125 000 x 1.02- 125 000

80 000 x 1.08~1=125 000 x 1.04 x 1.04 1 - 125 000
80 000 x 1.04~1=130 000 x 1.0~ 1-125 000

125 000 =50 000 x 1.04 1

125 000 1
50 ooo = 1.04'

§=1.041-1
- (5
(s _( )

log kzj = \n—lj log 1.04

=log (1.04)""1
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| 5

og ( > )

log .04 =N—1
23.36 =n-1
24.36 =n

It takes 25 years to pay off the mortg:

© Pearson Education Ltd 2C
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Graphics of trigonometric functions
Exercise A, Question 1

Question:

Draw diagrams, as in Examples 1 and 2, to show the following angles. Mark in the acute affentia&ies with the-
axis.

(@) -80°
(b) 100°
(c) 200°
(d) 165°
(€) - 145°
(f) 225°
(9) 280°
(h) 330°
(i) - 160 °

() - 280°

3
(k) 7

T
URre

5r
(m) - 7%

57
(N - %

197
(0) 5

Solution:

PhysicsAndMathsTutor.com
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@ Va

0\ 80°/
-80°

(©) VA

+200°

an

20° 0

@ VA

=y

+165°

(e) Vi

Y

352 10 |

/—|45°

=Y
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) VA
+225¢
a
\4sey/ 10 X
F
(9) VA

(s
\&
=Y

0 VA P

—280° / ®

| e
X

2L/
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(k) VA
P
| o
TN 4
AN
0 x
0 VA
iy
+_
AN
II ) f] E
PT e
6
(m) VA

(n) VA
\ 3 0 ;
s™ fe s
3
P

©) Va

O »
NI
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Graphics of trigonometric functions
Exercise A, Question 2

Question:
State the quadrant th@P lies in when the angle th@ makes with the positive-axis is:
(a) 400°
(b) 115°
(c) —-210°
(d) 255°
(e) -100°
n

() 5

11z
9 - 5

137
(h) =~

Solution:

(@) A ¥

1T .-r*i
—40°)
3%

+400°

First
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Ay

L +115°
1 ‘-\

Second

(©)

B0°

AV

-210°

Second

(d)

+255°

AV
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(e)

AV

) .

II'-._ 80° / } X
', N

\\“‘-."I - =100°

P II|

Third
(f) *.}r
Tm
+
}')"-—-__ e 8
et
| T -
0 ¥
Second
(9 AV
1,
6 Ve _"'\\ - P
= | >
I'-\ Q 4 .
N
First
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) AV
13
4

7 T el B
/ N
I !
-. — T X
O al

- -
Fourth
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Graphics of trigonometric functions
Exercise B, Question 1

Question:

(Note: do not use a calculator.)
Write down the values of:
@sin (-90) °

(b) sin 450 °

(c) sin 540 °

(d)sin ( -450) °
(e)cos ( —-180) °
(fcos ( -270) °

(g) cos 270 °

(h) cos 810 °

(i) tan 360 °

(Ytar ( —-18C) °

Solution:
(a)
Ay
r
O ._/ x
—9(°
P ¥(0,-r)
sin (—90) ez = -1
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(b)

AY

P

(0.r)

A
Q

X

N
J

sin 450° =— =1

r

(©)

540°

0
sin 540 ° =7 =0

(d)

S

O

S

PhysicsAndMathsTutor.com
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sin ( —450) e == = -1
(e)
AV
P(-r,0)
-180°
cos —180) s =T = o1
()
AY
Px(0,r)
o
-270°
cos ( —270) =r2 =0
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(9)

AY
+270°
\9] B
P}: (Da_r}
0
cos 270 ° =7 =0
(h)
AY
P (0,r)
S\
Q% x
810°

0
cos 810 ° =7 =0

(i)

N
L/

360°

Q—)X.}x

PhysicsAndMathsTutor.com
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0
tan 360° =7 =0

)
AY
P(-r0)
-180°
tan ( —180) °=—_, =0

© Pearson Education Ltd 2C
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Graphics of trigonometric functions
Exercise B, Question 2

Question:
(Note: do not use a calculator.)
Write down the values of the following, where the angles are in radians:

3z

(@ sin

(=)
(b) sin -5
N
(c)sin 3
. T
(d) sin =~

(e)cos O
(f) cos =

3

(g) cos 7,

(h) cos ( —37”)

() tan =
()tar ( —-27)

Solution:
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(@)

P:‘: (Da_r}

>x
()J T
2
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o

sin 3r = r_:0

(d)

=
g
a0
p—
=

I

=~

il

P(r,0)

—

0

]

cos 0° =7 =1

PhysicsAndMathsTutor.com

Page3 of 5



Heinemann Solutionbank: Core Maths 2

®
AY
T
S I .
P(-1,0) O *
cos = — = -1
(9)
AY
3
2
\9] B
P): ({Ja_r}
3r 0
cos 5, =7 =0
(h)
AY
Px (0.r)
_3m
2 /,
oy
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we [ =) 2
O A
(i)
AY
T
N
P(-r0) O *
tan7z=_ir=0
()
AY
-2n
AL
o
[ ) _o._
tan \ Zr} =7 =0
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Graphics of trigonometric functions
Exercise C, Question 1

Question:

(Note: Do not use a calculator.)
By drawing diagrams, as in Example 6, express the following in terms of trigonometric ratios of acute angles:
(&) sin 240°

(b)sin ( -80) °

(c)sin ( —200) °

(d) sin 300 °

(e) sin 460 °

(f) cos 110°

(g) cos 260 °

(hycos ( —-50) °

(icos ( —-200) °

() cos 545 °

(k) tan 100 °

() tan 325°

(mtan ( -30) °

(ntan ( -175) °

(o) tan 600 °

In

(p) sin

(q) cos 5

(r) cos

A~/
|

(s)tan =
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(2
() tan k 3)

150
(u) sin ¢

8z
(v) cos

(w) sin ( - 67”)
157
(x) tan —5~
Solution:
@ AY
240°
LN
60°/(0 *

60° is the acute angle.
In third quadrant sin is - ve.

Sosin 240° = - sin 60°
(b)
AY
r o
01 80° :

-80°

©

80° is the acute ang
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In fourth quadrant sin is — ve.
Sosin ( -80) ° = -sin 80°

(©)
AV

®

20°

20° is the acute angle.
In second quadrant sin is +ve.
Sosin ( -200) ° = +sin 20°

(d)
AY

G 60° X

300°

©

60° is the acute angle.
In fourth quadrant sin is — ve.
Sosin 30C° = -sin 60°
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(€)

g :—\460“
o

80° is the acute angle.
In second quadrant sin is +ve.
So sin 460 ° = +sin 80 °

(f)
AY

®
110°
700 )
- o

0] X

70° is the acute angle.
In second quadrant cos is - ve.
Socos 110° = —cos 70°

(9)

AV
260°
AR N
O X
80°
O
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80° is the acute angle.
In third quadrant cos is - ve.
Socos 260° = —cos 80 °

(h)
AY

0N50°

50° is the acute angle.
In fourth quadrant cos is +ve.
Socos ( -50) ° = +cos 50°
(i) |

AV

®
b
NIl

ol/ T

-200°

20° is the acute angle.
In second quadrant cos is — ve.
Socos ( —20C) ° = —cos 20°
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()

]

.~
@

5° is the acute angle.
In third quadrant cos is - ve.
Socos 545° = —-cos 5°

(k)
AY

®

100°
80° —\
*x

O

80° is the acute angle.
In second quadrant tan is - ve.
Sotan 100° = —tan 80 °

()
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35° is the acute angle.
In fourth quadrant tan is - ve.
Sotan 325° = —tan 35°

(m) |
AY
r
0 0° *
-30°
30° is the acute angle.
In fourth quadrant tan is - ve.
Sotan ( -30) ° = —tan 30°
() |
AV
*x

k.g
\_Q

(1)  75°

5° is the acute angle.
In third quadrant tan is +ve.
Sotar ( —178) ° = +tar 5°
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(0)
AY

600°

N
%

6 oﬁ o B
4

60° is the acute angle.
In third quadrant tan is +ve.
Sotan 600 ° = +tan 60 °

(P)
AV
n
_ ) .

®

T -
& Is the acute angle.

In third quadrant sin is - ve.
T T

So sin o = —sinyg
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(@)
AY
431:
N
O X

%
@®

T .
3 Is the acute angle.

In third quadrant cos is - ve.

A T

So cos 3 = —COST

(r)
AY

0 X
.- 3
(™ 37

+ |32

T .
7 Is the acute angle.

In third quadrant cos is - ve.

3 ) v

So cos - r = —-Ccos
L) ‘
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(s)

A

N

0

@

2r
5 is the acute angle.

In third quadrant tan is +ve.

I 2=
So tan 5 = ttanTg

(t)
AV

0

S
Ll

©

T .
3 Is the acute angle.

In fourth quadrant tan is - ve.

(=) -

So tan k _3] = —-tan7y

PhysicsAndMathsTutor.com
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(u)

i@
»

0

T
16 1S the acute angle.
In second quadrant sin is +ve.

157 T

So sin 16 = tsin g

(v)
AY

8 n
5

5
N

2
sz is the acute angle.
In fourth quadrant cos is +ve.

8 2
So cos 5T= +tCOS 7
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(w)

1A
-
|
=}
Y

® 7"

T
7 Is the acute angle.
n

In third quadrant sin is - ve.

[ e ) .

So sin K —7) = -sin7
(x)
AY
15
8/\

T -
s Is the acute angle.

In fourth quadrant tan is - ve.

157 T

So tan 5 = —tan;
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Graphics of trigonometric functions
Exercise C, Question 2

Question:

(Note: Do not use a calculator.)
Given thaty is an acute angle measured in degrees, express in termgof sin
@sin ( -0)

(b) sin (180° +9)

(c)sin (360° —0)

(d)sin - (180° +9)

(e)sin ( —180° +)

fHsin ( —360° +0)

(g)sin (540° +0)

(h) sin (720° -9)

(i)sin (6+72C° )

Solution:

(@)

o~

sinis — ve in this quadrant.
Sosin ( -0) = —-sin @
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(b)
AV
/_\\ 180°+6
9 ) X

sinis — ve in this quadrant.
Sosin (180° ) = —sin @

(©)
AV

N

N
\2

360°-6

©

sinis — ve in this quadrant.
Sosin (360° 9) = —sin @

(d)

sin is +ve in this quadrant.
Sosin - (18C° +6#) = +sin 0
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(€)

(T) -180P+6

sinis — ve in this quadrant.
Sosin ( —180° 4) = -sin g

(f)

sin is +ve in this quadrant.
Sosin ( -360° #) = +sin 6

(9)

A

@

sinis — ve in this quadrant.
Sosin (54C° +0) = —sin #
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(h)

(R
QAL
©

sinis — ve in this quadrant.
Sosin (720° ) = —sin @

(i) & + 720 ° is in the first quadrant withto the horizontal.
Sosin (0+72C° ) = +sin 6
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Graphics of trigonometric functions
Exercise C, Question 3

Question:

(Note: Do not use a calculator.)
Given thatf is an acute angle measured in degrees, express in termsjajrciasg:
(@ cos (180° )

(b) cos (180° +9)

(c)cos ( —-0)

(dycos - (180° 9)

(e)cos (@#—-360°)

(fcos (6-540°)

(9 tan ( -0)

(htan (180° 9)

()tan (180° +6)

(Dtan ( —180° +0)

(k)tan (540° -6)

(Dtar (6-36C°)

Solution:

(a) 180 ° —#is in the second quadrant where cos is — ve, and the angle to the horizénsal is
cos (180° -9) = —cos¥d

(b) 180 ° +@is in the third quadrant, &tto the horizontal, so
cos (180° +9) = —coséd

(c) —0isin the fourth quadrant, étto the horizontal, so
cos ( —-9) = +cosd

(d) — 180 ° +@isin the third quadrant, &tto the horizontal, so
cos ( —180° H) = —cosé@

(e)6 — 360 ° is in the first quadrant, ato the horizontal, so
cos (0-360° ) = +cosd

() @ — 540 ° is in the third quadrant, @to the horizontal, so
cos (#-540° ) = —cosd

(g)tar ( —0) = —tar fas - Oisin the fourth quadrai
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(hytan (180° -¥) = —tanfas (180 ° —#) isinthe second quadrant.
(Ytan (180° +9) = +tanfas (180 ° +9) isin the third quadrant.
(Jtan ( —180° +9) = +tanfas ( —180° +9) isinthe third quadrant.
(kytan (540° -#) = —tandas (540° -0) isinthe second quadrant.
(Dtar (#-36C° ) = +tar Has (0 -36C° ) isin the first quadrar

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2
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Graphics of trigonometric functions
Exercise C, Question 4

Question:

(Note: Do not use a calculator.)

A function f is an even function iff ( 8) =f(6) .

A function fis an odd functioniff ( 9) = - f(9)

Using your results from questions 2(a), 3(c) and 3(g), state whettd, cosé and taré are odd or even functior
Solution:

Assin ( -8) = - sin 6 (questiorn2a)
sin @ is an odd function.

Ascos ( —-0) = + cos 0 (question3c)
cos @ is an even function.

Astan ( —-0) = - tan 0 (questiorn3g)
tar 0is an odd functiol
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Edexcel Modular Mathematics for AS and A-Level

Graphics of trigonometric functions
Exercise D, Question 1

Question:

Express the following as trigonometric ratios of either 30°, 45° or 60°, and hence find their exact values.
(8 sin 135°

(b) sin ( -60° )

(c) sin 330 °

(d) sin 420 °

(e)sin ( —300°)

(f) cos 120 °

(g) cos 300 °

(h) cos 225 °

(cos ( —210°)

() cos 495 °

(k) tan 135°

(Dtan ( —225° )

(m) tan 210 °

(n) tan 300 °

(o)tar ( —12C° )

Solution:

(8 sin 135° = +sin 45 ° (135°is in the second quadrant at 45° to the horizontal)

) N2
So sin 135 ° =

(b)sin ( —60) ° = —sin 60° (—60 ° isin the fourth quadrant at 60° to the horizontal)

() . s

So sin -60 = -
\ J ?

(c) sin 330 °

—sin 30 ° (330°is in the fourth quadrant at 30° to the horizontal)

1

So sin 330 ° -3

(d)sin 42C° = + sin 6C° (on second revolutio
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Sosin 420 ° =7~

(e)sin ( —300) ° = +sin 60° (—300 ° isin the first quadrant at 60° to the horizontal)

( AR E

So sin K _300] =7

(f)cos 120° = - cos 60 ° (120° is in the second quadrant at 60° to the horizontal)
1

Socos 120 ° = -3

2

(g) cos 300 °

+ cos 60 ° (300° is in the fourth quadrant at 60° to the horizontal)

1
So cos 300° =3

(h) cos 225 ° = —cos 45 ° (225°is in the third quadrant at 45° to the horizontal)
V2

Socos 225° -

(cos ( —210°) —cos 30° (- 210 ° isin the second quadrant at 30° to the horizontal)

( \ﬁ
)

Socos\ -210° = 2

() cos 495° = —cos 45° (495°isin the second quadrant at 45° to the horizontal)
V2

Socos 495° = -

(k) tan 135°
Sotan 135°

= —tan 45 ° (135°isin the second quadrant at 45° to the horizontal)
=-1
(Dtan ( —225° )

Sotan ( —225°)

= —tan 45° (- 225° isinthe second quadrant at 45° to the horizontal)

= -1

(m)tan 210 ° =
\/

+

tan 30 ° (210° is in the third quadrant at 30° to the horizontal)

w

Sotan 210°

@ |

(n) tan 300 °
So tan 300 °

—\}an 60 ° (300° is in the fourth quadrant at 60° to the horizontal)
-V 3

(o)tan ( —120° ) = +tan 60 ° (- 120 ° isin the third quadrant at 60° to the horizontal)
Sotar ( —-12C° ) = 3
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Graphics of trigonometric functions
Exercise D, Question 2

Question:

1
In Section 8.3 you saw that sin 30 ° =cos 60 °, cos 30 ° =sin 60 °, and tan 6Q,° 35~ . These are particular

examples of the general results: sin (909 =cosd,andcos (90° ¥) =sin §,andtan (90 ° ¥) =

an o » Where the anglé is measured in degrees. Use a right-angled trigkig(®to verify these results for the case

whené is acute

Solution:

With zB=6, zA= (90° -0)

sin 0= %,cos (90"‘9) =%
Socos (90° ) =sin 6
cos 0 = %,sin (90"—9) =%
Sosin (90° ) =cosé
)
b a 1 L
tan 0= 7, tan | 90° 4 | =p T ~ tan o

\ ) (7)
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Edexcel Modular Mathematics for AS and A-Level

Graphics of trigonometric functions
Exercise E, Question 1

Question:
Sketch the graph vy = cos dintheinterva -z < 6 < .

Solution:
Y

Vv =cosb

| _|
\i
k-
|
- )
/
ﬁ_
T
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Edexcel Modular Mathematics for AS and A-Level

Graphics of trigonometric functions
Exercise E, Question 2

Question:
Sketch the graph (y =tar #° intheinterva —18( < # < 18C
Solution:

YA
¥ = tang"®

T | | T -
~180°  —90° 90° /180° ©
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Graphics of trigonometric functions
Exercise E, Question 3

Question:
Sketch the graph y =sin 8 ° intheinterva-90 < 6 < 27C

Solution:

VA
y=sinb

_dy“ 90° |3?>\:1?{r4 [}
1
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Edexcel Modular Mathematics for AS and A-Level

Graphics of trigonometric functions
Exercise F, Question 1

Question:

Write down (i) the maximum value, and (ii) the minimum value, of the following expressions, and in each case give the
smallest positive (or zero) value xfor which it occurs.

(a) cosX °
(b) 4 sinx°
(¢)cos ( -x) °
(d) 3 + sin x °
(e) -sinx°®

(f) sin 3x °
Solution:

(a) (i) Maximum value of cox ° =1, occurs wher = 0.
(i) Minimum value is - 1, occurs when= 180.

(b) (i) Maximum value of sinx ° =1, so maximum value of 4 sir° = 4, occurs whex = 90.
(i) Minimum value of 4 sinx ° is — 4, occurs wher = 270.

(c) The graph of cos ( x) ° is a reflection of the graph of cos® in they-axis.
This is the same curve; cos (x) ° =cosx° .

(i) Maximum value of cos ( x) ° =1, occurs wher = 0.

(ii) Minimum value of cos ( «x) ° = -1, occurs wher = 180.

(d) The graph of 3 + sirx ° is the graph of sinx ° translated by +3 vertically.
(i) Maximum = 4, whernx = 90.
(ii) Minimum = 2, whernx = 270.

(e) The graph of - six° is the reflection of the graph of sin° in thex-axis.

(i) Maximum = 1, whernx = 270.
(ii) Minimum = - 1, whenx = 90.

1
(f) The graph of sin 8° is the graph of sinx ° stretched by, in the direction.

(i) Maximum = 1, whernx = 30.
(i) Minimum = - 1, whenx = 90.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2
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Graphics of trigonometric functions
Exercise F, Question 2

Question:

Sketch, on the same set of axes, intheintd < 6 < 36(C°, the graphs of ccd and cos 6.

Solution:
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Graphics of trigonometric functions
Exercise F, Question 3

Question:

Sketch, on separate axes, the graphs of the following, in the interval 00 < 360 ° . Give the coordinates of
points of intersection with the axes, and of maximum and minimum points where appropriate.

(ay= —-cosé
1
(b)y= 73 sind
1
(cy=sin 30

(dyy=tar (#-45°)
Solution:

(a) The graph of = - cos 6 is the graph of = cos 6 reflected in thé&-axis.

VA
I

f=-1 J

0 0° 180° 2708 3607

Meets6-axis at (90°, 0), (270°, 0)
Meetsy-axis at (0°, — 1)

Maximum at (180°, 1)

Minima at (0°, — 1) and (360°, - 1)

1 1
(b) The graph of = 7 sin ¢ is the graph of = sin ¢ stretched by scale factgr yrdirection.

0 a0 180N_270° 60 O

3

Meets6-axis at (0°, 0), (180°, 0), (360°, 0)
Meetsy-axis at (0°, C
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Maximum at 90 ° ,

w |
N—

Minimum at 270° , -

TN /TN
W |-
N

1
(c) The graph of = sin 3¢ is the graph of = sin ¢ stretched by scale factor 3drdirection.

0 | T T >
a0° 180°  270° 360° 0

Only meets axes at origin
Maximum at (270°, 1)

(d) The graph of =tan (6 — 45 ° ) is the graph of ta@d translated by 45° to the right.

VA

0 | T | >
I/ a0° 18 270% ¢ 3607 0

Meets6-axis at (45°, 0), (225°, 0)
Meetsy-axis at (0°, — 1)
(Asymptotes af = 13£ ° andd = 31£° )

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Core Maths 2 Pagel of 3

Solutionbank C2
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Graphics of trigonometric functions
Exercise F, Question 4

Question:

Sketch, on separate axes, the graphs of the following, in the interval —480® < 180. Give the coordinates of
points of intersection with the axes, and of maximum and minimum points where appropriate.

(@y=-2sing°
(b)y=tan (6+180) °
(c)y=cos #°
(dy=sin (-6)°
Solution:

(a) This is the graph of=sin 0 ° stretched by scale factor — 2 in thdirection
(i.e. reflected in thé@-axis and scaled by 2 in tlyedirection).

I}»'.lt

2 .
y=-2smnb

¥

~180° —9p° O 90°  160°

Meets6-axis at ( — 180°, 0), (0°, 0), (180°, 0)
Maximum at ( — 90°, 2)
Minimum at (90°, - 2)

(b) This is the graph ¢y = tar 8 ° translated by 180° to the I¢
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v =tan(8 + 180°)

i T >
—180° —90° 9p° 180° O

As tan 6 ° has a period of 180°
tan (#+180) ° =tan@°
Meets@-axis at ( — 180°, 0), (0°, 0), (180°, 0)

1
(c) This is the graph of = cos ¢ ° stretched by scale factgr horizontally.

Va
V= cos 46°

\ANAL

Meetse—axisat( —157‘ ° 0) ( —11% °,(3 ( —gli °,a ( —%2 °,\}) ( 22

v ) (et o) (o) [oud e

Meetsy-axis at (0°, 1)
Maximaat ( -180° 1), ( - 90° 1), (0° 1), (90°, 1), (180°, 1)
Minima at ( - 135°, - 1), (- 45°, - 1), (45°, - 1), (135°, - 1)

l\)lH

(d) This is the graph of = sin 6 ° reflected in the-axis. (This is the same gs= - sin 6 ° )

_1»' A

V' =sin(-4)

=¥

—180° —9p° 0 90° 0°
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Meetsf-axis at ( - 180°, 0), (0°, 0), (180°, 0)
Maximum at ( — 90°, 1)
Minimum at (90°, - 1)
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Graphics of trigonometric functions
Exercise F, Question 5

Question:

In this questior® is measured in radians. Sketch, on separate axes, the graphs of the following in the interval
-2n < 6 < 2m=n.Ineach case give the periodicity of the function.

1
(@y=sin 70

1
(b)y= - Scosd

(c)y =tan (9— % )

(d)yy=tar 20
Solution:
(a) This is the graph of= sin 6 stretched by scale factor 2 horizontally.
Period = 4
P )
L y= Slﬁé 0
1 T -
n T in 1 3]

. . 1 .
(b) This is the graph of = cos ¢ stretched by scale factor 5  vertically.

1
(Equivalent to reflection, if-axis and stretching vertically by £ )

Period =z
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(c) This is the graph of = tan 6 translated byZ’ to the right.

Period =n

1
(d) This is the graph of = tan 6 stretched by scale factgr horizontally.

3)

- _
Period =7
Vi
Ly =tan20
T | 0 -
~2m o fan T T =% i in T B
2 2 4 2 2
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Graphics of trigonometric functions
Exercise F, Question 6

Question:

(a) By considering the graphs of the functions, or otherwise, verify that:
(icos@=cos ( -0)

(i) sin 6= —sin ( —-@)
(ii)sin (6-90° ) = - coséd
(b) Use the results in (a) (i) and (iii) to show that sin (90 & }-=cos 6.

(c) In Example 11 you saw that cosé ¢ 90 ° ) =sin @ . Use this result with part (a) (i) to show that cos ( 90 °
-60) =sing.

Solution:

(@ ()y=cos ( —-0) isareflection off = cos 6 in they-axis, which is the same curve, so abds cos ( —-6) .

VA

y=cosf”

| T >
180° 270° 360° 450° ©

(i) y=sin ( —6) isareflection of = sin 4 in they-axis

VA

y=sin(-0)°

y= —sin ( —68) isareflection off =sin ( —6) inthe#-axis, which is the graph ¢f= sin 4, so —sin ( -0)
=sin 6.
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= —gin(—0)°

(i) y=sin (6-90° ) isthe graph of = sin 4 translated by 90° to the right, which is the grapl of — cos 6, so
sin (#—-90° ) = - cosé.

VA :
¥ =sin(B —90%)

»

0° 180° 270 360° O

(b) Using (a) (i), sin (90° ¥) = —=sin [ - (90° -0) ] = —sin (6—-90° )
Using (a) (iii)), —sin (@—-90° ) = — ( —cos#) =cos b
Sosin (90° ) =cos§é.

(c) Using (a)(i)cos (90° —@) =cos (#-9C° ) =sin @, using Example 1
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Graphics of trigonometric functions
Exercise G, Question 1

Question:

Write each of the following as a trigonometric ratio of an acute angle:
(a) cos 237 °

(b) sin 312 °

(c) tan 190 °

(d) sin 2.3

(=)
(e) cos \ 15)

Solution:

(a) 2377 is in the third quadrant so cos 237 ° is - ve.
The angle made with the horizontal is 57°.
Socos 237 ° = —cos 57°

AY

~

(b) 312° is in the fourth quadrant so sin 312 ° is - ve.
The angle to the horizontal is 48°.
Sosin 31z2° = —sin 48°
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i
Y

312°

(c) 190° is in the third quadrant so tan 190° is +ve.
The angle to the horizontal is 10°.
Sotan 190° = +tan 10°

AV

190°

LN
(1) C

(d) 2.3 radians (131.78 ... °)isin the second quadrant so sfris2:@e.

The angle to the horizontal isz(- 2.3 ) radians = 0.84 radians (2 s.f.).
Sosin 2.8= +sin 0.84

IS +ve.

Sl
N S

(e) - ( % ) is in the fourth quadrant so CO{

The angle to the horizontal 1%

(=

Socosk _15j =+cos(15
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Graphics of trigonometric functions
Exercise G, Question 2

Question:

Without using your calculator, work out the values of:
(a) cos 270 °

(b) sin 225 °

(c) cos 180 °

(d)tan 240 °

(e)tan 135°

(f) cos 690 °

-
(@) sin 73

(h) cos ( - 2?”

(i) tan 2r

. ( T \\

() sin -
N

Solution:

(a) sin 270 ° = -1 (see graphyf sin 6)

[ \ V2

(b) sin 225 ° =sin \ 180+45} ° = -sin45° = =~

(c) cos 180 ° = -1 (see graphyE cos 0)

(dytan 240° =tan (180+60) ° = +tan 60 ° (third quadrant)
Sotan 240° = +V3

(e)tan 135° = —tan 45 ° (second quadrant)
Sotan 135° = -1

(f)cos 690° =cos (360+330) ° =cos 330° = +cos 30 ° (fourth quadrant)

V3
So cos 690 ° = 5
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5z
(9) sin 5~ = =sin 7 (fourth quadrant)
5t s
Sosin 5 = -7,
( 2z \ LA
(h) cos k -3 ] = —cos 7 (third quadrant)
( 2r \ 1
So cos - = -7
N ?
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Graphics of trigonometric functions
Exercise G, Question 3

Question:

Describe geometrically the transformations which map:

1
(@) The graph of = tan x ° onto the graph of tan7 x ° .

1 1
(b) The graph of =tan 7 x° onto the graph of 3 + tar; x °

(c) The graph of = cos x ° onto the graph of — cox °.

(d) The graph oy =sin (x-10) ° onto the graph ¢sin (x+1C) ° .
Solution:

(a) A stretch of scale factor 2 in thelirection.

(b) A translation of + 3 in thg direction.

(c) A reflection in thec-axis

(d) A translation o + 2C in the negativi direction (i.e. 20 to the lef
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Graphics of trigonometric functions
Exercise G, Question 4

Question:

1
(a) Sketch on the same set of axes, in the intervak0 x < =z, the graphs of = tan k X= 4 ] and

y = — 2 cosX, showing the coordinates of points of intersection with the axes.

1)

(b) Deduce the number of solutions of the equation t{nx - ) +2 cosx =0, in the interval

0 < x < =

Solution:
4 (a) y = _n
VA y=tan(x T ) |
2
- § ¥ = -2 cosx
i >
(r T 3 T A
r 4
_] —
by /

-
(

T
(b) There are no solutions of tanK X= 7 } +2 cosx=0intheinterval0 < Xx < 7, sincey=tan
T
n ] andy = — 2 cosxdo not intersect in the interval.
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Graphics of trigonometric functions
Exercise G, Question 5

Question:

The diagram shows part of the graptyef f ( x) . It crosses the-axis atA(120, 0) and3(p, 0). It crosses thg-axis at
C(0, g) and has a maximum valueltas shown.

VA
D

{“f-,// E_\ p

\4 .

AN

Giventhatf (x) =sin (x+k) ° ,wherek> 0, write down:

(a) the value op
(b) the coordinates @
(c) the smallest value &f

(d) the value oq

Solution:
(a) As it is the graph of = sin x ° translated, the gap betwearandB is 180, s@ = 300.

(b) The difference in the-coordinates ob andA is 90, so the-coordinate oD is 30.
The maximum value ofis 1,saD = (30, 1) .

(c) For the graph of = sin x °, the first positive intersection with tixeaxis would occur at 180. The poi@tis at 120
and so the curve has been translated by 60 to the left.
k=60

(d) The equation of the curveyis= sin (x+60) ° .

. V3 V3
Whenx =0,y =sin 60 ° = S .s@= .
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Graphics of trigonometric functions
Exercise G, Question 6

Question:
Consider the function fX) =sin px,pe £0 < x < 2r

T
The closest point to the origin that the graph »f éfosses thg-axis hasx-coordinate .

(a) Sketch the graph ofx
(b) Write down the period of ff.

(c) Find the value cp.

Solution:

(a) The graph is that f= sin x stretched in th& direction.

Each ‘half-wave’ has intervai’

Vi

NANANN

2n
(b) The period is a ‘wavelength’, i.g5

E—

1
(c) The stretch factor ig

2n 1 1
As 2z has been reduced 1§z Ras been multiplied by ~ which 1§ = p=5.

The curve iy = sin 5x, there are “wave? in 0 to .
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Graphics of trigonometric functions
Exercise G, Question 7

Question:

The graph below shows=sin 4,0 < 6 < 360°,withonevalued (6=a° ) marked on the axis.

—1-

(a) Copy the graph and mark on theaxis the positions of (180e) °, (180 +a) ° ,and (360 u) ° .
(b) Establish the restsin  ° =sin (18(-a) ° = —sin (18C+a) ° = —sin (36C-a) ° .
Solution:

(a) The four shaded regions are congruent.

VA
1 ' =sin 0
_____________ 180+
(360 —on)°
I A II* / =
O e 000 |18 oe 0
(180 —)°® e
_|_

(b) sina ° and sin (180 w ) ° have the samgvalue (call itk).

Sosina® =sin (180 -a) °

sin (180 +a) ° andsin (360 w) ° have the samgvalue, which will be k.
Sosin a® =sin (18(-a) ° = —sin (18(+a) ° = —sin (36(-a) °
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Graphics of trigonometric functions
Exercise G, Question 8

Question:

(a) Sketch on separate axes the grapysofos ¢ (0 < 6 < 360° ) andy=tan @
(0 < 6 < 360° ) ,andon eadhaxis mark the point ¢° , 0) asin question7.

(b) Verify that:
(cosa°® = —cos (180 —u) °

-cos (180+n) ° =cos (360-u) ° .

(itar a® = —tar (18C-a) °© = —tar (18(+a) ° = —tar (36C-a) ° .

Solution:
(@) VA
=cosh®
(360 —w)°
360° 0
............. I|III
—1- (180 + )°
_1»'.“
“EFJ—'D'.JD y=tanH
) asorop
_ .
0 270° I 360° 0
{3&[} —)®

(b) (i) From the graph of = cos 6 ° , which shows four congruent shaded regions, ifthelue atz° isk, theny at
(180 -a) °is -k yat (180 +a) ° is —kandyat (360 —a) ° is+k
Socosa® = —cos (180 —w) ° = —-cos (180+n) ° =cos (360 -wu) °

(if) From the graph oy = tan @ ° , if they value at° isk, thenat (180 =w) ° itis —k,at (180 +a) ° itis +kand
at (360 -a) ° itis —k.
Sotar ° = —tar (18C-a) ° = +tar (18C+a) ° = —tar (36C—-a) °
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Differentiation
Exercise A, Question 1

Question:

Find the values of for which f(x) is an increasing function, given that)fequals:
(@) 3+ 8x+2

(b) 4x — 3x2

(c)5 - & - 2x2

(d) 23 - 15¢2 + 36x

(€)3+X-32+x3

(f) 5x3 + 12

(@) x* + 26

(h)x* - 8x3

Solution:

(@ f(x) =32 +8x+2

f'(x) =6x+8

f'(x) >0 => 6+8>0
-8

Sox > 6

-4

l.e.Xx> 3

(b) f(x) = 4x - 3%2
fr(x) =4-&
f'(x)>0 = 4-&>0
S04 > &
ie.x<4

4

X<6

X <

w N

() f(x) =5-8&— 22

f'"(x) =-8-4&

f'(x) >0 > -8-4&>0
So - 8> 4 (add & to both sides)
ie. &< -8

X< —-2

(d) f(x) =233 - 15¢ + 36x
f' (x) =6x2-30x + 36

PhysicsAndMathsTutor.com
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f'(x) >0 = 62-3Xx+36>0
So6(x2-5x+6) >0
ie.6(x-2) (x-3) >0

By considering the 3 regions

X<2|2<x<3|x>3

6(x—2)k—3)| tve -ve +ve

Thenx< 2 orx> 3

(e)f(x) =3+ X-3+x3
f'(x) =3-6x+3x
f'(x)>0 = 3-&+3x>0
S03(x¥-2x+1) >0
ie.3(x-1)2>0

Soxe Bx#1

Hf(x) =53+ 1

f'(x) =15+ 12
f'(x)>0 = 15%+12>0
This is true for all real values &f
Sox e R

(@) f(x) =x*+2¢

fr(x) =43+4x
f'(x)>0 = 43+4x>0
So&(x2+1) >0
Asx?+1>0forallx,x>0

() f(x) =x4- 83

fr(x) =4S- 2432
f'(x)>0 = 43-24¢>0
So4x2(x-6) >0
Asx2>0forallx,x-6>0
Sox>6
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Differentiation
Exercise A, Question 2

Question:

Find the values of for which f(x) is a decreasing function, given thaf)féquals:
(a)x2 - 9x

(b) 5x — x2

(c) 4 - X - X2

(d) 23 - 3x2 — 12X

(e)1-2%k+x3

() x+

1

1
(@x2 +9%™ 2

(h)x* (x +3)

Solution:

(@) f(x) =x2- 9%

f'(x) =2x-9

f'"(x) <0 => 2%-9<0
SoXx<9

i.e.x<4.5

(b) f(x) =5x—x2

f'(x) =5-2

f'(x) <0 = 5-X<0
So5< X

i.e. X>5

x>25

(©)f(x) =4-2x-x2
fr(x)=-2-x
f'"(x) <0 = -2-X%<0

So —-2<X
ie. X> -2
x> -1

(d)f(x) =23 -3x% -1

f'(x) =6x2-6x-12

f'(x) <0 = 62-6x-12<0

So6(x¥-x-2) <0

ie.6(x-2) (x+1) <0

By considering the 3 regions< — 1, — 1 <x< 2,x > 2 determine
-1<x<2
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(e)f(x) =1-2%+x3

f'(x) = —-27+3&

f'(x) <0 = -27+32<0
So < 27

iex?<9

-3<x<3

N =
)T

X

So1< 2
X2

Multiply both sides by?:

X2 < 25

-5<x<5

(

(o) f \x ) :x§+9x‘§

f’ (X) 1‘% gxix‘g
() ER S T
\x) X 2= 5x7 2<0
a0

502 | x-9 | <o

N

x > 0 or the function is not defined
So0<x<9

() F(x) =3+ 32
f'(x) =3x%+6x
f'(x) <0 = 32+6x<0
SoX(x+2) <0

Consider the regions< -2, — 2 <x < 0 andx > 0 to give

-2<x<0

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 1

Question:

Find the least value of each of the following functions:

(@f(x) =x2-1%+8
b)f(x) =x2—8~-1

(€)f (x) =5x2+ 2x

Solution:

(@f(x) =x2-1%+8
fr(x)=2x-12

Putf’ (x) =0,then-12=0,i.ex=6
f(6) =6°-12x6+8= - 28

The least value of & is — 28.

(b)f(x) =x2-8x-1

f' (x) =2x-8

Putf’ (x) =0,then-8=0,i.ex=4
f(4) =42-8x4-1=-17

The minimum value of &) is - 17.

(c)f(x) =5+ 2
fr(x) =1x+2
-2
Putf’ (x) =0,then18+2=0,i.ex= 7 yorx= -

T R (R U PO (R U I 1
\ 5)—5\ 5) 2\ 5) ~
The least value of £] is —%

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 2

Question:

Find the greatest value of each of the following functions:
(@) f(x) =10 - 5&

(b)f(x) =3+ X-x?

©f(x) = (6+x) (1-x)

Solution:

(@) f(x) =10 -5

fr(x)=-10x

Putf’ (x) =0,then —18=0,i.ex=0

f(0) =10-5x#=10
Maximum value of ) is 10.

(b)f(x) =3+X-x?

fr(x)=2-%

Putf’ (x) =0,then2-2=0,i.ex=1
f(l1) =3+2-1=4

The greatest value of¥is 4.

(©)f(x) = (6+x) (1-x) =6-5—x2
' (x) = -5-2

1
Put f’ (X) =0,then -5-2=0,i.ex= _25

(1) g1

1
| "%z ) =33 x33 =12

1
The maximum value of & is 127 .

f
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Differentiation
Exercise B, Question 3

Question:

Find the coordinates of the points where the gradient is zero on the curves with the given equations. Establish whether
these points are maximum points, minimum points or points of inflexion, by considering the second derivative in each
case.

(@)y = 4x% + 6x
(b)y =9 +x-x?
©y=x3-x2-x+1

dyy=x(x2-4x-3)

(e)y=x+ 7

(Oy=s+
(9)y=x-3Vx

1
(hyy=x:2 (x—G}
() y=x* - 12¢2
Solution:
(@)y = 4% + 6x
dy
o —SXt6

dy
Put, =0

Then&+6=0
8= -6

>
[0}
>
X
1
|
AN |w
A~ lw
ENE R
Ao
N o
Ao

Y

B
4

(Vo _2)
U)LY

So \ -2~ ) is a point of zero gradient
&
w2 —8>0
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So ( % , %) is @ minimum point
(b)y=9+x-x?
dy
=1l
Put:_i =0
Then1l-%=0
1 1 [ \ 1
Whenx= 7,y=9+ 7 - K ] =97

N
N |-

is a point with zero gradient

1)
)

dzy
YR 2<0

(1 1) . .
So k > 97 / is @ maximum point

Cy=x-x2-x+1

dy—3x2 2x -1
Put:_i=0
Then32-2x-1=0
(3x+1) (x-1) =0
x:—%orle
1 [ 2Y, (1Y), [ 1)
R S R D A Y

Whenx=1,y=13-12-1+1=0

L5

1
o ( -3.1%; ) and (1, 0) are points of zero gradient

&
dX2 —6X_2
1y
Whenx = - 3 g2 -4<0
(1 .5 ). | |
So - ,127) IS @ maximum point

—
w |

d?y
Whenx=1,§ =6-2=4>0

So (1, 0) is a minimum point

(dy=x(x2—4x-3) =x3—4x2 - 3x
d
- =32-8x-3

PhysicsAndMathsTutor.com
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dy
Put % = 0

Then 32-8x-3=0

(3x+1) (x-3) =0
1

X= - gorS

w |-
w |

Whenx = - %,y: ( - )2_3 ( _%

Vo, [
)
-1

Whenx=3,y=33-4x%-3x3= -18

(éﬁ\

So k -3 " 27 ] and (3, - 18) are points with zero gradient
[:5%
dX2 —6X_8
d2
Whenx = - Vg2 - —10<0

(1 1)

So k 'y T 27 / is a maximum point

d%
Whensz,& = +10>0

w |

So (3, —18) is a minimum point

- = _ -1
(e)y=x+ 7 =X+X
dy
=L _q1_y-2
dx X

dy
Puty =0
Then1l-x"2=0
x2=1
x= %1

1
Whenx=1y=1+ 7 =2

1

Whenx= -1y= -1+ —] = =2

So(1,2)and ( -1, —2) are points with zero gradient
&

@

&y
Whenle,; =2>0
X
So (1, 2) is a minimum point
d%y

Whenx = — ,? =-2<0

So ( -1, —-2) isamaximum point

54
24 = _\2 -1

y=x"+ 7~ =x°+54&

dy

A -2

ax = 2X— 54x

dy
Puty, =0
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Then X -54x~2=0

2X = 24
X2

x3 =27

x=3

o, 24
Whenx =3,y=3"+ 7 =27

So (3, 27) is a point of zero gradient
&y “3
g2 = 2+ 10&

&
T T

Whenx = 3 6>0

So (3, 27) is a minimum point

1
2

(@)y=x-3Vx=x-23x

gy 3 _ 12
dx =1- 2X 2
dy
Put o =0
3 1
Thenl-75x"2=0
.3
1= 2 x
3
Vx= 3
9
X= 4

_ 2. _ 2 2 _ =0
Whenx= 7, y= 7, -3\, =7,

(9 -9 . e _
Sokz, 2 )|sap0|ntW|thzerograd|ent
& 3 3
dx2:ZX 2
o@ 3 (9)_2_3 (2)
Whenx=4,dX2:4xk4) 2:4xk3)3:

is @ minimum point

3 1 1
2

PhysicsAndMathsTutor.com
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N |w
N [~
1
x
N |-

1
Multiply both sides by 2
3. _
oXx=3
X=2

)

1

- (

Whenx=2,y=22 -4 = — 442
k )

So (2, -4V 2) isa point with zero gradient

dy 3 1 3 3
dX2 = 4X 2 + 2X 2

&y 3 3
Whenx = 2 o " av2 Y 272 >0

So (2, -4V 2) isaminimum point

(i) y=x*-12¢

Y _

o = A3 - 24
Y

Put 5, =0

Then 43 - 24x =0
4x(x2-6) =0
x=0orx= + V6
Whenx=0,y=0
Whenx= + V6,y= - 36

So (0, 0), (V6, -36) and ( -V 6, —36) are points with zero gradient

5% )
dX2 —12( _24

d%
Whenx=0,", = -24<0

T dx?

So (0, 0) is a maximum point

&y
Whenx? = 6, Lz =48>0

So( V6, -36) and ( — ¥ 6, —36) are minimum poini

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 4

Question:

Sketch the curves with equations given in question 3 parts (a), (b), (c) and (d) labelling any stationa

Solution:
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fa) VA
X
(—3.-7)
(b) VA
(3. 99)
0 %
(e} Vi
(-3 139)

/ 0 (1. 0) X

(d) ¥

(-1 1)
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Differentiation
Exercise B, Question 5

Question:

By considering the gradient on either side of the stationary point on theycan@®— 3x2 + 3x, show that this point is a
point of inflexion.
Sketch the curvy = x3 — 3x2 + 3x.

Solution:

y=x3- 3%+ 3x

dy
= _ a2 _
dx—3x 6x + 3

dy
Put ™ =0

Then 3% - 6x+3 =0

3(x¥¥-2+1) =0

3(x-1)2=0

x=1

whenx=1,y=1

So (1, 1) is a point with zero gradient.

Consider points near to (1, 1) and find the gradient at these points.

X 1.9 1 1.1

= | 003 [ 0 003

+yve | 0 +ve

The gradient on either side of (1, 1) is positive.
This isnot a turning point—it is a point of inflexion.

Y

(1, 1)
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Differentiation
Exercise B, Question 6

Question:

Find the maximum value and hence the range of values for the fuf (x) =27 - 2x*.

Solution:

f(x) =27-2¢
fr(x) = -8
Putf’' (x) =0

Then -&3=0

Sox=0

f(0) =27

So (0, 27) is a point of zero gradient
f7 (x) = — 242

f” (0) =0 —not conclusive

Find gradient on either side of (0, 27):

x | 01 0 0.1

dy
dx

+0.008] O [=0.008

- ] T

There is a maximum turning point at (0, 27).
So the maximum value € ( x) is 27 and range of valuesf (x) < 27.
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Differentiation
Exercise C, Question 1

Question:

A rectangular garden is fenced on three sides, and the house forms the fourth side of the rectangle.

Given that the total length of the fence is 80 m show that the Are&the garden is given by the formlas y

(80 -2 ) , wherey is the distance from the house to the end of the garden.

Given that the area is a maximum for this length of fence, find the dimensions of the enclosed garden, and the
is enclose

Solution:

house

y garden y

Y

< X

Let the width of the garden bem.
Thenx + 2y = 80
Sox=80-2*

AreaA = xy

SoA=y(80-2%)

A =80y - 2y°
dA
o =80-4

dA
Putg = 0 for maximum area
Then80-4=0
Soy =20
Substitute in * to givex = 40.
So are: =40 m x 2C m = 80C m?
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Differentiation
Exercise C, Question 2

Question:

A closed cylinder has total surface area equal ta.68Bow that the voluma/ cmd, of this cylinder is given by the

formulaV = 300ur — zr3, wherer cm is the radius of the cylinder.
Find the maximum volume of such a cylint

Solution:

Total surface area =#h + 2712

So 2zrh + 2212 = 600r

rh = 300 -r2

Volume =ar?h=azr (rh) =azr (300 -r2)
SoV = 300 — ard

dv
For maximum volume_dr =0

dv
5 = 300¢ - 3ar2

dv.
Put = =0
Then 30@ — 3zr2=0
Sor2 =100
r=10
Substituter = 10 intoV to give
V = 3007 x 10 -7 x 10° = 2000t
Maximum volume = 2000z cm?
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Differentiation
Exercise C, Question 3

Question:

200
A sector of a circle has area 100%<Bhow that the perimeter of this sector is given by the forPe2r + o> \|_

100
—.

Find the minimum value for the perimeter of such a sector.

l’lf.f I‘1r

Fem

Solution:

M N

O

Let angle MON =9 radians.
Then perimeteP = 2r +rg @

1
and area\ = Erzé)

But area is 100 cfs0
1

—_ 2 -

S0 = 100

200
r

ro =

Substitute intdD to give
200

p=2+—— @
Since area of circle > area of sector
ar2 > 100
100
Sor>\ —
T
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dpP
For the minimum perimetef~ =0

P, 20
dr - I'2
a@
Putdr =0
Then2-22 =¢
I.2
Sor =10

Substitute intd® to giveP = 20 + 20 = 40
Minimum perimetel = 40 cm
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Differentiation
Exercise C, Question 4

Question:

A shape consists of a rectangular base with a semicircular top, as shown. Given that the perimeter of the shape is 40 cm,
show that its area cn, is given by the formula
2
r

A=40r - 22—

wherer cm is the radius of the semicircle. Find the maximum value for this area.

Solution:
-— X —
A A
r
2r 1
¥
L) ¥

«— X —

Let the rectangle have dimensiomsb® x cm.
Then perimeter of figure is
(2r+2x+ar) cm
But perimeter is 40 cm so
2r + 2x+ zr = 40
40 —zr — 2r
X= " 5

1
Area =2rx + Eﬂ:l’z (rectangle + semicircle)

(

1
SoOA=T K 40 —ar — 2r ) + Enrz (substituting from *)

1
> A=40r-2r2- Jar?

dA
To find maximum value, puf~ =0:

40-4 —ar=0
40

4+

r =

Substitute into expression fA:
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0 (e ), 1 w ),
4+r k4+7rj 2 k4+7r)
a0 (1) [ . ),
4+ k 2]k4+7[}

A =40 x

1600  4+m 1600
A= 4r = T2 X—/——
(4+7) 2
1600 800
A= A+x  d+zx
800
A= o, cn?
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Differentiation
Exercise C, Question 5

Question:

The shape shown is a wire frame in the form of a large rectangle split by parallel lengths of wire into 12 smaller equal-sized
rectangles.

¥y mm

- X IMmn »

Given that the total length of wire used to complete the whole frame is 1512 mm, show that the area of the whole sinagpe is A

108
where A= 1296 - —, where xnm is the width of one of the smaller rectangles.

Find the maximum area which can be enclosed in this

Solution:

Total length of wire is ( 18+ 14y) mm
But length = 1512 mm so
18x+ 14y= 1512
1512 - 1&
y= 14 O]
Total area Ann?é is given by
A=2yx6x @
Substitute® into @ to give

A= 12x ( 15121; 1& )

108
A=1296x- 2 *

dA
For maximum area, puf’ = 0:

@ 216
o = 1296 - x

dA 7 x 1296
when x =0 T =42

Substitute x= 42 into * to give A= 27216
Maximum area = 27216 mm

A 216 )
(Check:= 5> = -7 < 0. maximum)
dx 7
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Differentiation
Exercise D, Question 1

Question:

. 3 48
Giventhaty =x2 + — x>0

A~/
~—

: Yy _
(a) Find the value of and the value of when =~ = 0.

(b) Show that the value iy which you found in (a) is a minimurlEI

Solution:
. 2 48 [ \\
Giventhaty =x 2 + =~ \x>0)
d 3 2 4
(a)dx 2X2_x_
ady
Puj, =0
3 2 _ 48
X2= 7
X
1
x22 =32
x=4
3 48

Substitutex = 4 intoy = x z + "to give
y=8+12=20

d
Sox =4 andy = 20 whenﬁ =0

dy 3 1
ay _ = 96
_ 2 4+ %
0) 4 = F
d 3 96 15 _ o
Whenx = 4, o2 - 8 te =8 > 0.. minimum
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Differentiation
Exercise D, Question 2

Question:

A curve has equatiop= x3 - 5x2 + 7x — 14. Determine, by calculation, the coordinates of the stationary points of the
curveC.

[E]
Solution:

y=x3-5x2+7x- 14
dy
— =32 -10x+7

dx:
dy
When& =0
W -1x+7=0
(3x-7) (x-1) =0

I
X = 3orx—l

_ L 5
Whenx= 3,y= -12

Whenx=1,y= -11

So and (1, —11) are stationary points (where the gradient is zero)
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Differentiation
Exercise D, Question 3

Question:

The function f, defined for & R, x> 0, is such that:

R
) T

(a) Find the value of  (x) atx=4.
(b) Giventhatf (3) =0, findfk) .

(c) Prove that f is an increasing function.

[E]

Solution:
Y e ()
I

(
@f" | x
\

31

Vo 2
) @
(
\

A
Atx=4,f" X
)

(b) f (x) :§—2x—xi+c

f(S\ =0 = 3_3—2><3—l+c:0
\ ) 3 3
2
> c=-273
X3
(V.2 , 1 .2

fKX) =3 X 3
(c) For an increasing function; f( x) >0

> -2+ 150
X

This is true for all xexcept x= 1 [wheref (1) =0].
So the function is an increasing funct

X |
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Differentiation
Exercise D, Question 4

Question:

A curve has equatiop= x3 - 6x2 + 9x.
Find the coordinates of its maximum turning point.

[E]
Solution:

y =x3 - 6x% + X
d
L 3@ 1x+9

dx =
dy
Put % - 0

Then3@-1%+9=0
3(xX¥-4x+3) =0
3(x-1) (x-3) =0
x=1lorx=3

dy
o2 - ox—12
oy . .
Whenx = 1, o = 6 < 0.. maximum point
oy - :
Whenx = 3, w2 - T 6 > 0.. minimum point

So the maximum point is whexre= 1.
Substitutex = 1 intoy = x3 — 6x2 + 9x
Theny=1-6+9=4

So (1, 4) is the maximum turning po
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Differentiation
Exercise D, Question 5

Question:

A wire is bent into the plane shapBCDEA as shown. Shap&BDE is a rectangle anBCD is a semicircle with
diameterBD. The area of the region enclosed by the wilR iis?, AE = x metresAB = ED =y metres. The total length
of the wire is 2 m.

(a) Find an expression fgrin terms ofx.

< )

(b) Prove thaR= 7 k 8 — 4 — 71X )
Given thatx can vary, using calculus and showing your working,

(c) find the maximum value d®. (You do not have to prove that the value you obtain is a maximum.)

B
A ——-..,E_\
II'I
| C
|
P -
D
[E]
Solution:

X

(a) The total length of wire i{ y2E X+ 7 ) m

As total length is 2 m so

2y+x(1+%) =2

x(1+%) ®

y=1-

N |-

(2,

1
(b) AreaR=xy + 3
22

Substitute from® to give

(

R=x k1— %x— %x) + %xz
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X

8 — & — 2nX + wX )

o | %

(
\
(8—4)(—777X} @

. dr
(c) For maximunR, ;= =0

4
4+

Sox =

Substitute intd® to give

1 ( as ax )

R= 2(4+m) k8_ A j
1 32+872-16 -4
R= 2(4+xm) x 4+7
1 16 + 4n
R= 2(4+xm) x 4+r
R= 4(4+rm)
2(4+x) 2
2
R= 4+x
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Differentiation
Exercise D, Question 6

Question:

The fixed pointA has coordinates (8, — 6, 5) and the variable @@inas coordinates, t, 2t).

(a) Show that\P? = 6t2 — 24t + 125.
(b) Hence find the value offor which the distanc@P is least.

(c) Determine this least distance.

[E]

Solution:

(a) From Pythagoras

AP2= (8-t) 2+ (-6-t) 2+ (5-2) 2
AP2=64 - 18 +t2+ 36 + 12 + t2 + 25 — 2Q + 4t2
AP2 = 6t2 — 24t + 125  *

(b) AP is least whe\P? is least.

d (AP?)
dt = 12t - 24
d (AP?)
Put™ 4 =0,thern=2

(c) Substituté = 2 into * to obtain
AP2 =24 — 48 + 125 = 101

SOAP = \|10]
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Differentiation
Exercise D, Question 7

Question:

‘ 'ilcm
X cim

e —

Tin

-

A cylindrical biscuit tin has a close-fitting lid which overlaps the tin by 1 cm, as shown. The radii of the tin and the lid
are bothx cm. The tin and the lid are made from a thin sheet of metal of azea8and there is no wastage. The
volume of the tin i8/ cn?.

(a) Show thaV =z (40x - x2 - x3) .
Given thatx can vary:

(b) Use differentiation to find the positive valuexdbr whichV is stationary.

(c) Prove that this value afgives a maximum value &f.

(d) Find this maximum value &f.

(e) Determine the percentage of the sheet metal used in the lidvw@maximum.

[E]
Solution:

(a) Let the height of the tin Becm.
The area of the curved surface of the tin zxt2cn?
The area of the base of the tinzx? cn?
The area of the curved surface of the lid 7 &nm?
The area of the top of the lid 72 cn?
Total area of sheet metal is/B86m?
S0 20x2 + 27X + 27xh = 80
Rearrange to give

40 - x — X2

X

The volume), of the tin is given by
V = 2x%h

PhysicsAndMathsTutor.com
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X2 (40 =x - x2)

SoV= T =1, 4x-x2-x3 )

( )

Ll 2
(b) 5 =7 | 40-x-3¢

av
WhenV is stationary& =0

S040-%-3x%=0
= (10-%X) (4+x) =0

10
=> X= jor -4

10
Butxis positive sx = 7" is the required value.

& A
)

(c) ol -7 k -2-&

)
)

10 dv [
Whenx= =,

5w | -2-20

<0

SoV has a maximum value.

10
(d) Substitutex = 75" into the expression given in part (a):

23007
27

(e) The metal used in the lid #R2+ 2x2 withx = —

. 1607
e Ay = g

Total area = 80

[ 160 \

So percentage used in the lid i 9 —37180)
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Differentiation
Exercise D, Question 8

Question:

E

The diagram shows an open tank for storing waB€DEF. The sidesABFE andCDEF are rectangles. The triangular
endsADE andBCF are isosceles, and AED = ~« BFC =90 ° . The endADE andBCF are vertical and&F is
horizontal.

Given that AD =x metres:

1
; e =32 m2
(a) show that the area of triangd®E is 7 x* m-.

Given also that the capacity of the container is 408@und that the total area of the two triangular and two rectangular
sides of the container Bm?:

X2 16000 2
(b) Show thaB= 7 +

X

Given thatx can vary:
(c) Use calculus to find the minimum valueSf

(d) Justify that the value &you have found is a minimum.

[E]
Solution:

(a) Let the equal sides df ADE bea metres.

A

EL— D
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Thena? + a2 = x2 (Pythagoras' Theorem)
So 28?2 = x2

1 1
Area of AADE = 7 base x height =Jaxa= 7

X2
(b) Area of two triangular sides is 2 %

NTES

Let the length AB = CD =y metres

2
X
Area of two rectangular sides is 2 x ay = 2ay ’:;\y

X2 X2
ThenS= 7, +2] Ly *

1
But capacity of storage tank ;sz Xy SO
e
2 Xy = 4000

_ 16000

2
X
Substitute this into equation * to give

X2 16000V 2

S= 5+ T
das 16000V 2
© & =X= ——
X
ds
Puta =0
Thenx — 16000v2 _ 0
X2
_ 16000V 2
= —x2
x3 = 16000V 2

x =20+ 2 or 28.28
Substitute into expression f&ito give
S=400 + 800 = 1200

2,
a’s 320004 2

(d) ,z =1+

d%s
Whenx = 20 2, ? =3 >0.. minimum value
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Differentiation
Exercise D, Question 9

Question:

VA

| = >
x

0 4 c

The diagram shows part of the curve with equatierfy x) , where:

( ) =200- —

The curve cuts the-axis at the points And C
The point Bis the maximum point of the curve.

250
-x2, x>0

(@) Find f" (x) .
(b) Use your answer to part (a) to calculate the coordinates of B

[E]
Solution:

(o
(a)kaj—
(\_250_
)T

(b) At the maximum point, B’ (x) =0. So

250
200 - -x2

x =5 at point B
Asy=f(x) ,y=f(5) atpoint BSo y= 125.
The coordinates (B are (5, 125) .
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Differentiation
Exercise D, Question 10

Question:
Vi

/ Pix, v)

=Y

1
The diagram shows the part of the curve with equatiorb - Exz for whichy > 0.

The pointP(x, y) lies on the curve an@ is the origin.

1
(a) Show thaDP? = 7 x* - 4x2 + 25,

)

Y
Takingf | x | = 7x*—42+25:
")

(b) Find the values of for which f’ (x) =0.
(c) Hence, or otherwise, find the minimum distance ff@mo the curve, showing that your answer is a minimum.

[E]
Solution:
1
_ =2
X, 5 2 X

(a) P has coordinate

1 1
OP?= (x-0) 2+ 2=x2+25-52+ xt= x*-4x*+25

/_\/_w\\
N

)

(b)Givenf(x) = %x4—4x2+25

Fr(x) =x3- 8
Whenf’' (x) =0,
x3-8x=0
x(x2-8) =0

x=00rx2=8

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

x=0orx= +2+2
(c) Substitute = 8 into f (x) :

1
OP?= , x&-4x8+25=9

SoOP =3 whenx= +2V2
f" (x) =32-8=16>0when¢=8 = minimum value folOP? and henc©P.
So minimum distance frolO to the curve is .
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Differentiation
Exercise D, Question 11

Question:

=Y

The diagram shows part of the curve with equagien3 + 5x + x2 — x3. The curve touches theaxis atA and crosses

thex-axis atC. The pointsA andB are stationary points on the curve.

(a) Show thaC has coordinates (3, 0).

(b) Using calculus and showing all your working, find the coordinatA andB.

Solution:

(@Q)y=3+5x+x2-x3

Lety =0, then

3+ +x2-x3=0

(3-x) (1+2X+x2) =0

(3-x) (1+x) 2=0

x=3orx= —1wheny=0

The curve touches theaxis atx= —1 (A) and cuts the axis at= 3
C has coordinates (3,0)

d
(b) 5 =5+ X - 3¢

dy
Put§=0,then
5+X%-3x%=0
(5-3) (1+x) =0

3
X= 30rx= -1

5
Whenx= 3,y=3+5

(5 g2 )

So k 3 27} is the poinB.
Whenx= -1,y=0

PhysicsAndMathsTutor.com
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So ( —-1,0) isthe pointA.
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Trigonometrical identities and smple equations
Exercise A, Question 1

Question:

Simplify each of the following expressions:
1
(@1-cod 30

(b)5 sirt 39+5 cog 39
(c)sit A-1

sin 6

(d)

tan 6

\Il—co§ X °

(e) cos X °

\1-cof 3A
() (1-si? 3a

(@) (1+sinx) 2+ (1-sinx) 2+2 cog x
(h) sit 6 +si? 6 cod @
(i) sit 0 +2si® 6 co? O+co* 0
Solution:

_ 1 1
(a) Assit  L0+cos L0=1

1 . 1

Sol-co$ O=si? 30
(b) Assif 39 +cos 39=1
So 5sif 39+5cof 30=5(sif 3¢9+cof 39) =5

(c)Assit A+cog A=1
Sosif A-1= -cog A

sing sin 6
(d) tn o sin 6
cos 6

_sinf) x €osB
S
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=cosd
V1-co2 x° {si? x° sin x ° .
(e) cos X ° = cosx® = cos X ° =tanx
V1-co2 3A \si? 3A sin 3A
=tan A

J1-si? 3A = Jco2 3a = cos 3A

() (1+sinx° )2+ (1-sinx°)2+2cog x°
=1+2sinx° +sif x° +1-2sinx°® +sit x° +2 co¥ x°
=2+2 st x° +2co¥ x°

=2+2(sif x° +cog x°)

=2+2

=4

(h)sit O +si? 6 cod O=siP O(sit O+cof 60) =sirt 0
()si* 0+2si 0 co? O+co O= (siP O+cod 0)2=12=1
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Trigonometrical identities and smple equations
Exercise A, Question 2

Question:
Given thal2 sin 8 = 3 cos 6, find the value otar 6.
Solution:

Given 2 sind =3 cos @

sin 6 3
(divide both sides by 2 ca@

cosd

So

2
3
Sotand = 2
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Trigonometrical identities and smple equations
Exercise A, Question 3

Question:

Given thalsin x cos y =3 cos x sin y, express tax in terms of tary.

Solution:

Assinx cosy=3 cosXx siny

so Sinx cosy = 3 cosx siny
COS X COSY COSX 008y

Sotar x=3 tar y
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Trigonometrical identities and smple equations
Exercise A, Question 4

Question:

Express in terms of sifonly:
(a) cog 6

(b) tar? 4

(c) cos 9 tan 6

cos 6
(d) tan 6

(e) (cos @—sin §) (cos §+sin )
Solution:

(@) As sit 8 +cog H=1
So cog 6=1-sir? 4

sir? 6 B sin? 6
cos? 0 = 1-sir? 0

(b) tar? 6 =

(c)cosO tané

_cosfl x Sinf

cost
=sin 0
cos 6 cos 6 cod 0
=27 _ cos6 _ - —
(d) tang ~ = C0s 6 x sing ~— siné
sin 6
cos 6
cos 6 1-sirf 0 1 .
So ano = sno O9eng sinfg

(e) (cos H—sin @) (cos +sin @) =co? §-sirk = (1-sin? ) —sin® 6 =1-2sin? 4
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Trigonometrical identities and smple equations
Exercise A, Question 5

Question:

sin A (

Using the identities sthh A + co€ A= 1 and/or tanA = cos A \cosA;tO ] , prove that:
(@) (sin@+cos@) 2=1+2 sinf coséd

(b) coi@ -cosf=sin g tand

©NX+ G = T

(d)cog A-siP A=2cod A-1=1-2sit A

(e) (2 sinf-cosfh) 2+ (sinh+2cosh) 2=5

(H2- (sinf-cosh) 2= (sinh+cosbh) 2

(g)sir x co? y-co x sik y = siZ x-sin? vy

Solution:

(@) LHS = (sing+cos @) ?

=sir? @+ 2 sin § cos 0 + cog 0

= (sir® @+co §) +2 sin g cos @
=1+2 sind cosd

= RHS

(b) LHS = o, —cosd
1-cod ¢

= cos 6
si? 0

= cosd
. sin 6

=sin 6 x

=sin ¢ tan 0

= RHS

1
tan x °

(c) LHS =tanx° +

sin x° cos x °
-_— L ==
cos X ° sin x °

sir? x° + co x°

sin x° cosx°®

PhysicsAndMathsTutor.com
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1
~ sin x° cosx°®

=RHS

(d)LHS =cod A-si? A
=co A- (1-cog A)
=cog A-1+cog A
=2 cog A-1v
=2(1-sit A) -1
=2-2sit A-1
=1-2sit AY

() LHS = (2 sinfd-cos@) 2+ (sinH+2 cosh) 2
=4 sirP 0-4 sin § cos O +co 0 +sin’ O+4 sind cosh+4 co 0

=5 sir? 0+5 co ¢

(HLHS =2 - (sin@-cosf) 2

=2- (sirf #-2 sin @ cos H+cos 0)
=2-(1-2 sinf cos @)

=1+2 sinf cosd

=sir? @+ cog 0+ 2 sin 6 cos @

= (sin#+cosh) 2

=RHS

(9) LHS =sirf x co? y-cog x sin?y

=si x(1-sirty) - (1-sirf x)sirty
=sir? x — siré x sin? y - sir? y + sir x sin? y
=sir x—sirt y

= RHS
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Trigonometrical identities and smple equations
Exercise A, Question 6

Question:

Find, without using your calculator, the values of:

5
(a) sin 0 and cosd, given that tand = 7 andd is acute.

3
(b) sin 6 and tand, given that cos) = - 7 andd is obtuse.
7
(c) cos 0 and tand, given that sind = — -and 270 ° <9< 360 ° .
Solution:
(@)
X

Using Pythagoras' Theorem,
x2 =122+ 5% = 169

x=13

12

5
Sosing= 75 and cosf = 13

(b)

3

Using Pythagoras' Theoremz= 4.

4 4
Sosing = pandtang = 3

PhysicsAndMathsTutor.com
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S A

-
T C
As @ is obtuse,
4
sinf=sing = ¢
and
4
tanf= -tang = -3
(€)
X
Using Pythagoras' Theorem,
X2+ 72 = 25
x2 =25 -72=576
X =24
24 7
Socosg = andtang = 7,
A
S A
\ }

/
Hk

As @ is in the 4th quadrant,
24

cosf= +cos¢g =+

anc
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tanf= -tang = - 3,
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Trigonometrical identities and simple equations
Exercise A, Question 7
Question:

2
Given that sind = 7 and that ds obtuse, find the exact value of: (a) aagb) tan 6.

Solution:

2
Consider the angle where sing = 7.

3

¢\ [
X

Using Pythagoras' Theoremz=x+ 5

V5
(@ Socosp = 5

A

S A
r—\ﬁ *

\5
As Ois obtuse, co¥ = —-cos¢ = - =

(b) From the triangle,

2 215

tang = 5= "5
Using the quadrant diagram,
25
tanf= -tang = - "
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Trigonometrical identities and simple equations
Exercise A, Question 8

Question:
Given thattar = - V 3 and thad is reflex, find the exact value of: (sin 6, (b) cos 6.
Solution:

V3
Draw a right-angled triangle with tapn= + 3 = o

¢ ]
1

Using Pythagoras' Theorem,
2= (V3)2+12=4
Sox=2

Js
2

(@sing =

\ o

RN

T ©

As Ois reflex and tar9 is - ve, dis in the 4th quadrant.
-3
Sosing= -sing = ",

1
()cosgp =73

1
As cos ¢ = cos ¢, cos § = 5

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and simple equations
Exercise A, Question 9

Question:

3
Given that cost) = 7 and that ds reflex, find the exact value of: (a) sih (b) tan 6.

Solution:
Draw a right-angled triangle with cas = 7
X
¢ [

Using Pythagoras' Theorem,
X2+ 32 =42
=4 -F=7
x= 7

) N7 V7
Sosing = T,~andtang =

A
S A

A

-~
AN
T ©

As Ois reflex and co9 is +ve, dis in the 4th quadrant.
7
4

@singd = -sing = -

N7
() tand= -tang = - 5~
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Trigonometrical identities and smple equations
Exercise A, Question 10

Question:

In each of the following, eliminat@to give an equation relatingandy:
(a)x=sin 8,y = cos ¢

(b)x=sin 8,y =2 cos 6

(c)x=sin 6,y =cog 0

(dyx=sin 8,y=tan 0

(e)x=sin § + cos 6,y =cos 6 —sin §

Solution:

(@) As sit 0 +cof H=1
X+y?=1

. y
(b) sin 6 = xand cosf = 7

So, using sifi 6 + cog H=1

(1),

y2
X2 + Lz lorxe+ , =lor&?+y>=4

(c) As sin 0 = x, sirt 0 = x2
Using sirf # +cog #=1
XX+y=1

sin ¢
(d) Astand =

cos 0

sin 6

cos d = an 0

X
So cosf = ;

Using sirf 6 + co¥ 9= 1
2
X

2 =1 orxdy2 + x2 = y2

X2 +

(e) sin @ + cos 6 =x
-sing+cosf=y
Adding up the two equations: 2 c@s=Xx +y
X+y
2

So cosf =

Subtracting the two equations: 2 = x -y
X-y
2

Sosinéd =

Usingsin? 6 + co? =1
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(X;y\2+(x+2y\2=l
) L2
X—2y+y+x2+ Xy +y2=4
22 +2y2=4

x2+y2=2
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Trigonometrical identities and smple equations
Exercise B, Question 1

Question:

Solve the following equations fét in the interval 0 < < 360 °:

@sing= -1
(bytand= 3
(c)cos b = %

(d) sin 9 =sin 15°

(e) cosf = —cos 40 °
Htano= -1
(g cosd=0

(h) sin 8= - 0.766

()7 sing=5

()2 cosf= - 2

(k) V3 sin #=cos @

()sin #+cosd=0

(m)3 cosf= -2

(n) (sind-1) (5 cosf+3) =0
(o)tar 6=tar (2+3 sin )
Solution:

(a) Using the graph of = sin 6
sin = - 1whend =270 °

(bytand= 3
The calculator solution is 60 ° (tart v 3) and, as tar is +ve,d lies in the 1st and 3rd quadrants.
#=60° and (180° +60° ) =60° ,240°

1
(c)cosd= 7
Calculator solution is 60° and as c@3s +ve,d lies in the 1st and 4th quadrants.
#=60° and (360° -60° ) =60° ,300°

(d) sin 9 =sin 15°
The acute angle satisfying the equatiofi is15 ° .
Assin @ is +ve,d lies in the 1st and 2nd quadrants
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#=15° and (180° -15° ) =15° ,165°

(e) Afirst solution is cos® ( —cos 40° ) =140°
A second solution of co8 = kis 360° - 1st solution.
So second solution is 220°

(Use the quadrant diagram as a check.)

() Afirst solutionistarr? ( -1) = —45°

Use the quadrant diagram, noting that as tan is — ve, solutions are in the 2nd and 4th quadrants.
(— 45 ° is not in the given interval)

So solutions are 135° and 315°.

(g) From the graph of = cos 6
cos § = 0whengd =90 °, 270°

(h) The calculator solution is - 50.0° (3 s.f.)
As sin fis — ve,d lies in the 3rd and 4th quadrants.

A

50° /1% 50°

@ ©

Solutions are 230° and 310°.
[These are 180 ° 4o and 360 ° —a whereoa =cos 1 ( - 0.766) ]

o 5
()sino=7

First solution is sin 1 ( > \ =456 °
L")

Second solutionis 180 ° —45.6 ° =134.4°

J2

()cos = - =5

Calculator solution is 135°
Ascos dis —ve,fis in the 2nd and 3rd quadral

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page3 of 4

(s A

Z3h
45°

(T) C

Solutions are 135° and 225° (135° and 360 ° — 135 °)

(k) V3 sind=cos@
1
So tand = 5 dividing both sides byJ 3 cos 6

Calculator solution is 30°
As tan 6 is +ve,d is in the 1st and 3rd quadrants.
Solutions are 30°, 210° (30° and 180 ° + 30 °)

()sin 6+ cosf=0

Sosingd= -cosfd = tand= -1

Calculator solution ( — 45 ° ) is notin given interval

Astan fdis - ve,fis in the 2nd and 4th quadrants.

Solutions are 135° and 315° [180° +fah ( - 1) ,360° +tan! ( -1) ]

[ 2)

(m) Calculator solution is cost k -3 ] =131.8° (1d.p)
Second solution is 360 ° — 131.8° =228.2°

(n)As (sin@-1) (5cos#+3) =0
eithersind—-1=0o0r5 cosd+3 =0
3

Sosinfd=1orcosfd= - 5

Use the graph of = sin @ to read off solutions of si# = 1
sing=1 = 6#=90°

3
Forcosfd = - 5

(

3
calculator solution is cos?! k -3 ) =126.9°

second solution is 360 ° —126.9° =233.1°
Solutions are 90°, 126.9°, 233.1°

(o) Rearrange as

tan0(2+3 sinf) —-tan0=0

tan 0] (2+3 sinf) - 1] =0 factorising
tand (3 sind+1) =0

Sotand=0orsinfd= — 3

From graph off=tan 6,tan =0 = 0 =180 °, 360° (0° not in given interval)
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1
For sin @ = - 7, calculator solution ( —19.5° ) is notin interval.

. (
\

1 1
Solutions are 180 ° - sin! \ -3 ) and 360 ° +sinl -3 ) or use quadrant diagram.

Complete set of solutions 180°, 199.5°, 340.5°,

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise B, Question 2

Question:

Solve the following equations fay giving your answers to 3 significant figures where appropriate, in the intervals
indicated:

. s
(@sinx°® =- 77, -180 < x < 540
(b)2 sinx° = -0.3, -180 < x < 180
(c)cosx°®° = -0.809, -180 < x < 180

(d)cosx° =0.84, —-360<x<0
o _ _ 8
(e)tanx® = - 57,0 <= x < 720

(Htar x° =2.9(,80 < x < 44C

Solution:

V3
(a) Calculator solution of six ® = - —~"isx= - 60

As sin x ° is - ve,xis in the 3rd and 4th quadrants.

A

60° /| 60°

@ ©

Read off all solutions in the interval — 180 x < 540
x = —120, - 60, 240, 300

(b) 2 sinx° = -0.3

sin x°® = -0.15

First solution isx =sin~1 ( - 0.15) = - 8.63 (3s.f.)
Assin x ° is — ve,xis in the 3rd and 4th quadral
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Pl 563
@ ©

Read off all solutions in the interval — 180< x < 180
x= —-171.37, - 8.63 = - 171, - 8.63 (3s.f.)

(c)cosx° = -0.809
Calculator solution is 144 (3 s.f.)
As cosx° is —vexisinthe 2nd and 3rd quadrants.

A

®

1440
36°

S AN
36/

(1) C

Read off all solutions in the interval — 180 x < 180
x= — 144, + 144
[Note: Here solutions are cost ( — 0.809) and {360 - cos! ( -0.809) { —360]

(d)cosx° =0.84
Calculator solution is 32.9 (3 s.f.) (not in interval)
Ascos x ° is +ve,xis in the 1st and 4th quadral
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Read off all solutions in the interval — 360x< 0

x= - 327, —32.9(3s.f)

[Note: Here solutions are cos' (0.84) - 360 and {360 - cos! (0.84) { - 360]
V3

(e)tanx® = - 5~

V3
Calculator solution is tan! ( - 3 ) = - 30 (not in interval)

Astanx° is — vexisinthe 2nd and 4th quadrants.

A

309

T ©

Read off all solutions in the interval 0< x < 720
x = 150, 330, 510, 690

+ 360, tan' !

[Note: Here solutions are tant +180, tan !

( )

V3
+540 ,tart | - — | +720]

\ J

(Htan x° =2.90
Calculator solution is tan! (2.90) = 71.0 (3 s.f.) (not in interval)
Astar x° is +ve,xis in the 1st and 3rd quadra

ERER RER ERER
L2 ) . N
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S ®

71.0°

71.0°

(1) C

Read off all solutions in the interval 80< x < 440
x =251, 431
[Note: Here solutions artar =1 (2.9C) +18C,tar~1 (2.9C) +36(]
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise B, Question 3

Question:

Solve, in the intervals indicated, the following equationgfavhered is measured in radians. Give your answer in
terms ofz or 2 decimal places.

@)singd=0, —r<f < 2r

[y

(b)cost= - 75, ~Z<0 < =«

1
(©sind= 75, —2r<0 < =«

(d)sind=tan09,0<0 < 2«
(e)2(1+tand) =1-5tanf, -z<0 < 2=x
H2cos =3 sin 6,0<0 < 2r

Solution:

(a) Use your graph of = sin 6 to read off values of for which sin 6 = 0.
In the interval —2<6 < 2z, solutions are =, 0,x, 2r.

N |-

(b) Calculator solution of co§ = - 7 |s cos 1 ( } = 2.09 radians

(1) _ 2

[You should know that cos! k 2] =71

As cosfis - ve,disin 2nd and 3rd quadrants.

A

s A

27
-

(T) C

(STl |

Ll

Read off all solutions in the interval #2606 < =«
A 2r  2rm

6= - 5,- 3.3 (-419, -209, +2.09)

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 3

1
(c) Calculator solution of sif = 7 is sin” 1

1 T
2 ) = 0.79 radians or
As sin @ is +ve,@ is in the 1st and 2nd quadrants.

A

S A

Read off all solutions in the interval #2600 < =«
7_7r 5= w© 3m

0= - "4, = 7324

(d) sin 8 =tan 6

sin 6

sin 0= "oy
(multiply through by cos)

sin 8 cos 6 =sin 6

sin 8 cosfd—-sin =0

sinf(cosfd-1) =0
Sosinfd=0orcosfd=1for0<0 < 2«

From the graph if = sin 6, sin 6 = 0 whered = x, 2¢
From the graph of = cos 6, cos 6 = 1 whered = 2r
So solutions are, 2

(e)2(1+tanfd) =1-5 tand
> 2+2tand=1-5 tané
> 7tanf= -1

> tanf= - 7

(

Calculator solution i¢ = tan~ 1 \ -

)

) = - 0.14 radians (2 d.p.)

~N -

As tanfis —ve,dis in the 2nd and 4th quadral
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s A

0.14

14° >

T ©

Read off all solutions in the interval =<0 < 2r

F

0= - 0.14, 3.00, 6.14|_ tan’ ( - %) , tan ! ( -

~N -

\+7r tan™ 1 (—
) \

(HAs2 cosf=3 sinb

2cost = 3sind
3 costf] 3 cosf

2
Sotand = 3

(2

Calculator solution i# = tan™ ! K 3 ] = 0.59 radians (2 d.p.)

As tan@is +ve,dis in the 1st and 3rd quadrants.

S ®

0.59°

0.59¢

(1) C

Read off all solutions in the interval 06k < 2r

9=0.59,3.73[ tan 1 (%) , tan™1 (%) +n}
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise C, Question 1

Question:

Find the values of, in the interval 0 < ¢ < 360 °, for which:
(@) sin 4=0

(b)cos 3= -1

(c)tan =1

1
(d)cos 2= 7

1 1
(e)tan 0= - 73

(f) sin (—9) :%

(@)tan (45° —0) = -1
()2 sin (0-20°) =1
(Jtan (0+75°) =3
() cos (5C° +20) = -1
Solution:

(@sin#=0 0 < # < 360°

LetX=40s00 < X < 1440°

Solve sinX=0intheinterval 0 < X < 1440°

From the graph of = sin X, sin X = 0 where

X =0, 180°, 360°, 540°, 720°, 900°, 1080°, 1260°, 1440°

X
0= 7,=0,45°90° 135° 180°, 225°, 270°, 315°, 360°

(b)cos = -1 0 < # < 360°
LetX=30so0 < X < 1080°

Solve cosX= - 1intheinterval0 < X < 1080°
From the graph of = cos X, cos X = - 1 where

X =180°, 540°, 900°

X
0= 73 =60°180° 300°

(c)tan =1 0 < 6 < 360°

LetX =20

SolvetanX=1intheinterval0 < X < 720°
A solution isX =tan~1 1 =45"°

As tan X is +ve, X is in the 1st and 3rd quadrants.
SoX =45°, 225°, 405°, 58!
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X £ 1. L o 595 o
9= 5 =225 °,112; °,202 °,292

1
(dcos2=75 0 < 6 < 360°
LetX =20

1
Solve cosX = Ein theinterval 0 < X < 720°

(1)

A solution isX = cos™ 1 k 5 ] =60°

As cos X is +ve, X is in the 1st and 4th quadrants.
SoX =60°, 300°, 420°, 660°

X
6= 7,=30° 150° 210°, 330°

1 1
(e)tan 30=- 3 0 < 0 < 360°
1
LetX= 30
1
Solve tanX= - TZintheinterval0 < X < 180°

( )

A solution isX

Astan Xis —ve,Xisinthe 2nd and 4th quadrants.

A

309

T ©

Read off solutions in the interval 0< X < 180 °
X=150"°
Sof=2X=300"°

P

(f) sin \—9)—305 6 < 360°

LetX= -6

1
Solve sinX= —Jintheinterval0 > X > -360°

()

1
A solution isX = sin~ 1 k 2 } =45°

As sin Xis +ve,Xis in the 1st and 2nd quadrants.
X= —-31E°, - 22E°

PhysicsAndMathsTutor.com
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Sof = - X=225° 315°

(@tan (45° ) =-1 0 < # < 360°
LetX=45° -9so0 > -6 > -360°
SolvetanX= - lintheinterval45° > X > -315°
A solutionisX=tan"1( -1) = -45°

Astan Xis —ve,Xisinthe 2nd and 4th quadrants.

A

s A

45°

45*

T ©

X=-225°, -45°
S0 =45° -X=90°, 270°

6 < 360°

N |-~
o
INA

(h)2 sin (#—20° ) =1sosin (9—20° ) =

LetX=0-20°

1
Solve sinX = ;in theinterval —20° < X < 340°

R

A solution isX = sin~ k 2 ] =30°

As sin X is +ve, solutions are in the 1st and 2nd quadrants.
X =30°, 150°

Sof=X+20° =50° 170°

(i) Solve tanX = 3 whereX = (0+75° )

Interval forXis75° < X < 435°

One solutionistan® ( ¥3) =60 ° (notin the interval)
As tan X is +ve, X is in the 1st and 3rd quadrants.

S ®

60°

60°

(1) C
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X =240°, 420°
S0 =X-75° =165° 345°

() Solve cosX = — 1whereX= (50° +29)
Interval forXis50° < X < 770°

From the graph of = cos X, cos X = - 1 where
X =180°, 540°

So & + 50 ° =180°, 540°

20 = 130°, 490°

0 =65°, 245

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise C, Question 2

Question:

Solve each of the following equations, in the interval given.
Give your answers to 3 significant figures where appropriate.

. ( \ V3
(a) sin k19—10o ) =-—,,0<0 < 360°
(b)cos (70x) ° =0.6, —180x < 180
(c)tan (X+25) ° = -051, 90« < 180
(d)5sin49+1=0, -90° < 6§ < 9C°

Solution:

V3
(a) Solve sinX= - —~whereX= (6-10°)
Interval forXis —10° <X < 350°
RER
2 )

First solution is sin 1 k - = — 60 ° (notin interval)

As sin Xis - ve,Xis in the 3rd and 4th quadrants.

A

60° /| 60°

@ ©

Read off solutions in the interval —10°X < 350°
X =240°, 300°
Sof=X+10° = 250°, 310°

(b) Solve cosX ° = 0.6 whereX = (70 —x)
Interval forXis 180 + 70>X > -180+70 ie. —110< X<250

First solution is cos! (0.6) =53.1°
Ascos X ° is +ve,Xis in the 1st and 4th quadral
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Ln

o] L2
Y

Ln

X= -531, +53.1
Sox =70 -X= 16.9, 123 (3 s.f.)

(c) Solve tanX° = - 0.51 whereX = 3x + 25
Interval forxis —90<x < 180
So interval forXis — 245 <X < 565

First solutionistan® ( - 0.51) = - 27.0

Astan Xis —ve,Xisinthe 2nd and 4th quadrants.

A

s A

27.0
37.0 >

T ©

Read off solutions in the interval — 245 < 565

X= -207, - 27,153, 333, 513
3x+25= -207, - 27,153, 333, 513
3x= —-232, - 52,128, 308, 488
Sox= —-77.3, -17.3,42.7,103, 163

(d)5sin 4+1=0

5sin 4= -1

sin 4= -0.2

Solve sinX = - 0.2 whereX = 40

Interval forXis —-360° < X < 360°
First solutionissin! ( -0.2) = -115°
Assin Xis - ve,Xis in the 3rd and 4th quadral
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T [.5°
@ ©

Read off solutions in the interval —360°< X < 360°
X= -168.5°, —11.5°,191.5° 348.5°

X
Sof= ", =-421°, -2.88°,47.9°,87.1°
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise C, Question 3

Question:

Solve the following equations fék in the intervals indicated. Give your answers in radians.

(

(a) sin \9_%) =-"7, <0 = =«

(bycos (Z+0.F) =-02, -5 < 6 <

B
N
o
>
—
R
+
INEE
N—
1
AR
o
IN
>
IN

Solution:

1
(@) Solve sinX= - —j;whereX=20- %

. Tn
Interval forXis — & = <

T

First solution isX = sin™1

2

2

|H
~— "’|‘="1

X
[
\

As sin Xis - ve,Xis in the 3rd and 4th quadrants.
A
S A
m T
4 4

;
Read off solutions foX in the interval -7~ < X < 7=
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T 3

Sof=X+ T =5 - .

T
4 T 1200 T 12

(b) Solve cosX = — 0.2 whereX = 26 + 0.2 radians
Interval forXis —z+0.2 < X < =zx+02ie. -294 < X < 334

First solution isx =cos™! ( -0.2) =1.77 ... radians
As cosXis —ve,Xis inthe 2nd and 3rd quadrants.
A
® A
C
1.77
e
(- IM\ >
c
(m-1.77)
® C

Read off solutions foX in the interval —2.94 < X < 3.34
X= -1.77, +1.77 radians

20+0.2= -1.77, +1.77

20= -1.97, +1.57

Sof = - 0.986, 0.786

(c) Solve tanX = 1 whereX = 26 + ”Z

.o 177
Interval forX|s: < X <

T
First solution isX =tan™1 1= 7

As tan is +veXis in the 1st and 3rd quadrants.

A

S ®

e | H
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20 =0, x, 2, 3r, 4
T 3

S00=0,5 .7, 2t

: s z
(d) Solve sinX= 5~ whereX =0+ 7

V3
Interval forXis 3 =

First solution is sin 1 = 0.615

X
(33
L2 )

As sinXis +ve,X is in the 1st and 2nd quadrants.

A
® ®
0.615 0.615
T C

X =7 - 0.615, Z + 0.615 = 2.526, 6.899
Sof=X~- 7 =148,585

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise D, Question 1

Question:

Solve ford, in the interval 0 < # < 360 °, the following equations.
Give your answers to 3 significant figures where they are not exact.

(@4 cod 6=1

(b)2 sif 6-1=0

(c) 3 sirf +sin 6=0

(d)tarf 6 -2 tanf#-10=0

()2 cod #-5cosf+2=0
(Hsi 6-2sind-1=0

(g)tarf 260 =3

(h) 4 sin@=tan @

()sin 6+2 co2 6+1=0

(Jtar? (6-45°) =1

(k) 3 sir 6 =sin 0 cos 6

()4 cosf(cosf-1) = -5 cosd
(m)4 (sirf §—cosh) =3 -2 cosd
(n)2 sirt 6=3(1-cosb)

(0)4 cog #-5sinfd-5=0

g .8
(p)cog S =1l+sin 3
Solution:

1
(@)4 cod =1 = cofH=

1
2
Solutions are 60°, 120°, 240°, 300°

Socosf=

(b)2 sif #-1=0 = sirf = %
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. 1
Sosing= + 12

Solutions are in all four quadrants at 45° to the horizontal.
Sof = 45°, 135°, 225°, 315°

(c) Factorising, sind (3 sin9+1) =0
1

3
Solutions of sind = 0 ared = 0°, 180°, 360° (from graph)

Sosinfd=0o0rsinf= -

1
Solutions of sing = - Zared = 199°, 341° (3 s.f.) (3rd and 4th quadrants)

(d)tarf 6 -2 tan#-10=0
2+\4+40 _ 2+\44
2 - 2

Sotand = (= —-23166 .. o0r4.3166 ... )

| 2-Yaa
Solutions of tand = —— are in the 2nd and 4th quadrants.

Sof = 113.35°, 293.3°
| 2+Va8
Solutions of tand = —— are in the 1st and 3rd quadrants.
Sof= 7695 .. °256.95 .. °
Solution set: 77.0°, 113°, 257°, 293°

(e) Factorise LHS of 2 ¢c8s9 —5 cos 6 + 2 =0
(2 cosfh-1) (cosf#—-2) =0

So2 cosfd-1=0o0rcosf—-2=0

Ascosf < 1,cosé =2 has no solutions.

1
Solutions of cosd = S ared = 60°, 300°

(Hsik 6-2sind-1=0

) 2+ 8
Sosing = 5
) 2-V8 2+48
Solvesing= —,—as™, >1
. ) 2-8
0 = 204°, 336° (solutions are in 3rd and 4th quadrantsgs <0)

() tarf 20=3 = tan D= + V3

Solve tanX = + V3 andtanX= - V3, whereX = 20
Interval forXis0 < X < 720°

Fortan X =  3,X = 60°, 240°, 420°, 600°

X
So0 = 7 = 30° 120°, 210°, 300°

FortanX = - v 3,X= 120°, 300°, 480°, 660°
So# = 60°, 150°, 240°, 330°
Solution sety = 30°, 60°, 120°, 150°, 210°, 240°, 300°, 330°

(h)4 sing=tan 6

sin 6

S04 sing =

cos 6

= 4 sinf cosf=sinb
=> 4sinfcosf-sinfd=0
= sinf(4cosf-1) =0

1
So sinf =0 or cosd = 1
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Solutions of sind = 0 are 0°, 180°, 360°

(1)

Solutions of cosd = lare cos 1 and 360 ° - cos!? (
‘ N/ \

IR

Solution set: 0°, 75.5°, 180°, 284°, 360°

()sin +2 cog H+1=0

Sosinfd+2(1-sirf ) +1=0usingsifh #+cog 6=1
=> 2sifH-sinfg-3=0
= (2sin#-3) (sind+1) =0

3
Sosing = —1(sin#= 7 has no solution)

> 0=270°

(Jtar? (6-45°) =1

Sotan (—-45° ) =lortan @—-45°) = -1

S0 —-45° =45 °, 225° (1st and 3rd quadrants)
ord-45° = —45°,135° 315° (2nd and 4th quadrants)

= #=0°,90° 180°, 270°, 360°

(k) 3 sir? 6 =sin 0 cos 6

= 3sifH-sind cosfd=0

= sinf(3sind-cosh) =0
Sosinfd=0o0r3 sind-cosfd=0
Solutions of sin@ =0 ared =0 °, 180°, 360°

For3 sing—-cosd=0
3 sin@=cosé

Asinf = costil
3cos @ 3 cos#

tan 0 = 3

(1)

Solutions are) = tan~1 k 3 ] and 180 ° +tan! =18.4° ,198°

——
w |+~
N—

Solution set: 0°, 18.4°, 180°, 198°, 360°

(D4 cos@(cosf—-1) = -5 cosb
= cosf[4 (cosfd—-1) +5] =0
= cosf(4cosf+1) =0

1

So cosf =0 orcosfd = — 2

Solutions of cosf = 0 are 90°, 270°

1
Solutions of cos? = - 7 are 104°, 256° (3 s.f.) (2nd and 3rd quadrants)
Solution set: 90°, 104°, 256°, 270°

(m)4 sirf -4 cosf=3-2 cosh
= 4(1-cogfh) -4 cosf=3-2 cosb

> 4cofHd+2cosfd-1=0

—2:% [ STRER

So cosf = s K = T}
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+ Y20
are 72°, 288° (1st and 4th quadrants)

Solutions of cosd = 3

-Y20
Solutions of cosd = Trare 144°, 216° (2nd and 3rd quadrants)
Solution set: 72.0°, 144°, 216°, 288°

(n)2 sirt 6=3(1-cosh)
=> 2(1-coé ) =3(1-cosh)
= 2(1-cosf) (1+cosf) =3(1-cosh) orwriteas a cof #+b cos +c=0
= (1-cosf) [2(1l+cosfd) -3] =0
=> (l-cosf) (2cosf-1) =0

So cosf =1 or cosd = 3

Solutions are 0°, 60°, 300°, 360°

(0)4 cog #-5sinfd-5=0
=> 4(1l-sifh) -5sinf-5=0
=> 4sifH+5sin6+1=0
= (4sinf+1) (sing+1) =0

1
Sosinfd= -l1lorsinf= - 7

4
Solution of sind = - 1is§ =270 °
1
Solutions of sind = - 7 ared = 194 ° , 346° (3 s.f.) (3rd and 4th quadrants)

Solution set: 194°, 270°, 346°

0 6
(p)cog 3 =1+sin 5

9 )
= 1-sir S =1l+sin 5

g .96
2+sm2—0

o (o)

=> sin2 ksin2+1) =0

= sir?

0 0
So sin > :Oorsm; = -1

Solve sinX=0and sinX= -1 whereX= 7

Interval forXis0 < X < 180°

X=0°,180° (sinX = -1 has no solutions in the interval)
Sof=2X=0°, 360

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise D, Question 2

Question:

Solve forg, in the interval —180° < 6 < 180 °, the following equations.
Give your answers to 3 significant figures where they are not exact.

(@) sirt 20=1

(b)tarf =2 tan @
(c)cosH(cosh-2) =1
(d)siP (6+10°) =08
() cog 30— cos P=2
(f)5 sir® =4 cog 6
(g9)tand = cos o

(h)2 sir 6+3 cos H=1

Solution:

(a) Solve siA X = 1 whereX = 20

Interval forXis —-360° < X < 360°
sin X= + 1givesXx= -270°,90°

sin X= —1givesx=-90°, +270°
X=-270°, -90°, +90°, +270°

X
Sof= 75 =-135°, -45°, +45°, +135°

(b) tarf =2 tan @
> taff-2tanf=0
= tanfd( tanh-2) =0
Sotand =0 ortand = 2 (1st and 3rd quadrants)

Solutions are ( -180° ,0° ,180° ), ( —116.6° ,63.4° )
Solution set: - 180°, - 117 °, 0°, 63.4°, 180°

(c)cog -2 cosf=1

> cof20-2cosf-1=0
2+ 48

2

So cosf =

2-+8 2+ 48
2 2

= cosf= > 1)

Solutions are + 114 ° (2nd and 3rd quadrants)
(d) sirf (6+10° ) =0.8

= sin (0+10°) = +W80rsin ¢+10° ) = —WS
Either (6 +1C° ) = 63.4°,116.6°0 (6 +10° ) = - 116.€° , —63.4°

PhysicsAndMathsTutor.com
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63 .47

@

Sof= —-127°, —-73.4°,53.4°,107° (3s.f)

(e)cod 39— cos ¥ -2=0

(cos I -2) (cos P+1) =0

Socos 8= -1 (cos 3+2)

Solve cosX = - 1 whereX = 30

Interval forXis —540° < X < 540°
From the graph of = cos X, cos X = — 1 where
X= -540°, -180°,180°,540°

X
Sof= 7 =-180°, -60°, +60°, +180°

()5 sir H=4 cog 0

sin 6

4
= tarf = castanf= __ -

4

Sotanf= + 5

There are solutions from each of the quadrants (angle to horizontal is 41.8°)

= +£138°, +418°

(g9)tand= cos o
sin 0

= cosd = cos ¢

= sinf#= cod
> snd=1- st o
> dn?20+ sinh-1=0
-1+ +5

2

Sosing =

-1+ 5 -1-+5

Only solutions from sing = 5> (@™, < -1

Solutions are = 38.2°, 142° (1st and 2nd quadrants)

(h) 2 sirf #+3 cosf=1

> 2(1- cod0) +3cosh=1

> 2co€d-3cosf-1=0
3+\17

4

So cosf =

3-Y{17  3+\17
4

Only solutions of co®) = =, (as > 1)

Solutions ared = + 10€ ° (2nd and 3rd quadran

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise D, Question 3

Question:

Solve forx, inthe interval 0 < x < 2x, the following equations.

a
Give your answers to 3 significant figures unless they can be written in the farwherea andb are integers.

(a) tarf %x =1

w ™

(b) 2 sir? (x+ ) =1
(c) 3 tanx =2 tarf x

(d) sir? x + 2 sin x cos x = 0
(€) 6 sit x+cosx—4=0

(f)cod x-6 sinx=5

(9) 2 sir® x =3 sin x cos x + 2 co x

Solution:

(a) tarf %x =1

1
= ftan 7x= +1

|
N
wlS‘

N
B
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A
® A
4 4 .
T C
A
S A
T 3
1 4
z_ =% I_y 2z
X+t 3 = 4 OXF+ =7 Ty
B &z S =z _z
SoOX= g, T RoX=E -5, -

5z 11x 17z 23z

Solutions are = 12 12 12 ' 12

(c) 3 tanx =2 tarf x
= 2tarf x-3tanx=0

=> tanx(2tanx-3) =0

3
Sotanx=0ortanx = 2

x= (0,7 21), (0.983 7 +0.983) =0,0.983;, 4.12, &

(d)sif x+2 sinx cosx=0

= sinx(sinx+2 cosx) =0
Sosinx=0orsinx+2 cosx=0
sin x=0givesx=0,x, 2t
sin x+2 cosx=0 = tanx= -2

Solutions are 2.03, 5.18 radians (2nd and 4th quadrants)
Solution set: 0, 2.03;, 5.18, Z

()6 sif x+cosx—4=0

=> 6(1-coé x) +cosx—-4=0
> 6co¥ x-cosx-2=0
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= (3 cosx—2) (2cosx+1) =0

2 1

So cosx = + zorcosx= - 7

w N

| 2 i )
Solutions of cosx = + s are cos )

, 2r—cos™ ! ( § ) =0.841,5.44

l\ 2 4n

) RN
),Zz—cos \ 2)—3,3

1
Solutions of cosx = - 7 are cos !

N |~

AN T

4

2r T
Solutions are 0.8415; 5 ,544

(f)co? x-6 sinx=5
=> (1-sit x) -6 sinx=5
= S x+6sinx+4=0

-6+\20
Sosinx = Z‘J_ ( :—31\/5\
\ )
-6-\20 -6-\20
As > fac < -1, there are no solutions of st Tr
-6+\20
Consider solutions of six = ;1_
A
S A
-
0.869 0.869

@ ©

sin~1 ( %m) ) = - 0.869 (not in given interval)

Solutions arer + 0.869, Z — 0.869 = 4.01, 5.41

(g) 2 sirf x—3 sinx cosx—2 cog x=0
= (2 sinx+cosx) (sinx-2cosx) =0
= 2sinx+cosx=0orsinx-2 cosx=0

1
Sotanx= - ;ortanx=2

) ) 1
Consider solutions of tam = — 2

N |-

N—
|

First solution is tan 1 ( - = -0.4636 ... (notininterval)
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S A

0.4636

4636

1 ©

Solutions arer — 0.4636, Z — 0.4636 = 2.68, 5.82
Solutions of tanx= 2 aretan ! 2,z+tan”! 2=1.11, 4.25
Solution setx =1.1], 2.68, 4.25, 5.82 (3 s.
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 1

Question:

7 -27
Given that anglé\ is obtuse and coé = - \4 11 Show that tamA = =

Solution:

Using sif A+cog A=1
R ER
Lo

11

sif A+ 2=1

snc A=1- 11 =

2
sin A= I
But A is in the second quadrant (obtuse), soAiis + ve.

2
SosinA= + ﬁ

. sin A
Using tanA = 1
( i)
R L S i S B CL A |
tan A = F = - m* V7= "7 "7 (rationalising the denominator)
1

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 2

Question:

21
Given that angl® is reflex and tarB = + g find the exact value of: (a) siB, (b) cosB.

Solution:

Draw a right-angled triangle with an anglevhere tang = + ~5~.

¢ C
2

Using Pythagoras' Theorem to find the hypotenuse:
2=22+ ((21)2=4+21=25
Sox=5

. V21
(@sing = "
As B is reflex and tarB is + ve,B is in the third quadrant.

[E3
5

SosinB= -sing= -

2
(b) From the diagram cog = -

Bis in the third quadrant, so cd= - cos¢ = - ¢

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 3

Question:

(a) Sketch the graph gf=sin (x+60) ° ,intheinterval —360< x < 360, giving the coordinates of points
of intersection with the axes.

1
(b) Calculate the values of teecoordinates of the points in which the line 7 intersects the curve.

Solution:

(@) The graphof =sin (x+60) ° isthe graph of = sin x ° translated by 60 to the left.

VA

-

90 180 27 360

The curve meets theaxis at
(-240,0),(-60,0), (120,0) and (300,0)
The curve meets theaxis, wherex = 0.

V3

Soy=sin 60 ° =7

RER
=)

Coordinates are( 0

(b) The line meets the curve where sir{ X + 60 ) ° =3

1
Let (x+60) =Xand solve sinX® = Zwhere —300 < X < 420

1

H [ o J—
sin X =3

First solution isX = 30 (your calculator solution)
Assin Xis + ve,Xis in the 1st and 2nd quadra
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A
® ®
30 30 >
T C

Read off all solutions in the interval — 300< X < 420
X= -210, 30, 150, 390

x+ 60 = - 210, 30, 150, 390

Sox= —27C, - 3G, 90, 33(
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 4

Question:

Simplify the following expressions:
(a) cod 6 —sin* 0

(b) sirf 36 — sir? 36 cos® 30
(c)cos* O+ 2 sin? 6 co? O+ sin* 4
Solution:

(a) Factorise cds@ - sin* @ (difference of two squares)
cod O —sint 6= (cog H+sirt §) (co A—siP ) = (1) (cof #-sir? §) (assik 6 +cod 6=1)
So coé 4 - sin* 6 =cog 6 - sir? 0

(b) Factorise st 30 — sir? 36 cos* 36

sin? 36 - sir? 30 cos 30

=sir? 30 (1 - co¥ 39) usesiR 39+ cog 30=1
= sir? 30 ( sir? 39)

= sirt* 30

(c)cod O+ 2 sir? 6 cos? O +sint §= (cog A+si? §) 2=1
sincesin? 6 + co?? =1

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 5

Question:
(a) Giventhat 2 (sirk + 2 cosx) =sin x+5 cos x, find the exact value of tan

(b) Given thasin x cos y+ 3 cos x sin'y=2 sin x sin y—4 cos X cos Y, express tay in terms of tarx.

Solution:

(82 (sinx+2 cosx) =sin x+5 cosx
= 2 sinx+4 cosx=sin x+5 cosx
= 2 sinx-sinx=5 cosx—-4 cosx
= sin x = cos x divide both sides by cos
Sotanx=1

(b)sinx cosy+ 3 cosx siny=2 sinx siny-4 cosx cosy
= SiNY o8y 4 Jcosx siny — 2 sinx siny _ 4 cosx Tosy
COSX COSYT COSY COS ¥ COSX COsY COSY TOsY

=> tanx+3 tany=2 tanxtany-4
=> 2tanxtany-3 tany=4 +tanx
= tany(2 tanx—-3) =4 +tanx

4 + tan X

So tany: 2 tanx-3
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 6

Question:

Show that, for all values @k

(@ (1+sind) 2+cof #=2(1+sinf)
(b) cos* 6 + sin? 4 = sin* 6 + co 6

Solution:

(@ LHS = (1+2 sind+sir? 0) +cog 0
=1+2 sin@+1sincesih d+cod 9=1
=2+2sind

=2(1+sind)

= RHS

(b) LHS =co$ 6 + sir? @

= (cog 0) 2+sirt 0

= (1-sirf ) 2+sir? @since siR §+cos A=1
1 -2 sirf 6+ sint 0 +sir? 0

(1-sirf ) +sint @

cog 0+ sin* Qusing sif 0+ cos A=1
RHE
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 7

Question:

Without attempting to solve them, state how many solutions the following equations have in the interval
0 < 6 < 360°.Give a brief reason for your answer.

(@2 sing=3
(b) sin 9= —cos 6
(c)2 sin@+3 cosfd+6=0

1
tan 6

(d)tan g + =0

Solution:
. 3 . .
(@) sin®= S hasnosolutionsas - 1< sing < 1

(b) sin 8 = —cos ¢

= tanfd= -1
Look at graph off = tan @ inthe interval 0 < 6 < 360°.
There are 2 solutions

(c) The minimum value of 2 si#is - 2

The minimum value of 3 cogis - 3

Each minimum value is for a differefit

So the minimum value of 2 sil+ 3 cos§ > - 5.

There are no solutions of 2 sth+ 3 cos 8§ + 6 = 0 as the LHS can never be zero.

(d) Solving tané + = 0 is equivalent to solving tArg = — 1, which has no real solutions, so there are no

tan 0

solutions
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 8

Question:
(a) Factorise ¥y — y2 + 4x - y.

(b) Solve the equatic4 sin 6 cos 6§ —co? 0+ 4 sin @ —cos =0, intheinterva0 < 6 < 36(°.

Solution:

(@) &y -y +4x-y=y(4x-y) + (4x-y) = (4-y) (y+1)

(b) Using (a) withx = sin 0,y = cos 6
4 sinf cosf@—-coL O+4 sinfd-cosfd=0
= (4sinf-cosfh) (cosf+1) =0
S04 sin@-cosf=0orcosf@+1=0
1
4 sing-cosf=0 = tané):;

Calculator solution i® = 14.0 °

tandis +ve s is in the 1st and 3rd quadrants
So §=14.0°,194°

cosf+1=0 = cosf= -1

So6 = +180° (from graph)

Solutions are) = 14.0°, 180°, 19/
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Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 9

Question:

(a) Express 4 cos#3 —sin (90-3) ° as a single trigonometric function.

(b) Hence solve 4 cosf#3 —sin (90-3F) ° =2intheinterval0 < 6§ <
significant figures

Solution:

(@ Assin (90-9) ° = cos6@° ,sin (90-F) ° = cos F°
So 4 cos 8° - sin (90-3) ° =4 cos F° - cos IJ° =3 cos P°

(b) Using (@) 4 cos B8° — sin (90-3) ° =2
is equivalentto 3 cos3 =2

2
socos 8° = 3

2
Let X = 39 and solve coX ° = gin theinterval 0 < X < 1080

The calculator solution iX = 48.19
As cos X ° is +ve,X s in the 1st and 4th quadrant.

S ®

48.19
48.19

T ©

Read off all solutions in the interval 0< X < 1080
X =48.19, 311.81, 408.19, 671.81, 768.19, 1031.81

1
So 0= 3X=16.1, 104, 136, 224, 256, 344 (3 s.f.)
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 10

Question:

Find, in radians to two decimal places, the valugiofthe interval 0 < x < 2, for which
3 sim2 x+ sin x-2=0. [E]

Solution:

3 sif x+sinx-2=0

(3 sinx-2) (sinx+1) =0 factorising

2
So sinx= z0r sinx= -1

2
For sinx= 7your calculator answer is 0.73 (2 d.p.)

As sinx s +ve,x is in the 1st and 2nd quadrants.
So second solution is#(— 0.73) =2.41 (2d.p.)

. 3
Forsinx= -1,x= 7 =4.71(2d.p.)
Sox= 0.73,2.41, 4.7
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 11

Question:
Giventhat 2 sin 2= cos 2.
(a) Show that tan 2 = 0.5.

(b) Hence find[ trie value @f to one decimal place, in the interval & 6 < 360 ° for which 2 sin 2°
= cos 20° . |E

Solution:

(82 sin &=cos 2

2sin 26
= cos 20
sin 260
=> 2tan =1 tan D= _ >,

Sotan 2=0.5

(b) Solve tan 2° =0.5intheinterval 0 < 6 <360
ortan X° =0.5whereX=26,0 < X<720

The calculator solution for tan' 0.5 = 26.57

As tanXis +ve,Xis in the 1st and 3rd quadrants.

26.57

(1) C

Read off solutions foX in the interval 0 < X< 720
X =26.57, 206.57, 386.57, 566.57
X=20

1
Sof= ;X= 13.3,103.3,193.3, 283.3 (L d.p.)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 12

Question:

Find all the values of in the interval 0 < 6 < 360 for which:
(@cos @+75) ° =05.

(b) sin 26 ° = 0.7, giving your answers to one decimal plelEl
Solution:

(@cos @+75) ° =05

Solve cosX° =0.5whereX=0+ 75,75 < X<435

Your calculator solution foX is 60
As cosX is +ve, X is in the 1st and 4th quadrants.

S @)

60
60

Read off all solutions in the interval 75¢ X < 435
X =300, 420

6+ 75 =300, 420

So6 = 225, 345

(b) sin &° =0.7intheinterval 0 < 6 <360
Solve sinX° =0.7 whereX=209,0 < X<720
Your calculator solution is 44.4

As sinXis +ve,X is in the 1st and 2nd quadra
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A
® ®
44.4 44.4
v o
T C

Read off solutions in the interval 0< X < 720
X=44.4,135.6, 404.4, 495.6
X=20

1
S00= 5X=22.2,67.8,202.2,247.8 (1 d.p.)
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Trigonometrical identities and smple equations
Exercise E, Question 13

Question:

(. s

(a) Find the coordinates of the point where the grapho2 sin K X+ orm ) crosses thg-axis.

(b) Find the values «, whered < x < 2, for whichy = 2. [El

Solution:

(. 5 )

(@y=2 sin K X+ om / crosses thg-axis wherex = 0

.5 1
Soy=2sin gr=2x 5 =1

Coordinates are (0, 1)

5
(b) Solve 2 sin k 2+ En) = V2intheinterval0 < x < 2z

(E\%

So sin K X+ 6”) =

V2 5
TWheregn < X < 4

o |lo

orsin X = T

3 R T
Your calculator solution is;

As sin X is +ve,X lies in the 1st and 2nd quadrants.

A

) A

~
=
\J

5 5
Read off solutions foX in the intervalgn < X < 457

(Note: first value ofX in interval is on second revolution.)
9 11z 177 19z
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E 9_7rll7rl7751977:
X+ ST= T T T, g
9 5 x5 I 5 1w 5
X="7 "% T 64 T8 a4 "6
177  23r 41z 47rx
2X= T T o ) Ty

12 ' 12 ' 12 ' 12

177 23z 41z 47z

24 ' 24 0 24 24
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 14

Question:

Find, giving your answers in termsgfall values o in the interval 0 <9 < 2z, for which:

( A

(a) tan k¢9+ %) =1

\3
(b) sin ¥= - — [El
Solution:

(=)

(a) tan k¢9+ 3) =1intheinterval 0 ¥ < 2r

T

Solve tanX =1 where% K< 3

T
Calculator solution is,

As tan X is +ve, X is in the 1st and 3rd quadrants.

A

S ®

e |

A

T

Read off solutions foX in the interval% K< 73

St 9
X‘4’4
S %
0+ T 404
Sz % oz _Ur 2%
S00="4 %% T3 T

- V3
2

(b) Solve sinX = whereX =20,0 <6< 4z
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T

Calculator answer is —3

As sin Xis - ve,Xis in the 3rd and 4th quadrants.

A

(I |

Read off solutions foX in the interval 0 < < 4z
4r 5z 10z 1lx
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 15

Question:

Find the values of in the interval 0 <x < 270 ° which satisfy the equation
cos 2x+ 0.5

1-cos 2x

Solution:

Multiply both sides of equation by (1 - cox P (providing cos 2+#1)
(Note: In the interval given cos Xds never equal to 1.)
Socos 8+05=2-2 cos 2

3
= 3cosx=§

Socos &= 2

1
Solve cosX = EwhereX =2x,0 <X <540

Calculator solution is 60°
As cos X is +ve, X is in 1st and 4th quadrants.

S @)

60
60

Read off solutions foX in the interval 0 <X < 540
X =60 °, 300° 420°

1
Sox= 7X= 30° 150°, 210°

© Pearson Education Ltd 2C
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Trigonometrical identities and smple equations
Exercise E, Question 16

Question:

Find, to the nearest integer, the values infthe interval 0 < x < 180 ° for which 3 siA 3x -7 cos X -5 = 0.

[E]
Solution:

Using sirf 3x + cog 3x=1
3(1-cog€3x) -7 cos X-5=0

> 3co¥3x+7cos X+2=0

= (3 cos X+1) (cos X+2) =0 factorising
So3 cos 8+1=0o0rcos 8+2=0

As cos X = - 2 has no solutions, the only solutions are from
3 cos X+1=0orcos 8= - %

Let X = 3x

Solve cosX = - %in the interval 0 < X<540°

The calculator solution X = 109.47 °
As cos Xis —ve,Xis in the 2nd and 3rd quadrants.

A
® A
109.47°
70.53 w
v
C

Read off values oK in the interval 0 < X <540°
X = 109.47°, 250.53°, 469.47°

1
Sox= 37X = 36.49° 83.51° 156.49° = 36°, 84°, 156° (to the nearest integer)
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Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 17

Question:

Find, in degrees, the valuesin the interval 0 < # <360 ° forwhich2 cds 6-cosf-1=sit 6

Give your answers to 1 decimal place, where appropriate.

[E]
Solution:

Using sirf 6 + co¥ 9=1
2cof f-cosf-1=1-cod 0
> 3cof€h-cosf-2=0

= (3 cosfh+2) (cosf#—-1) =0
So3 cosfd+2=0o0rcosf—-1=0
2
For 3 cosf +2 =0, cosfd= - 3

Calculator solution is 131.8°
As cosfis - ve,disinthe 2nd and 3rd quadrants.

A
@ A

482

48.0° >
T C

0= 131.8°,228.2°
Forcosf=1,0=0° (see graph and note that 360° is not in given interval)
So solutions arg = 0°, 131.8°, 228.-
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Trigonometrical identities and smple equations
Exercise E, Question 18

Question:

Consider the function Xj defined by

f(x) =3+2sin (X+k) °,0<x<360

Wherjk is a constant and 0 k< 360. The curve with equatign=f ( x) passes through the point with coordinates
3+ V3.

(a) Show thak = 30 is a possible value farand find the other possible valuekof
(b) Given thak = 30, solve the equation () =1 .

[E]
Solution:

(@) (15,3 +V3)liesonthe curvg =3 +2 sin (Xx+k) °
S03+V3=3+2sin (30+k) °
2 sin (30+k) ° =3

( \o V3

sin 30 +k = -
\ J ?

A solution, from your calculator, is 60°
So 30 +k = 60 is a possible result

=> k=30
As sin (30 +k) is +ve, answers lie in the 1st and 2nd quadrant.
The other angle is 120°, so 3tk+= 120

=> k=90

(b) Fork =30,f(x) =1is
3+2sin (x+30) ° =1
2sin (x+30) ° =-2
sin (x+30) ° =-1
LetX=2x+ 30

Solve sinX ° = - 1in the interval 30 X < 750
From the graph of = sin X °
X = + 270, 630

2x + 30 = 270, 630

2x = 240, 600
Sox = 12(, 30C

© Pearson Education Ltd 2C
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Trigonometrical identities and smple equations
Exercise E, Question 19

Question:

(a) Determine the solutions of the equation
cos (%-30) ° =0forwhich0 < x < 360.

VA

/‘\. | / i \h

\

b

!
Ty
\

a5 7B |
/ b
\,/

(b) The diagram shows part of the curve with equatiercos (px —q) ° , wherep andq are positive constants and
g < 180. The curve cuts theaxis at point#A, B andC, as shown.

Given that the coordinates AfandB are (100, 0) and (220, 0) respectively:

(i) Write down the coordinates &f.

(ii) Find the value op and the value df.

0

[E]
Solution:

(a) The graph of = cos x ° crosses-axis (y=0) wherex = 90, 270,
LetX=2x-30

Solve cosX° =0intheinterval —-30 < X < 690

X =90, 270, 450, 630

2x - 30 =90, 270, 450, 630

2x =120, 300, 480, 660

Sox = 60, 150, 240, 330

(b) (i) AsAB =BC, C has coordinates (340, 0)

(i) Whenx = 100, cos (10p-q) ° =0, so 10p - g = 90D
Whenx = 220, 22 - q = 2702

Whenx = 340, 34( - q = 45003

: . , 3
Solving the simultaneous equatiof® - ©: 120 =180 = p= ;

Substitute in®D: 150 -q=90 = q=60
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Edexcel Modular Mathematics for AS and A-Level

Trigonometrical identities and smple equations
Exercise E, Question 20

Question:

The diagram shows part of the curve with equagierf ( x) ,wheref(x) =1+2 sin (px° +q° ) ,pandq
being positive constants and < 90. The curve cuts theaxis at the poinf and thex-axis at the point€ andD. The
point B is a maximum point on the curve.

Vi

B
P |
A \\a /

%

C\ /D
4

Given that the coordinates AfandC are (0, 2) and (45, 0) respectively:

-y

(a) Calculate the value of
(b) Show thap = 4.
(c) Find the coordinates & andD.

[E]
Solution:

(a) Substitute (0, 2) p=f( x) :
2=1+2sinqg°
2sing° = +1

1

2
Asq < 90,g=30

sing°® = +

(b)Ciswhere1 +2 sin (px° §° ) =0 for the first time.

)

1
Solve sin K px° +30° ] = -5 (use only first solution)
45 ° +30° =210° (x=45atC)

45p =180

p=4

(c) AtB f(x) isamaximum.
1+2sin (&° +30° ) isamaximum whensin &4 +30° ) =1
SoyvalueaB=1+2=3
Forxvalue, solve #° +30° =90 ° (aB is first maximum)
= x=15
Coordinates oB are (15, 3

PhysicsAndMathsTutor.com
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D is the second value for which1 + 2 sin (d° +30° ) =0

1
Solve sin ( 4° +30° ) = - 7 (use second solution)
4x° +30° =330°
4x ° =300 °
xX=75

Coordinates oD are (75, 0
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I ntegration
Exercise A, Question 1

Question:
Evaluate the following definite integrals:
a) | .2 ( Z 43 ) dx
CYR | )

(b) J 2 (2 - 4x+5)

(c)Ig(\/x—E\dx

A ? )
(2. )
(d)f12\6x—;+3)d<
(e)I18(x‘§+2x—1}dx
Solution:
(2 .
(a)f12\—3+3xjdx
= [,2(2x7 3+ 3x) dx
I S
I_ -2 2 1
- [ —x~24 sz}lz
JEERNEES)
JEOE
1
:SZ
(b) [ 2 (23 -4x+5)
¢ X2
= [T‘%J'&}oz
= [%—sz+5x}02

PhysicsAndMathsTutor.com
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|
=
(00]
+
|
|

|

(d) I 2 k6x—§+3)ob<

=
o

=
=

IN

ST TN o TN /17— /1

F
L

(
\

1?6—2><4+10} - ( O}

x
N |w
o
3

|
-

N|w|
N Jw
|
|

+
Q
|

i

w N
x

N |w

w N
X
©
+
©o |lo

w N
w
X
: @
w +
w N
Nlw N S
Ne——

ol N

( )

[2(6x-12x"*4+3)

C O
2 ~ —3+3XJ1

[3x2+4x™3+3x] 2

Voo

4
3x4+ 5 +6 | - | 3+4+3

)\

1
=12+ ; +6-10
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&

bl eeex |

L
I
L
(
\
=62- 3

1
=603
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I ntegration
Exercise A, Question 2

Question:

Evaluate the following definite integrals:

(a) J.ls ( x3:(2x2 ) dx

(b) J4( Vx-3) 2ix

() [ 8 (x—%)zdx

(d) | % L v x+ Xi ) dx

42+\/X
(&) [ 2 ok

X

Solution:

(a) ,[13 ( x34;2><2 ) dx

= [ 3@+ 2) dx

() I ,4( Vx=3) 2dx
= [ A(x-6Vx+9)

=JA (x—6x5+9 ) ok
|sz GXS —‘

= | Pl " + X ‘14
L 5 ]
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X2 3 —‘
S -2+ X J14

N |-
i

r
L
(1?6—4><23+36} - (

~4+9
)

1
=8-32+36-5,

L
ez o2,
|_7 ZJO
(2 1) ()
ARV
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_ [ _ZX-l_ZX-g}f
oz o2y )
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P

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

I ntegration
Exercise B, Question 1

Question:

Find the area between the curve with equajiert ( x) , thex-axis and the lineg = a andx = b in each of the
following cases:

(@f(x) =3 -2x+2;a=0,b=2
b)f(x) =x®+4x;a=1,b=2
(©)f(x) = Vx+2x;a=1,b=4

(d)f(x) =7+X%-x2;a= -1,b=2

()

(e)f \X j = %+ \/x;a:j_,b:4

Solution:

@A=],2(3%-2x+2)

33 252
= [ 3T tX }02
[X3—X2+2X] 02
8(8—4+4) -(0)

(b)A= ] 2(5@+4x) dx

I R

_L4 2J1
(e ) (1)
U B (I
=4+8—2%

.
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= [§X§+X2}14

= (§x23+16} - (§+1)
:?+16—§—1

:15+%

=197

(A= ] _2(7+2x-x%)dx

[ 2],

|_7x+x2— RS

( s ) _ 1)
= | 14+4-7 | - -T+1+3
\ )\ )
8 1
=18- 3 +6-3
9
=24- 3
=21

1
A/~ /1
|
£
|
N
+
w |
>
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I ntegration
Exercise B, Question 2

Question:

The sketch shows part of the curve with equaienx (x2 - 4) .
Find the area of the shaded region.

1

L
=7 / \ _.f'; .
!_.f' U .

Solution:

A=T_Ox(x®-4)d
= | _0(x®-4x)dx

=4
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I ntegration
Exercise B, Question 3

Question:

The diagram shows a sketch of the curve with equatiox + % -5,x>0.
X

The regiorR is bounded by the curve, thexis and the lines = 1 andx = 3.
Find the area dR.

VA

Solution:

A=} (3x+ %—5}&

X

[ 3(3x+6x2-5)

1
—
N
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I ntegration
Exercise B, Question 4

Question:
Find the area of the finite region between the curve with equy = (3-x) ( 1+ x) and thex-axis
Solution:

3-x) (1+x)is N shaped

> x=3, -1
=

A= _3(3-x) (1+x)dx
= [ _B(3+X-x%)dx

e 2]

B

_ (9+9_—) _ ( _3+1+g)
=9+1§

=107
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I ntegration
Exercise B, Question 5

Question:
Find the area of the finite region between the curve with equy = x (x - 4) 2 and thex-axis

Solution:

y=x(x-4)?2
y=0 = x=0,4 (twice)
Turning point at (4, 0)

AV

ﬂ/\. >
p X

/ 4

Area =[x (x-4) 2dx

= [ o™X (- 8x+16)
[o* (3 - 8%+ 16x) dx

AR
L)

1
o
=
N
=

|
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I ntegration
Exercise B, Question 6

Question:
Find the area of the finite region between the curve with equy = x2 ( 2 - x) and thex-axis

Solution:

y=x(2-x)
y=0 = x=0 (twice), 2
Turning point at (0, 0)

X— — ©o,y— ©
X— ©0,y—> — ©
AY

L2
\ A

=

Area =] &2 (2-x) dx
= [ 2 (22 -x3) dx

ST

C(mow) ()
(=) T
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I ntegration
Exercise C, Question 1

Question:

Sketch the following and find the area of the finite region or regions bounded by the curveaagishe
y=x(x+2)

Solution:

y=x(x+2)is U shaped
y=0 = x=0, -2

AV

=2

N

Area = - | _ %% (x+2) dx
= = | _ 0 (x%+2x) dx
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I ntegration
Exercise C, Question 2

Question:
Sketch the following and find the area of the finite region or regions bounded by the curveaagishe
y=(x+1) (x-4)

Solution:

y=(x+1) (x=-4)is U shaped
y=0 = x=-1,4

AV

A )
Yo

[ (x+1) (x-4) &
[ -4 (x2=3x-4)dx

SE R L A )
64 u
=353 —40+ 5 -4
5
=-207%
5
Soarea=2(.’g
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I ntegration
Exercise C, Question 3

Question:

Sketch the following and find the area of the finite region or regions bounded by the curveaagishe

y=(x+3)x(x-3)
Solution:

y= (x+3)x(x-3)
y=0 = x=-3,0,3

X— 0,y — ©
X— — 0,y—> — ©

AV

-3/ / R
/ 0 3
[ydx= | (x3—9x ) dx = [
)
)

INIES

N |©
X
(o]

[ _Qydx= | 0

TN
TN
~ |2
~—
o)
=

/ 81 9 \\ [ \\ 81
[oydx= 7 -5x9 - 0, =-7
° - ) U *
81 81 81 1
Soarea =, +, =, or 49
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I ntegration
Exercise C, Question 4

Question:

Sketch the following and find the area of the finite region or regions bounded by the curvesxaaxithe
y=x(x-2)

Solution:

y=x(x-2)

y=0 = x=0 (twice), 2
Turning point at (0, 0)

X— 0,y — ©

X— — 0,y—> — ©

AV

Area = - [ 22 (x-2)dk
= - [2(®-22) dx
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I ntegration
Exercise C, Question 5

Question:

Sketch the following and find the area of the finite region or regions bounded by the curveaagishe
y=x(x-2) (x-5)

Solution:

y=x(x-2) (x=-5)
y=0 = x=0,2,5
X— 0,y — ©

X— — 0,y—> — ©

AY

0/\/,
/2\/5""

[ydx= [x(x®-7x+10) k= | (x3-7x2+ 10x) dx

o7
[ydx = [7—§x3+5x2}
[ o2ydx = (%—%xsuo} . ( o) =24—5;6 =5
[ Pydx = (%’—%x125+125} —( 5%} =—1£§
1 3 1
Soarea =5 +15 =2
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I ntegration
Exercise D, Question 1

Question:

The diagram shows part of the curve with equaierx? + 2 and the line with equation= 6. The line cuts the curve at
the pointsA andB.

VA

Y

0

(a) Find the coordinates of the poidtsindB.
(b) Find the area of the finite region boundecAB and the curvi
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I ntegration
Exercise D, Question 2

Question:

The diagram shows the finite regid®,bounded by the curve with equatips 4x — x2 and the ling/ = 3. The line cuts
the curve at the poin#s andB.

Vi

=y

\
I\I\I'\n
/ 4
0 \

||III
(a) Find the coordinates of the poiftandB.

(b) Find the area R.

Solution:

() A, B are given by
3=4x-x2

X2 -4x+3=0

(x-3) (x-1) =0
x=1,3

SoAis (1, 3)andBis (3, 3)

(b) Area =] 3[ (4x-x) —3]dx
= [ 3 (4x-x-3) K

< 1,

2x2—§—3le

T
7
—
-
7
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I ntegration
Exercise D, Question 3

Question:

The diagram shows a sketch of part of the curve with equatiof — 3x — 5x2 — x2 and the line with equation
y = 4 - 4x. The line cuts the curve at the poidt§ — 1, 8) andB (1, 0).

-t

y=4—-4dx

Find the area of the shaded region betwAB and the curwv

Solution:

Area =| _ (curve - line ) &
219-3-52-x3~ (4-4) ]dx
(5 +x=5x-x3) dx

x4
Exs_ n } 1

[
[_

2
2

[5x+
(

105 1) ( 105 1)
= \5+E E‘Z) T 9+ 3 t3 ‘Z}
10
=10- 5
20 2
= Jore;
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I ntegration
Exercise D, Question 4

Question:
Find the area of the finite region bounded by the curve withequy = (1-x) (x+3) and the liney =x + 3.
Solution:

y=(1-x) (x+3)is N shapedand crosses thaxis at (1,0)and ( -3,0)
y = X + 3 is a straight line passing through ( -3, 0) and (0, 3)

\ &

y=x+3 y=(1-x)(x+3)

Intersections when

x+3=(1-x) (x+3)

0=(x+3) (1-x-1)

0= -x(x+3)

x= —-30r0

Area =] _0[ (1-x) (x+3) - (x+3) Jdx

=] _9(-x2-3x)dx
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I ntegration
Exercise D, Question 5

Question:

The diagram shows the finite regid®,bounded by the curve with equatipa x (4 +x) , the line with equation
y = 12 and thg-axis.

A

A0

(a) Find the coordinate of the poiatwhere the line meets the curve.

(b) Find the area (R.

Solution:

(a)Ais given by
x(4+x) =12

X2+ 4x-12=0
(x+6) (x-2) =0
x=20r -6
SoAis (2, 12)

(b) Ris given by taking| 02x (4 +x) dxaway from a rectangle of area 12 x 2 = 24.
So area oR

=24 - [ 2 (X +4x) dx

+ X2

=24- -
_ A 1
= 30r133
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I ntegration
Exercise D, Question 6

Question:
The diagram shows a sketch of part of the curve with equatiox? + 1 and the line with equation= 7 - x. The finite

regionR, is bounded by the line and the curve. The finite re§ipis below the curve and the line and is bounded b
positivex- andy-axes as shown in the diagram.

VA

.-“H y=xt+

(a) Find the area d®,.

(b) Find the area dR,.
Solution:

(a) Intersections when
7-x=x2+1
0=x2+x-6
0= (x+3) (x-2)
x=2o0r -3

(@) Area ofR; is given by | _ 2[7 - x~ (x>+1) ]dx
=[] _2(6-x-x%)dx

X2 x3
ex- 5 - ?} —32

a8 ) R
= 12_2_3}_k_18_2+3
3
=2 6
5
(b) Area ofR, is given by | ;2 (X% + 1) dx + area of 2 7
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I ntegration
Exercise D, Question 7

Question:

2
3

The curveC has equatioy = x s — —2— + 1.

X

w |~

(a) Verify thatC crosses thg-axis at the point (1, 0).
(b) Show that the poir& (8, 4) also lies of.

(c) The poinB is (4, 0). Find the equation of the line throuh
The finite regiorR is bounded by, AB and the positive-axis.

(d) Find the area (R.

Solution:

2
(@x=1y=1-7+1=0
So (1, 0) lies oI

2
3

2
(b)x=8,y=83 - 2 +1=2- 3 +1=4
83
So (8, 4) lies orC
(c)Ais (8, 4) andB is (4, 0)
4-0
Gradient of line througiAB is 3 _, = 1.

So equationig-0=x-4,i.ey=x-4

(d) AV i
{some sort of curve)

e

PhysicsAndMathsTutor.com
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-, ————

. B
The area oR is given by | 18 (curve) &k — area of 44—

1
—
-
o]
X
w |IN
|
|
+
[EEN
|
N
X
i
X
N

rs 5 ZX§
= | 5x3- +x | -8
2
L 3 ]
= (%x32—3x4+8j —(% —3+1) -8
=%—4+2—8
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I ntegration
Exercise D, Question 8

Question:

The diagram shows part of a sketch of the curve with equ;aﬁon% + X.
X

1
The pointsA andB havex-coordinates, and 2 respectively.

VA

0

1
2
Find the area of the finite region betweAB and the curwi

Solution:

(
\

N—
L 1

Area = | 12 |_ line AB -
|

><N|,\,

N |-
N—

Ais (%8%) andB is (2,2

Gradient = --& = -4
1
=
2

()

1 1
So equationig-275 = -4 \x—2 ) ,i.ey=1075 -«
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=12-83

3
=375 or3.3750r3.38(3s.f)
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Integration
Exercise D, Question 9

Question:

1
The diagram shows part of the curve with equatier3yy x - @ + 4 and the line with equationy4 - 7x

VA

(a) Verify that the line and the curve cross at the poff 2).

(b) Find the area of the finite region bounded by the curve and tr

Solution:

N O
(@ x=4inlinegivesy=4- 5 x4=2

x=4incurve givesyg 3x V4-{64+4=6-8+4=2
So (4, 2) lies on line and curve.

ER (

(b)Area:IO4[3xz—xz+4— K4—%x) dx

]
|

3

J04 K?;.xz—)(2+

-

1\
X )&
]

5
X, X X2
:| 32_f+7|04
L 3 3 ]
3 2 5
:[22 gz 4}04
( 2 Yoo )
= 2x8-7 x32+4 - 0
\ ) U7)
64
=20- ¢
36
= gor7.2
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I ntegration
Exercise D, Question 10

Question:

VA f
' |

[

[4(2,24)

R, R,

f 0 B (b, 0) X

The sketch shows part of the curve with equagienx? ( x + 4 ) . The finite regiorR,; is bounded by the curve and the
negativex-axis. The finite regiom, is bounded by the curve, the positivaxis andAB, whereA (2, 24 ) andB

(b,0) .

The area oRl = the area 0IR2.
(a) Find the area d&;.

(b) Find the value ch.

Solution:

@y=x*(x+4)
y=0 = x=0 (twice), -4
Area ofR is [ _ 0 (x3+ 4x?) dx

[RESE N
|_4 3 J_4
() (22
\ L2

=T 3 = por2ly

|
B
(b) Area ofR, is [ 2 (X3 + 4x?) dx + area of (b-2)

PhysicsAndMathsTutor.com
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:[% }2+12(b—2}
(e @) (oY )
RN A e A
:14§+12b—24

=—9§+12b

1 1
Area ofR,=areaoR;, = -93 +12b=21§

2 5
S01d=303; = b=273o0r256(3s.f)
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I ntegration
Exercise E, Question 1

Question:

Copy and complete the table below and use the trapezium rule to esiiEﬁatzel— dx:
Xc+1

X 1 15 225 3
y= >(2110.5 0.308 0.138
Solution
x=2,y=0.2;x=3,y=0.1
h=0.5
SoA= % x 0.5 [ 0.5+2( 0.308+0.2+O.13% +0%
= % |_ 1892—|
L J
=0.47:
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PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Core Maths 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

I ntegration
Exercise E, Question 2

Question:

Use the table below to estimaiq_z-5 v (2x-1) dxwith the trapezium rule:

X 1125 1.5 175 2 225 25
y=+ (2x-1) 11.2251.4141.5811.7321.8712

Solution:

L0 h

A= % x 0.25 |_ 1+2 \ 1.225+1.414+1.581 +1.732 + 1.891 +}2

o |+

[ 18.646 }

= 2.33075
=237 (3s.f.
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I ntegration
Exercise E, Question 3

Question:

Copy and complete the table below and use it, together with the trapezium rule, to eisg?néte XB+1)ok:

X 005 1 152
y=+ (x3+1) 11.0611.414

Solution:
x=15y= 1+ (1.5+1) =2.09165 ... or2.092 (4s.f)

x=2,y=+ (28+1) =3
[2V (®+1)x

S Y]
~ - x0.5 1+2 1.061 + 1.414 + 2.092 +
e )
0 T T
= = 13.134
‘| ]
= 3.2835
=3.26(3s.f.
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I ntegration
Exercise E, Question 4

Question:

(a) Use the trapezium rule with 8 strips to estin1b5é2xdx.

(b) With reference to a sketch pE 2X explain whether your answer in part (a) is an underestimate or an overestimate of
[ Z2Xdx.
0

Solution:

h=0.25

x0025 05 0.75 1.01.25 15 1.75 2.0
y 11.1891.4141.6822 2.3782.828 3.364 4

| o22¥dx

N |-

~ 5 x0.25 [ 1+2 ( 1.189 +1.414 +1.682 + 2 + 2.378 + 2.828 + 3.3}4

L+ |
N

L [ 1
= 3 34.71

° L |
=4.33875
=434 (3st)

AY
>y

(b)

Curve bends beneath straight line of trapezium so trapezium rulover estimate.

© Pearson Education Ltd 2C
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I ntegration
Exercise E, Question 5

Question:

Use the trapezium rule with 6 strips to estimégé T
(x*+1)

Solution:

h=0.5

x005 1 15 2 25 3
y 10.894 0.707 0.555 0.447 0.371 0.316

1
A= 5 x05 [ 1+2 ( 0.894 + 0.707 + 0.555 + 0.447 + 0.3;}1 + 0.3}6

-3 [ 7.264}

=1.81€or 1.82 (3 s.f
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I ntegration
Exercise E, Question 6
Question:

1
The diagram shows a sketch of part of the curve with equatiorp -, x> - 2.

VA

1 0 I

(a) Copy and complete the table below and use the trapezium rule to estimate the area bounded by thec@xige, the
and the linex= - 1 andx = 1.

X -1-06-020206 1

1

y=——1 0.714 0.385 0.333
X+ 2

(b) State, with a reason, whether your answer in part (a) is an overestimate or an unde

Solution:
(@)h=0.4
1
x= -02y= 75 =0555 .. =0.556(3dp)
1
x=02y= 5, =04545 .. =0.455(3dp.)

area= % x 0.4 [ 1+2 ( 0.714 + 0.556 + 0.455 + 0.38} + 0.333}3

(b) Curve bends down below the straight lines of the trapezia so trapezium rule will over estimate.

© Pearson Education Ltd 2C
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I ntegration
Exercise E, Question 7

Question:

(a) Sketch the curve with equatigrs X3 + 1, for - 2 <x < 2.

(b) Use the trapezium rule with 4 strips to estimate the vaILIe_ofl (x3+1)dx.
(c) Use integration to find the exact value Jof 11 (x3+1) .

(d) Comment on your answers to parts (b) ant

Solution:
(@)y = x3 + 1is a vertical translation ( +1) gf=x3

Y

p

‘}sz?—l_]

(b)h=05
X -1 -05005 1
y 0 0.87511.1252

R PO DN VoL

4 Kx3+1jdxz§><0.5|_ 0+2\ O.875+1+1.125) +2J

FNI
=1
L0 |

I
N

oy )

1 34 _|_ ] (l ) )
© I _, kx 1)dx—|_

T )

(d) Same. Curve has rotational symmetry of order 2 about (0, 1) and trapezia cut curve above and below syn

+1 -1 =2

Ll keS
EN e

o
\

© Pearson Education Ltd 2C
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I ntegration
Exercise E, Question 8

Question:
Use the trapezium rule with 4 strips to estimhg (3 - 1) dx.
Solution:

h=0.5
x005 1 15 2
y 00.856 1.414 2.048 2.828

2 (3x_1 } & ~ %XO,S[ 0+2( O.856+1.414+2.04% +2.82}

ENE I

I ]
11.464

L ]

= 2.866

=2.87(3s.f.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

I ntegration
Exercise E, Question 9

Question:

The sketch shows part of the curve with equagien x > 0.

x+1’ -

VA

\

X

(a) Use the trapezium rule with 6 strips to estimagé

X+177

(b) With reference to the sketch state, with a reason, whether the answer in part (a) is an overestimate or an
underestimat

Solution:
(@h=05

x005 1 152 25 3
y 00.3330.50.60.667 0.714 0.75

[ 2 e

ST ><o.5L o+2( 0.333+0.5+0.6+0.667+O.71} +o.7};

af ]

=4 6.378J

= 1.5945
=1.59 (3s.f)

(b) Curve bends outwards above straight lines of trapezia so trapezium ruunder estimate.
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I ntegration
Exercise E, Question 10

Question:
(a) Use the trapezium rule withstrips to estimate/ 02 Vx dxinthe cases (i) n=4 (i) n=8.

(b) Compare your answers from part (a) with the exact value of the integral and calculate the percentage error in each
case

Solution:

(@) ()h=05

x005 115 2
y 00.70711.2251.414

1 [ ( ) Tl }
[ 2Vxdx= 7 x05, 0+2, 0.707+1+1.225 +1.41 = 7.27 =1.8195
0 2 ) T 7L
1
(i) h= 3
1 2 4 5
XOE 3 13 3 2
y 00.5770.81611.1551.291 1.414
1o ( ) | [ }
[2Vxdx= Zx 7, 0+2, 0577+0.816+ 1+ 1.155+ 1.29 +1.41 e 11.092
0 N Rt ) el
=1.8486
(b) | g2Vx dx= [éxf}ozz (éxzdz) - (o) =§x/2=1.8856
100 ( g \2-1.8195)
(i) % error = 4 =351%
-2
3
100 ( % \2-1.8486)
(i) % error = =1.96 %

4
-2
3
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I ntegration
Exercise F, Question 1

Question:

The diagram shows the curve with equatjon5 + 2x — x2 and the line with equation= 2. The curve and the line
intersect at the points andB.

VA

L

/
/ 0 \ X

|1
/ L =5+ 2y —x*

(a) Find thex-coordinates oA andB.
(b) The shaded regidRis bounded by the curve and the line. Find the aréa of

[E]
Solution:

(@)2=5+X-x2
= xX-2x-3=0
=> (x-3) (x+1) =0
= x=-1@A),30B)

(b) Area ofR= [ _ 3(5+2x-x2~-2) o
=] _3(3+X-x%)dx

© Pearson Education Ltd 2C
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I ntegration
Exercise F, Question 2

Question:

The diagram shows part of the cu@evith equationy = x3 — 9x2 + px, wherep is a constant. The lirlehas equation
y + 2x = g, whereq is a constant. The poiAtis the intersection df andl, andC has a minimum at the poiBt Thex-
coordinates of andB are 1 and 4 respectively.

VA | C
|
J'Ia.... 4 /"_"mm__%_q__-_.‘--./f
f B
I."'III R \
| \\ ,
O T~ X

(a) Show thap = 24 and calculate the value af

(b) The shaded regidRis bounded by, | and thex-axis. Using calculus, showing all the steps in your working and
using the values qf andq found in part (a), find the area Bf

[E]
Solution:
(@) Whernx = 1: q - 2x = x3 - 9x2 + px
= 0-2=1-9+p
=> q+6=p®
dy
Whenx=4: = =3 -18+p=0

> 48-72+p=0
> p=24
Substitute intdD: q=p - 6 = 18
(b) Line isy = 18 — X

SoAis (1, 16) and the line cuts tkeaxis at (9, 0)
Area ofRis given by

16

[t (@ - 9%+ 24x) dx + area of « F3 .

PhysicsAndMathsTutor.com
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X

SR o O ERE RLIE
X

= [Z—3x3+12x2—‘01+64

= (%—3+12) —(O} + 64

R
=737
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I ntegration
Exercise F, Question 3

Question:

1
2

The diagram shows part of the cu@evith equationy = f ( x) , where f§) = 16x~ 2 +x2,x>0.

Vi

0 1 2 %

(a) Use calculus to find thecoordinate of the minimum point @, giving your answer in the forinV 3, wherek is an
exact fraction.
The shaded region shown in the diagram is bounded bye&-axis and the lines with equations 1 andx = 2.

(b) Using integration and showing all your working, find the area of the shaded region, giving your answer in the form
a+ b+ 2, wherea andb are exact fractions.

[E]

Solution:
(@) f’ (x) :—8x-§+§x§
( \\ 3 1 16
fr | x | =0 = 2 = oxeor@= 3
3
\ ) X%

. 4 4
(xmust be positive) Se= —Zor3 V3

PhysicsAndMathsTutor.com
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\

168 162

_\/2__

5 5

)— (32+

[LEEN)

32V2+ 2 x 22

)
)
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I ntegration
Exercise F, Question 4

Question:

A

P )
(a) Find | KX2_4J kx

_1j

(b) Use your answer to part (a) to evaluate
1 1

[ (x5—4\ (X‘Z—l\

\ )\ Y

giving your answer as an exact fraction.

[E]
Solution:

N |-

oX.

oX.

I 1
= 30r23
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Integration
Exercise F, Question 5

Question:

The diagram shows part of the curve with equatienxy — 6X2 + 9x. The curve touches theaxis at Aand has a maximum turning
point at B

}:Jl [

(a) Show that the equation of the curve may be written=as ¢/x — 3 ) 2, and hence write down the coordinates of A

(b) Find the coordinates of B.

(c) The shaded regioniRbounded by the curve and thexis. Find the area of.R

[E]

Solution:

(@ (x-3)2=x2-6x+9
Sox(x—-3) 2=x3-6X+ 9x

y=0 = x=0]i.e. (0, 0)] or 3 (twice)
So Ais (3, 0)

dy
(b) 3 =0 = 0=3-12x+9

> 0=3(x2-4x+3)
=> 0=3(x-3) (x-1)
= x=1lor3
x = 3 at A the minimum, so B (1, 4)

(c) Areaof R= [ 3 (x® - 6 + 9x) dx

| 23— 28 + %xz | 3

L e
%—ZX27+§ xg) —( O)

Nlw 7 ~N
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I ntegration
Exercise F, Question 6

Question:

1 1
Giventhaty 2 =x 3 + 3:

2 1
(a) Show thay = x s + Ax 3 + B, whereA andB are constants to be found.

(b) Hence find] y dx.
(c)Using your answer from part (b) determine the exact valdelﬁfdx.

[E]
Solution:

2
3

w |~

(@)y = kx§+3)2:x +6x3+9 (A=6,B=9)

() [ By dx= [gx
(= 0 )
)

= \5x32+; x 16+ 72
3

_ = S
= 5 +135- 3

1
=149 1o OF 149.1
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I ntegration
Exercise F, Question 7

Question:

1 1
Considering the functiop=3x 2 — 4x~ 2, x> 0:

-
(@) Find "~ .
(b) Find [y dx.

(c) Hence show thaf 13y dx = A + BV 3, whereA andB are integers to be found.

[E]
Solution:

1

1
(@Qy=3x2 —4x~ 2

dy 3 1 1 3
K: Ex‘ 2 + Ex4x‘ 2
dy 3 1 3
E: Ex'2+2x'2
(.2 1)

(b) [ydx= | \3xz—4x‘2}dx

3 1

x5 x5
= - +C

3 1

2 2

3 1
=2x2 —-8x2 +¢C

(c) | Bydx = [ 2x2 —8x 2 } 2
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I ntegration
Exercise F, Question 8

Question:

The diagram shows a sketch of the curve with equgtio®x — x2 and the lin€DN which is the normal to the curve at
the originO.

Va

i

(a) Find an equation @N.
1
(b) Show that the-coordinate of the poiriti is 25 and determine iscoordinate.

(c) The shaded region shown is bounded by the curve and th@Nin&/ithout using a calculator, determine the area of
the shaded regic

Solution:

(@y=2x-x

dy _

wx =2~

Gradient of tangentat (0, 0) is2.
1

Gradient ofON = - 2

1
So equation 0ONisy = — 7xory +x=0

(b) N is point of intersection dDN and the curve, so
1

L Sy = Oy — 32
2x-2xx

PhysicsAndMathsTutor.com
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1
(c) Area =[ 2 *(curve - line) ot
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I ntegration
Exercise F, Question 9

Question:

VA

=y

0 12

The diagram shows a sketch of the curve with equation
1 3
y=1X2 -xz2for0 < x < 12
dy 3 \
(@) Show that, = =73X /

N |-

(4—x

(b) At the pointB on the curve the tangent to the curve is parallel ta-frds. Find the coordinates of the paiht

(c) Find, to 3 significant figures, the area of the finite region bounded by the curve arakibe

[E]
Solution:

1 3

(@)y=12x2 - x 2

dy 1
o =X 2

N |-

%x = Zx‘é (4—x

d
) g =0 = x=4y=12x2-8=16
SoBis (4, 16)

PhysicsAndMathsTutor.com
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gtz g
| %7 o
(1) (o)

= 133.0215
=132 (3s.f.

8x
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I ntegration
Exercise F, Question 10

Question:

The diagram shows the cur@with equationy = x ( 8 —x) and the line with equation= 12 which meet at the points
L andM.

VA

N7 AN

()

(a) Determine the coordinates of the pdiht

(b) Given thaiN is the foot of the perpendicular frodhon to thex-axis, calculate the area of the shaded region which is
bounded byNM, the curveC and thex-axis.

[E]
Solution:

@x(8-x) =12
> &-x=12
> 0=x2-8+12
> 0= (x-6) (x-2)
= X=2o0r6
M is on the right of, soM is (6, 12)

(b) Area =] B (8x—x?) dx
X3

(4x64—5712) - ( 4><36—%)

2
=256 - 1705 - 144+ 72
_qat
=133
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I ntegration
Exercise F, Question 11

Question:

The diagram shows the lie= x — 1 meeting the curve with equatign= (x—-1) (x—-5) atAandC. The curve
meets thec-axis atA andB.

rlL "_‘

K

(a) Write down the coordinates AfandB and find the coordinates @f

(b) Find the area of the shaded region bounded by the line, the curve x-axis

Solution:

(@Ais (1,0) Bis (5,0)
x-1=(x-1) (x-5)
> 0=(x-1) (x-5-1)
=> 0= (x-1) (x—-6)

> x=1,6
SoCis (6, 5)
AV

a
-
-
-

5
\ >
TR A6

Shaded region ig 6 (x-1) (x-5)dx= |5 (x*-6x+5)dx

(b)
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5
Al
Required area = area | 6 - ] (x-6x+5)d

I 1

1 L
:2X5X5—|_3_3(+5XJ5

U B T:
BN I

— 101 2
=125 +6-50 + 413

7

(12

)
~3x36+30 | - 75+ 25
) e

N—
L 1

1
=105
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Exercise F, Question 12

Question:

Vi
/X

x’f \

/
i

A o
/ 0 D\ =

A andB are two points which lie on the cur@ with equatiory = — xZ + 5x + 6. The diagram show@ and the lind
passing througi andB.

(a) Calculate the gradient Gfat the point wherg = 2.
The linel passes through the point with coordinates (2, 3) and is parallel to the tangeattttee point wherg = 2.

(b) Find an equation df

(c) Find the coordinates &f andB.
The pointD is the foot of the perpendicular frd&non to thex-axis.

(d) Find the area of the region bounded®yhex-axis, they-axis andBD.

(e) Hence find the area of the shaded region.

[E]
Solution:

d
(@5 = - X+5

Whenx = 2 gradientofCis -4 +5=1
(b) Equationof isy-3=1(x-2) i.ey=x+1

(c)Ais(-1,0)

B is given by

X+1= —x2+5x+6
X2—4x-5=0
(x=-5) (x+1) =0
x=—-1lor5
SoBis (5, 6)

(d) Area =] 5 ( - x2+5x+6)dx

PhysicsAndMathsTutor.com
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= T + 30
=507
AV
B
F
/o D \ X
(@)

Required area is (d) - trapezi®&EBD

Area of trapezium =7 x5 x K 1+ 6) =

. 5 1 1
Shaded region =50 -1 =33
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Exercise F, Question 13

Question:

YA

The diagram shows part of the curve with equagierp + 10x — x4, wherep is a constant, and part of the lin&ith
equationy = gx + 25, whereq is a constant. The lidecuts the curve at the poimsandB. Thex-coordinates oA andB
are 4 and 8 respectively. The line througparallel to thex-axis intersects the curve again at the pGint

(a) Show thap = — 7 and calculate the value @f

(b) Calculate the coordinates ©f

(c) The shaded region in the diagram is bounded by the curve and tA€libksing algebraic integration and showing
all your working, calculate the area of the shaded region.

[E]
Solution:

(a) UsingA which lies on line and curvegd+ 25 =p + 40 — 16
ie.g=p- 10

Using B which lies on line and curveq8 25 =p + 80 — 64
ie.&g=p-9@

Solving@ -® = 4= -8 = q= -2

Substitute intdD = p=1+4q= -7

(b) AtA,y=4q+ 25 =17
SoC s given by

17= -7+ 1&x - X2

X2 —10x+24=0
(x-6) (x-4) =0
x=4,6

SoCis (6, 17

PhysicsAndMathsTutor.com
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17

(c)Area =[ 8 ( -7+ 10x-x?)dx - area of 2

[ - Tx + 5x2 = éx Ik -34
(

Voo

~42+180-72 | -, -28+80-, , -34
\ )\ > )

4 1
= 3orl3
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Exercise 1, Question 1

Question:

The sectoAOB is removed from a circle of radius 5 cm.
The AOB is 1.4 radians and OA = OB.

(a) Find the perimeter of the secf®B. (3)

(b) Find the area of sectAOB. (2)

Solution:

.r'! B

(@) 0

Arc length =r =5x1.4=7 cm
Perimeter =10 + Arc =17 cm

1 1
(b) Sector area =,1? 9= 5 x5 x 1.4=17.5 cr

© Pearson Education Ltd 2C
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Practice paper
Exercise 1, Question 2

Question:
Given that log x = p:
(a) Find log (8x?) in terms ofp. (4)

(b) Given also thep = 5, find the value ox. (2)

Solution:

(@) log, x=p
log, (8x?) =log, 8 +log, x*=3+2 log, Xx=3+2p

(b)log, x=5 = x=2° = x=32
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Exercise 1, Question 3

Question:
(a) Find the value of the constanso that (x — 3) is a factor ok® — ax — 6. (3)

(b) Using this value ca, factorisex® — ax — 6 completely. (4

Solution:

(@) Letf(x) =x®—ax -6

If (x-3) isafactorthenf(3) =0
ie.0=27-2-6

So&x=21 = a=7

(b)x® - 7x -6 has (x-3) as a factor, so
XB—Tx—6= (x-3) (x2+3x+2) = (x—-3) (x+2) (x+1)
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Exercise 1, Question 4

Question:

(a) Find the coefficient of'! and the coefficient of!2 in the binomial expansion of ( 2x) 15. (4)

The coefficient ofx!! and the coefficient af!2in the binomial expansion of (2 + kx3° are equal.

(b) Find the value of the constek. (3)

Solution:

(15\24>(11+ (15\23>(12+

\ 11 ) \ 12 )

Coefficient ofx!! = ( 1? ) x 16 = 1365 x 16 = 21 840

(15 )

Coefficient ofx12 = x 8 = 455 x 8 = 3640
\ 12 )

@ (2+x) =

(b) 21 84K = 36412
21 840
3640

Sok =
i.,e.k=6
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Exercise 1, Question 5

Question:

(a) Prove that:

cod 0 1-sin

0
sno+si? o — sino ,0<6<180°.(4)

(b) Hence, or otherwise, solve the following equation for@d<180 ° :
cod ¢

5 =2

sin 6+ sir? 6

Give your answers to the nearest degret

Solution:

cod 0

(@) LHS = sin 0 + sin? 0

1-sirf 0
sin 0+ sin? 0

(using sif 0 + co 0= 1)

(1-sinf) (1+sin@)
sinfd(1l+sind)

(factorising)

1-sin@

= o, (cancelling [1+sind] )

=RHS

cof 6

(b)2— sin 6+ sir? 0
1-sing
= 2= sin 6

= 2 sin #=1 - sin # (can multiply by sing " 0 <6 < 180)

= 3sing=1
. 1
=> sing= 3
So#=1947 ... °,160.t ... ° =19°,161° (tonearestdegre
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Exercise 1, Question 6

Question:
(a) Show that the centre of the circle with equak®m y2 = 6x + 8y is (3, 4) and find the radius of the circle. (5)
(b) Find the exact length of the tangents from the point (10, 0) to the cir(

Solution:

(@)x2-6x+y?-8y=0
=> (x-3)2+ (y-4)2=9+16

ie. (x-3)2+ (y-4)2=%
Centre (3, 4), radius 5

(b) Distance from (3, 4) to (10, 0) F%# 42 =65
AV

Length of tanger = \I\|§2 - 52 =\40 = 210
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Exercise 1, Question 7

Question:

A father promises his daughter an eternal gift on her birthday. On day 1 she receives £75 and each following day she

2
receives; of the amount given to her the day before. The father promises that this will go on for ever.

(a) Show that after 2 days the daughter will have received £125. (2)

(b) Find how much money the father should set aside to ensure that he can cover the cost of the gift. (3)
After k days the total amount of money that the daughter will have received exceeds £200.

(c) Find the smallest value k. (5)

Solution:

(@ Day 1= £75,day 2 = £50, total = £ 125

2
(b)a=75,r = 3 —geometric series

Amount required = £ 225

a(l—rk)
(C)SK: 1-r

2
75[1—<§)k]

Require 5 > 200
1- 2
3

ie. 225[ 1- (%)k} > 200

© |

(2,
T

© |-

AN
\®)
(1) ((2)

Take logs: log kgj X log KSJ

(2

Since log k 3 ] is negative, when we divide by this the inequality will change around.

PhysicsAndMathsTutor.com
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|
-

log ( L
(0]
945

Sok >
log ( 3 )

i.e.k>5.419
So neekk =6
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Exercise 1, Question 8

Question:

( )

Given = [ 3 L +3vx | dx:
\ ® )

(a) Use the trapezium rule with the table below to estimate Isignificant figures. (4)

x115 2 25 3
y 44.119 4.493 4.903 5.307

(b) Find the exact value of (4)

(c) Calculate, to 1 significant figure, the percentage error incurred by using the trapezium rule as in part (a) tl. (2)

Solution:

4+2 ( 4.119 + 4.493 + 4.903) + 5.30%
1
|

o [
= 36.337

N e

4
|6v3- 3 -9.08425 |

(c) Percentage error = 4 x100=0.279 ... % =03%
6V3- —
3
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Exercise 1, Question 9

Question:

7
The curveC has equatioy = 6x 3 — 7x2 + 4.

dy
(@) Find - (2)

&
(b) Find 5 - (2)

(c) Use your answers to parts (a) and (b) to find the coordinates of the stationary p@istscbdetermine their nature.

9)
Solution:

7
(@)y=6x3 - X2+ 4

dy. 704
dx—6x 3X 3 — 14

4

dy 4
o = 143 — 14

& s 1
(b) 5z = 3 x> - 14

4

o s )
(€ =0 = x3-x=0 = X \x —1) =0
Sox=0or1l

oy . .
x=0 = §=—14< 0.. (0, 4) is a maximum
x=1 = o - 3 -14>0.. (1, 3) is a minimum
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Exercise A, Question 1

Question:

o X-2-3
Simplify 2 7xs 12"

Solution:
X2 - 2x -3
X2 — Tx + 12
(x=3) (x+1) Factorise & — 2x— 3:
3 b (-3) x(+1)=-3
(-3)+(+1) =-2
s0¥ - 2x-3= (x=3) (x+1)
Factorise & — 7x + 12
(-3)x (-4) = +12
(-3)+(-4)=-7
SOX-7x+12= (x-3) (x-4)
_ ox#1 Divide top and bottom by X - 3)
X—4
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Exercise A, Question 2

Question:

In AABC, AB = \|_5cm, <« ABC=45°, ~ BCA=30°. Find the length oBC.

Solution:
B Draw a diagram to show the given information
5 s
X
307
A C
> _ B Use the sine rule— where=ax , ¢ = {5 and
sinA  sin30° SinlA sinc &=
C=30°
A+ 30+ 45 =18CF Find angle AThe angles in a triangle add to 180
A=105°
x 6
sin105°  sin30°
_ \5sin105° Multiply throughout by sin105
sin30°
=432 Give answer to 3 significant figures
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Exercise A, Question 3

Question:

(a) Write down the value of log81

(b) Express 2 log4 + log ;5 as a single logarithm to baae

Solution:
(a)
log,81 = log; (34) Write 81 as a power of 3,81 =3x3x3x3%3
= 4Iog33 Use the power law: lqg( xk) = klogx, =0 that log ( 3
4) = 4logg3
=4x1 Use loga =1, so that log3 = 1.
=4
(b)
2log,4 + log,5
= Ioga42 +10g,5 Use the power law: log( xk) =klog,x , = that
2log 4 = Ioga42
= log, ( 42 x5) Use the, multiplication law: logy = logx + log,y so

that log42 + log,5 = log, (42 x 5)
= log,80
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Exercise A, Question 4

Question:
P is the centre of the circle x(— 1) 24 (y+4) 2=g1.

Qs the centre of the circle X+ 3) 2+ y2 = 36.

Find the exact distance between the pcP andQ.

Solution:

(x=1) %+ (y+4) ?=81

The Coordinatesof Bre (1, -4) . Compare k-1) 2+ (y+4) 2=8to (x-a)
2+ (y-b) 2=r2 where (a,b) isthe centre.

(x+3)2+y?=36

The Coordinatesof @e ( =3,0) . Compare k+3) 2+y?=361t0 (x—a) 2+
(y—-Db) 2 = 2 where (@, b) isthe centre.

__ PO=}(-3-1)2+ (0- used:\l [ (%=% )2+ (y,-y;) 2, where

(-4)°2 (x,y,) = (1, -4) and ,,y,) = (-3,0)

=\ (-4)2+ (4)2
=\16 + 16
=\32
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Exercise A, Question 5

Question:

Divide 2x3 + 9x2 + 4x — 15 by (x+3) .

Solution:
2%
x+3| 238+ 92+ 4x-15
23 + 62
3x2 + 4x
252 + 3%
x+3[ 23+ 9@+4x-15
253 + 6x2
3x2 + 4x
3x%2 + 9x
- 5x- 15
2% +3x-5
x+3| 28+ 9x@+4x-15
253 + 6x2
3x2 + 4x
3x%2 + 9x
- b5x-15
-b5x-15
0

Start by dividing the first term of the polynomial byso
that 2@ + x = 2x2. Next multiply (x+3) by 2%, so
that 2€ x (x+3) =2x¢ + 6X2 . Now subtract, so that
(23+92) - (22 +6¢2) =3.Copy + 4x

Repeat the method. Divide %by x 0 that 3% + x = 3x
Multiply ( x+ 3) by 3xsothat3% (x+ 3)

= 3»% + 9x. Qubtract, so that ( Zx+ 4x) -
(3% +9x) = -5x. Copy - 15

Repeat the method. Divide — By x so that

- 5x+x= -5 Multiply (x+3) by -5, sothat
-5x (x+3) = —5x-15. Subtract, so that
(-5x-15) - ( -5x-15) =0.

So 28+ 9 +4x- 15+ (x+3) =28+ 3x-5.
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Exercise A, Question 6

Question:

1
In AABC, AB = 5cm,BC = 9cm andCA = 6cm. Show thatos ~ TRS= - 3

Solution:
A Draw a diagram using the given data.
Sem B cm
B 9cm C
52 + 6% — & i b*+c?-a
cos, BAC=z 2 —>—~ Use the Cosine rule cAss ————, where
2x5x%x6 2bc
25 + 36 - 81 A= «BAC,a=9(cm) , b=6(cm) ,c=5
- 60 (cm)
=20
T 60

-1
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Exercise A, Question 7

Question:
() Find, to 3 significant figures, the valuexdbr which 5= 0.75
(b) Solve the equation 2 log — log ;3x =1

Solution:

(@)
5¢=0.75

log;, (5%) =log,, 0.75 Take logs to base 10 of each side.

X log; g = l0g;; 0.75 Use the Power law: log x¢) = klogx so that log, ( 5
X) =xlog,5
_ logyy 075 Divide both sides by log5
X = log, ;5
= -0.179 Give answer to 3 significant figures
(b)
2loggx — logg3x =1 Use the Power law: lgg( x<) = klogx so that
log (X*) - logg3x =1 2 logex = logg (%)
logg ( § ) =1 Use the division law: log( % ) =logx - logy so

that logs (x*) - logg (3x) = logg ( §) .

2
logg ( Xg ) =1 Simplify. Divide top and bottom by, %0 that;(—x = XE .

X Use loga=1, sothat 1 = lo

g ( £) =log5 % &

X _e Compare the logarithms, they each have the same base,

SO — =
3 s0 = =5.
3

x =15.
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Exercise A, Question 8

Question:

The circleC has equation X+ 4) 2+ (y-1) 2=25.
The pointP has coordinates ( - 1,5) .

(a) Show that the poirR lies on the circumference Gf

(b) Show that the centre C lies on the linex — 2y + 6 = 0.

Solution:

(a)
Substitute ( —1,5) into X+4)
2+ (y-1) 2=25.
(-1+4)2+ (5-1)2=32+42
=9+16
=25 as required Any point X, y) on the circumference of a circle

so P lies on the circumference of the Satisfies the equation of the circle.
circle.

(b)
The CentreofGs ( -4,1) Compare K+4) 2+ (y-1)2=25t0 (x-a)
2+ (y-b) 2=r2where (a,b) is the centre.
Substitute ( —4,1) into
X-2y+6=0
(-4) -2(1) Any point (x,y) on a line satisfies the equation of the
+6=-4-2+6=0Asrequired line.

so the centre df lies on the line
X—2y+6=0.
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Exercise A, Question 9

Question:
(a) Show that (2- 1) is a factor of £ — 7x2 — 17x + 10.

(b) Factorise2x® — 7x2 — 17x + 10 completely

Solution:

(@)
f(x) =23 -7¢-17x+ 10
1 1 1 1 Use the remainder theorem: if () is divided
- 3 2
f(3) =2(5)°-7(35)°-17(3)

by (ax—-b) , then the remainder ¢( > ) .
+10 a

Compare (2x 1) to (ax—-b) ,soa=2,
S2x T o7xE —17x= +10 .
8 4 2 b = 1 and the remainder |sf§ ) .

1 7 17

=273 210

=0 The remainder =0, so (2x1) is a factor o

so, (2x- 1) is a factor of 2~ 7»¢ - 17x+ 10. 2x3 - 72 - 17x+ 10.

(b)

2-3x - 10 First divide 2% — 7)¢ - 17x+ 10 by
ox- 1] 28— 7@ -17x+ 10 (2x-1) .
2% — X2
- 62 - 17x
- 652 + 3x
- 20x+ 10
- 20x-10
0
so 2@ - 7% - 17x+ 10 = (2x-1) Now factorise % — 3x — 10:
(x2-3x-10) (-5)x(+2)=-10
= (2x-1) (-5)+(+2)=-3
(x=5) (x+2) 'so€-3x-10= (x-5) (x+2) .
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Algebra and functions
Exercise A, Question 10

Question:

INn APQR,QR=8 cm,PR=6 cmand « PQR=40°.

Calculate the two possible values aof QPR.

Solution:
R Draw a diagram using the given data.
dcm 6 cm
40° a°
Q P

Let ~ QPR =0°

sin P sin Q

sinf _ sin 40° Use= — = ,where=9°,p=8 (cm) ,
8 6
Q=40°,g=6 (cm) .
# =59.0° and 121.0 Assin (180-6) ° =sinf°,
0 =180° —59.0° =121.0° is the other possible
answer.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C1

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise A, Question 11

Question:

(s )

a) Express lo — | interms of log,aand log.b.
9 k > ) % 2
b

1
(b) Find the value of log, 3.

Solution:

(a) log, ( “b— )

log ,4a- log , (b?)

log ,4 + log,a - log, (b?)

=2+ log,a—-2log,b

(b)

1

1 |0910( =)
log 7 ( 5) = °
9 log 14 (27)

|
w N

Alternative method:

1 -
09 ,7( 5) = log,7 (9 1)

= - log,,(9)

PhysicsAndMathsTutor.com

Use the division law: log ( 6 ) = log x- log .y, ©

that log, ( 1—2 ) = log,4a- log 2b2.
Use the multiplication law: log (' xy )
= log x+ log y, o that log,4a= log ,4 + log.,a
Simplify log 4
log 4 = log , (2°)
=2log ,2
=2x1
=2
Use the power law: log (x<) =K log x, o that log,
(b?) =2log,b.

log . x
Change the base of the logarithm. Use Jog | d ,
0g 2
] 109 15( <)
that log,,( 5 ) = 0% 97
log 14 (27)
. =1 1 1 1
Use index rules: X = = < SO thatg =9

Use the power law log ( xK) =Klog .



Heinemann Solutionbank: Core Maths 2 Page2 of 2

= - log,;(3?)

= -2log,;(3) Use the power law log (xX) =K log x.
1 1

= —2log,, (2753) 27 =3 x 3 x 3,503 327 =275

_ —TZ l0g ,,27 Use the power law log (xX) =K log .

_ _TZ x 1 Use log,a=1, sothat log,27 = 1

_ -2

T3
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Exercise A, Question 12

Question:

The pointd. (3, —1) andv (5, 3) are the end points of a diameter of a circle, céhtre
(a) Find the exact length M.

(b) Find the coordinates of the polvit

(c) Find an equation for the circ

Solution:

Draw a diagram using the given information
M (5, 3)

Li{3,-1)

(a)

LM =\ (5-3)2+3- ( -1)2Used:\| [ (x2—x1)2+ (Yo-Y;) 21 with
=\ (2)2+(4)? (., ¥1) = (3, -1) and (&,,y,) = (5,3)
=4+ 16
=\20

(b)
The Coordinates of N are %;—5 » Use (

X1+X2 y1+y2

) with (x;,y,) = (3, -1)

2 12

%) =(4,1) . and (x2,y2):(5,3).
(©)
The equation of the Circle is Use (x—a) 2+ (y-b) 2=r2where (a,b) isthe
(x—4)2+ (y—1)2: ( @) centre and r is the radius. Herea (b) = (4,1) and

2 _ V20
2 r=—.

V0, o _ V20 V20 _ 20 _

(x-4) 2+ (y-1) 2=5 ()= x5 =5 =5
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Exercise A, Question 13

Question:

f(x) =33+x2-38&+c¢C
Giventhatf (3) =0,

(a) find the value of,

(b) factorise f (x) completely,

(c) find the remainder whef ( x) is divided by (2x-1) .

Solution:
f(x) =3C+x2-38x+cC

()

3(3)3+ (3)2-38(3) +c=0
3x27+9-114+4=0

c=24

sof (x) =3x+x2 - 38x+ 24 .

b
(f)(3) =0,s0 (x—3) is a factor of
333 + X2 — 38x+ 24
3%-10x - 8
x—-3| 33+ x2-38x+24
3¢ - 9%
102 - 38x

1052 - 30x
- 8x—-24
- 8x+ 24

0

= (x-3)

2 _
so 3% + x% - 38x+ 24 (3@ + 10x-8)

= (x-3) (3x-2)

(x+4) .

(©)

Substitute x= 3 into the polynomial.

Use the factor theorem: If f) =0, then
(x-p) isafactoroff (x) . Here p=3

First divide 3% + x2 — 38x+ 24 by
(x=-3) .

Now factorise 3% + 10x— 8. ac= - 24 and
(-2)+ (+12) = +10( =b) so
3x2 + 10x— 8 = 3% - 2x+ 12x— 8.
=x(3x-2) +4(3x-2)

= (3x—-2) (x+4)

The remainder when fX) is divided by (2x 1) Use the rule that if f k) is divided by

isf (%)

PhysicsAndMathsTutor.com
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f(%)=3(%)3+ (%)2-38(%)
+24

3 1
g+z—19+24

=5

o |o;
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Exercise A, Question 14

Question:
In AABC,AB=5cm,BC= (2x-3) cm,CA= (x+1) cmand~z ABC=60°.
(a) Show thak satisfies the equatio® — 8x + 16 = 0.

(b) Find the value of.

(c) Calculate the area of the triangle, giving your answer to 3 significant fi

Solution:

(a)

A Draw a diagram using the given data.
Scm (x+1)cm
60"

B (2x - 3) cm c

(x+1) 2= (2x-3) 2+52-2(2x-3) Use the cosine rule:

% 5 x cos 60F b? = a + ¢? - 2ac cos B, wherea =
(2x-3)cm,b= (x+1)cm,
c=5cm, B=60".

2 _ _ 2,22 _ -
(x+1) %= (2x=3) “+5°-5(2x-3) cos 60°:%,302(2x—3)

x 5 x cos 60°
=2 (2x-3) x5x

=5(2x-3)

X2+ 2x+ 1 =48 - 12x+ 9 + 5 — 10x+ 15

3¢ - 24x+ 48 =0

X2 - 8x+16=0

(b)

X2 — 8x+ 16 =0 Factorize X — 8x+ 16 = 0

(x-4) (x-4) =0 (-4)x (-4) = +16
(-4)+ (-4)=-8

x=4 SOX -8x+16= (x-4) (x-4)

()
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Draw the diagram usingx4

5cm 5cm

60"

5cm

Area

% x 5% 5 sin 60 Use Area =%ac sin B, where

10.8cn? a=5cm, c= 5cm, B = 60°
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Question:

(a) Solve 0.8“= 0.8, giving your answer to 3 significant figures.

(b) Find the value atin log,243 = 2.5

Solution:

() 0.6%=0.8
log 100.62X = log ;0.8
2xlog ;0.6 = log,40.8

log ;0.8

X = log ;0.6

log ;0.8

1
x =3 IoglOO.6)

=0.218
(b)
log,243 = 2.5

log ;4,243
asgpy
log ;X

log ;243
l0g 10 = 25

log ;243
SO X= 10( 25 )

=9

© Pearson Education Ltd 2C
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Take logs to base 10 of each side.

Use the power law: log ( xX) =K log X, 9 that
log ;0.6 = 2xlog ; 0.6.
Divide throughout by log 0.6

log . x
Change the base of the logarithm. Use Jog og ba , SO
b
B log 243
that log,243 = 109 17

Rearrange the equation far x

log ,n = x means that®&=n, so log, x = C means
log ;243

x = 10, where =



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C1

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise A, Question 16

Question:

Show that part of the line 3xy = 14 forms a chord to the circlex(- 2) 2+ (y-3) 2=5 and find the length of this
chord

Solution:
(x-2) 2, (y-3) 2 =g Solve the equations simultaneously.
X+y =14
y =14 - 3x
(x-2)2+ (14-3x-3) 2 =5 Rearrange 3% y = 14 for yand substitute into X - 2 ) 24

(y-3) 2=5.
(x-2) 2+ (11-3x) 2=5 Expand and simplify.
(x-2)?2 =x2-4x+4
(11 - 3x) 2 =121 - 66x+ 9%
X2 — 4X+ 4 + 121 - 66x+ 9 = 5
10x2 - 70x+ 120 = 0  Divide throughout by 10
x2 - 7x+12=0 Factorizek- 7x+12=0

(x-3) (x-4) E:j; " E :2; - J—riz

=0
soX - 7x+12= (x-3) (x-4)
sox=3,x=4 Two values of xso two points of intersection.
So part of the line forms a chord to the
Circle .
Whenx=3, y =14-3(3) Find the coordinates of the points where the line meets the
circle. Substitute x 3 intoy = 14 — 3x Substitute x 4 into
=14-9 y=14 - 3x
=5
Whenx=4,y =14-3(4)
=14 -12
=2

So the line meets the chord at the points
(3,5) and (4,2).
The distance between these points is

)| ( 4 -3 ) 2 4 - fl 12 + Find the distance between the points (3,5) and (4,2) use

(2-5)2 (-3)2 N (Og=x) 2+ (yp-yp) ) with (x,yy) =
=\|m (3,5) and ,,Y,) = (4,2) .
=\[10
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Question:

g(x) =x3-13x+12

(a) Find the remainder when gx () is divided by (x-2) .

(b) Use the factor theorem to show that { 3 ) is a factor of g &) .

(c) Factoriseg ( x) completely

Solution:

(@ g(x) =x3-13x+12

9(2) = (2) 3_13(2) +12 Use the remainder theoremg(i) is divided by (ax-b) ,
=8-26+12 then the remainder is(g%) .Compare k-2) to
= - 6.
(ax—-b) ,soa=1, b= 2 and the remainder is(g%) ,ileg
(2).
(b)
9(3) = (3) 3_13(3) +12 Use the factor theorem: Ifgp) =0, then (x-p) is afacto
of g(x). Here p=3
=27-29+12
=0
so (x—3) is afactor of
x3 — 13x+ 12.
(c)
2 + 3x— 4 First divide ¥ — 13x+ 12 by (x-3) . Use 0Xso that the
X-3)3C + 0% — 13x+ 12 sum is laid out correctly
xS - 3%
32 - 13x
3x2 — 9x
- 4x+ 12
- 4x+ 12
0
so x3-13x+12= (x-3) Factorize % + 3x — 4:
(x2+3x—4) (+4) x (-1)=-4
(+4)+ (-1)=+3
= (x=3) (x+4) (x-1). so¥ +3x-4= (x+4) (x-1) .
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Question:

The diagram showsABC, with &
BC=xm,CA= (2x-1) mand

2 BCA=30°. xm

Given that the area of the triangle is

2.5 nf,

(a) find the value of x

4 (2% 1rm

(b) calculate the length of the line AB
giving your answer to 3 significant
figures.

Solution:

(@)

%X(Zx—l) sin 30° =25 Herea=x(m) ,b= (2x-1) (m) andangle

1 )
C =307, so use area -—-Z-ab sin C.

x(2x-1) x 5 =25 sin 30° = -
x(2x-1) =10 Multiply both side by 4
2% -x-10=0 Expand the brackets and rearrange into the form
ax?+bx+c=0
(x+2) (2x=-5) =0 Factorize 2X-x-10=0:ac= -20and ( +4) +

(-5)=-1so

2% - x-10 =2¥ + 4x-5x- 10
=2X(x+2) -5(x+2)
= (x+2) (2x-5)

so x=25m X = — 2 is not feasible for this problem as BC would
have a negative length.

X= —2andx=

N o

(b)
B Draw the diagram usingx2.5 m

25cm ¥

30°

C A

4 cm

x2=25+42-2x25x4xcos 30 Use the cosine rulée a2 + b2 — 2ab cos C, where

PhysicsAndMathsTutor.com
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X=222m c=x(m) ,a=25(m) ,b=4(m) ,C=30
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Exercise A, Question 19

Question:
(a) Solve 8~ 1= 10, giving your answer to 3 significant figures.

(b) Solve log,x+ log, (9 -2x) =2

Solution:
(a)
3*-1=10
log 1o (3 2x=1y = |og 1010 Take logs to base 10 of each side.
(2x-1) log,3=1 Use the power law: log (X) =K log x, @ that log,, (3
21y = (2x-1) log ;3 . Use log,a =1 so that
log ,,10=1
_ Rearrange the expression, divide both sides by, 18g
X-1= "4 3
1 Add 1 to both sides.
2X = log 13 +1
1 Divide both sides by 2

X = IoglOS+l
2
x=1.55

(b)
log ,x+ log, (9-2x) =2

log ,x(9-2x) =2 Use the multiplication law: log(xy) = log ;x + log .y so
that log,x + log, (9-2x) = log ,x(9-2x) .
so x(9-2x) =22 log ;n =xmeansa” =nso log,x (9-2x) =2 means
X(9-2x) =4 22=x(9-2x)
Ox— 22 =4
2% - 9x+4=0
(x-4) (2x-1) =0 Factorise 2x— 9x+4=0ac=8,and (-8) + (-1) =
-9so
o4 xo L 22~ 9x + 4
’ 2 =22 - 8x—x+4

=2x(x-4) -1(x-4)
= (x-4) (2x-1)
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Question:

Prove that the circl (x+4) 2+ (y-5) 2=82lies completely inside the circx? + y2 + 8x — 10y = 5¢.

Solution:

(@)

X2 + y2 + 8x— 10y =59 Write this circle in the form X—a) 24 (y—-b)
2 -2
=T
X2 + 8x+y2 — 10y = 59 Rearrange the equation to bring therms together and

they terms together.
(x+4) 2_16+ (y-5) 2_25=59 Complete the square, ude2ax = (x+a) 2_g°

(x+4)2+ (y-5) wherea = 4, so that X+ 8x= (x+4) 2- 42 and
2-100 wherea= — 5, sothatkx— 10x= (x-5) 2—52.
(x+4) 2+ (y-5)
2=10?
The centre and radius &% + y2 + 8x—  Conpare (x+4) 2+ (y-5) 2=100to (x—a)
10y =59 are (-4,5) and 10. 2+ (y-b) 2=r2 where &b) is the centre andis

the radius. Here ¢ ,b) = ( - 4,5) and = 10.
The centre and radius ofx(+ 4) 2+  Conpare (x+4) 2+ (y—-5) 2=8%to (x—a)
(y-5) 2=8%are (-4,5) and 8. 2+ (y-b) 2=y¢2 where 4,b) is the centre andis

the radius. Here ¢ ,b) = ( - 4,5) and =8.
Both circles have the same centre, but ¥4
each has a different radius. Sox € 4)
2+ (y-5) 2=8%lies completely

insidex? + y2 + 8x— 10y = 59. \
%’

(&
N
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Question:

f (x) =x3+ax+ b, wherea andb are constants.

When f (x) is divided by (x -4 ) the remainder is 32.
When f (x) is divided by (x+ 2 ) the remainderis - 10.
(a) Find the value od and the value db.

(b) Show tha (x - 2) is a factor off (x) .

Solution:

(a)

f(4) =32 Use the remainder theorem: If () is divided by (ax —
so, (4) 3+4a+b=32 b) , then the remainder is f E ) . Compar&{4) to
da+b= -32 (ax—b) ,soa=1, b=4andthe remainderisf (4) .
f(-2)=-10, Use the remainder theorem: Compare H{2) to (ax —

so(-2)3+a(-2) +b=32 b) ,soa=1, b= —2andtheremainderisf{2) .
-8-2a+b=32

—2a+b=40
Solve simultaneously
da+b=-32 Eliminate b:Subtract the equations, so (4&b) — ( —
—2a+b=40 2a+b) =6aand (-32) — (40) =-72
Ga= —72
soa= —12
Subgitute a= — 12 into 4a+ b= —
32
4(-12) +b= -32 Substitute &= — 12 into one of the equations. Here we use
_ 48 +b= -32 da+b= -32
b=16

Substitute the values of a and b into the other equation to
check the answer. Here we us&a + b = 40

Check —2a+ b =40

-2(-12) +16=24+16=40
( correct)

soa= -12 ,b=16.

sof (x) =x3— 12+ 16
(b)

f(2)=(2)3%-12(2) +16 Use the factor theorem : Iff§) =0,then x—p) isa
factor of f (x) . Here p= 2.
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=8-24+16
=0
so (x—2) isafactor of X— 12x + 16
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Question:

ShipBis 8km, on a bearing of 30, from shipA.
Ship Cis 12 km, on a bearing of 14Q from shipB.
(a) Calculate the distance of sl@ifrom shipA.

(b) Calculate the bearing of stC from shipA.
Solution:

(a)
Draw a diagram using the given data.

Find the angle ABC: Angles on a straight line add to
180°, s0 140° +40° =180° . Alternate angles are
equal ( =30° ) so ~ ABC=30° +40° =70°

C

=8 +12_2x8x12xcos 70 Youhavea 12 (km) , c=8(km) , b=x
(km) , B=70° . Use the cosine rute? = a + c? -

2ac cos B
x=11.93 km
The distance of ship C from ship A is
11.93 km.
(b)
sin 70° _ sin A Find the bearing of C from A. First calculate the angle
1103 12 BAC ( =A) .Use™= =2 where B=70,
A=70.9° b=x=11.93(km) ,a 12 (km)
The Bearing of ship C from Ship Aigg° + 70.9° = 100.9°
100.9°
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Question:
1 1
(a) Express Ioglz - ( 5 log 9+ 7 log 8 as a single logarithm to base p.
N ")

(b) Find the value of in log ,x= - 1.5

Solution:
1 2 )
@ Iogp12— 3 K log KDt 3 Iogp8 )
: Ky —
= log 12 %( log 9+ |ng(8 Use the power low: log (x~) =K log x, 0 that
2 _ 2/3
213y ) 3 Iogp8— Iogp(8 ) -

1
log 12— 2 ( log 9+ log 4) 82/3= (81/3)2=22=4

Use the multiplication law: log ( xy ) log x+ log .y,

log IO12— % log IO36

that Iogp9+ Iogp4= Iogp(9x4) = Iogp36
= log I0127 Iogp(361/2) Use the power law: Iog(xk) =klog jx, = that
%Iog ;36 = Iogp(361/2) = log ,6
= log plz* log IO6 Use the division law: log ( ?) = log ;x— log .y, so that
- Iogp(%z) Iogp12— Iogp6: Iogp(%) = Iogp2
= log |O2

(b) log x= —-1.5

S Change the base of the logarithm. U 919" <5 that
oo, - L ange the base of the logarithm. Use Jog oga * S0 tha
og 5o
09 X = log ;4
log 10¢= - 1.5 log 104 Multiply throughout by Ioglo4
x = 10~ 15109 ¢ log ;n = x meansa® = n, so log,x = ¢ means x= 1(F, where
=0.125 c= -1.5log ;A4
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Question:

The pointP (4, - 2) liesonacircle, centt@(1,5) .
(a) Find an equation for the circle.

(b) Find an equation for the tangent to the circlP.

Solution:

Draw a diagram using the given information

LetCP=r

(a)
(x-1) 2.+ (y-5) 2=y2 Use (x—a) 2 4 (y-Db) 2 = 2 where (@a,b) isthe
centre of the circle. Herea,b) = (1,5) .

r=\(4-1)2+ (-2-5) 2

:\I3z+ (-7)2 Usedz\l (% —X;) 24 (Yo-Y1) 2 where (X5 Yp)
=9+ 49 = (1,5) and (,¥,) = (4, -2) .

=\58

The equation of the circle is

(x-1) 2+ (y-5) 2= (\58)?2
(x-1) 2+ (y-5) 2=58

(b)

. .—2-5 _;7 YoV,
The gradient of CPis,— =7 Usexz_x1 ,Where &, ,y;) = (1,5) and &,,Y,)
=(4,-2).
So the gradient of the tangent%s The tangent at P is perp(frldlcular to the gradient at P. Use
__l H — Z 7 = 3
. Here m= — 330(—7) ==

The equation of the tangent at P is Useyy =m(x—-x;) ,where (x;,y, ) = (4, -
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Question:

The remainder whex? — 2x + aiis divided by (x — 1) is equal to the remainder whex? 2 x — a s divided by
(2x+ 1) .Find the value ca.

Solution:

f(x) =x3-2x+a Use the remainder theorem: If i () is divided by ax- b,

then the remainder is f E ) .Comparx€ 1) to
g (x) = 23 +x-a _ _
ax—Db,soa=1, b=1and the remainderisf (1) .

F(1) =g( - 1 ) Use the remainder theorem: If x| is divided by ax- b,
2 then the remainderis g § ) . Compare (2%) to

ax—b,soa=2,b= - 1andthe remainderis g ( % )

The remainders are equalsof (1) =g ( -1/2) .

3
+ — p—
(= a
1_2+a:_—_l—a (__1)3:__1
2 2 8
1 1 1
2a= - X — = = — =
4 2 8 4
_ 1
soa= 3.
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Question:
The diagram showsABC. B
Calculate the area @&fABC.
4.3
35
40°
A [ - 8.6 - C
Solution:
B
4.3
35
40°
A D - 8.6 - C
sin < BDA _ sin 40° In AABD, use322 =2 \here
43 35 d
o D= ~BDA,d=4.3,A=40°,a=3.5.
sin ~ BDA = 4.3 sin 40
35
« BDA =52.16°
2 ABD =180° - (52.16° +40°) Angles in a triangle sum to 180Q
= 87.84°
AD 3o In AABD, use—— = —2—  where
sin 87.84 sin 40° sin B sin A
35 sin 87.84 b=AD,B =87.84°,a=3.5 A=40°.
AD= ——
sin 40
=544 cm
AC=AD +DC=5.44 +8.6
=14.04
1 .
Area of AABC = % x 4.3 x 14.04 x sin 40 In AABC, use Area =3 bc sin A where
b=14.04,c=4.3, A=40°.
=19.4 cn?
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Question:
Solve3®+*1+5=16(3%) .
Solution:

3*1l+5  =16(3X)

3(3%) +5 =16 (3%)
3(3%)2+5 =16 (3%)

let y= 3%

S0 3¢ + 5 = 16y

3y2 - 16y+5 =0

(3y-1) (y-5) =0
1

y= 5' y:5

Now 3 = %,soxz - 1.

and ¥ =5,
log 10 (3*) = log 5
xlog ;03 = log 5

log 65
log ;3
=1.46
sox= —1andx=1.46

© Pearson Education Ltd 2C
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Use the rules for indicesax a" = a

32X+1 :32X><31
=3(3%).

m+n

Pagel of 1

, So that

Also, (a™) "=a™ sothat &= (3%)2

Factorise 3§ - 16y+5=0.ac=15and ( - 15) +

(-1) = -16, sothat

3y - 16y+5 =3y - 15y-y+5

=3y(y-5) -1(y-5)

(y=5) (3y-1)

Take logarithm to base 10 of each side.

Use the power law: log ( xK) =Klog x, o0 that

log 1, (3%) =xlog .3

Divide throughout by log ;3
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Question:
The coordinates of the vertices®/ABC areA(2,5) ,B(0,2) andC(4,0) .

Find the value of cos ABC.

Solution:
¥y Draw a diagram using the given information.
A(2, 5)
B(0,2)
0 C(4,0) X
AB2= (2-0)2+ (5-2)2 Used = (X% —X. )2+ (Y,—Yy;) 2, with
=22+ 32 (X,y1) = (0,2) and &,,y,) = (2,5) .
=4+9
=13
BC2= (0-4)2+ (2-0)?2 Used = (x,-x% )2+ (y,~y;) 2with
=(-4)2+(2)7? (%.y;) = (4,0) and (&,,y,) = (0,2) .
=16 +4
=20
CA2= (4-2)2+ (0-5)2 Used = (x,-% )2+ (y,—y;) 2with
=22+ (-5)72 (%,y;) = (2,5) and &,,y,) = (4,0) .
=4+ 25
=29
2 2 _ 2 2 2 _ K12
cos ~ ABC = 2B *rBC AT Use cos B =222 \where B =~ ABC,
2 x AB x BC 2ac
_ 13+20-29 a=BC,c=AB,b=AC
- 2V13(20
<« ABC =82.9°

© Pearson Education Ltd 2C
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Exercise A, Question 29

Question:

Solve the simultaneous equations

4loggx+4logzy=9

6log,x+6log,y=7

Solution:
4loggx+4loggy=9

log 5x

log 59

4 +4I093y:9

2loggx+4logy=9D

6log,x+6log,y=7

6 log 5y
+ —
6 log 5x log 27 7

6loggx+2logy=7@

Solve D & @ simultaneously.

Let log ;x =X and loggy =Y
SO 2X+4Y =9

6X+2Y =7
6X +12Y = 27
-6X+ 2Y=7

10Y =20

Y=2
SubY =2into 2X +4Y =9

PhysicsAndMathsTutor.com

log , x
Change the base of the logarithm, use og g ba , SO
b
h | log 5x
that loggx = .
99 log ;9
log ;9 = |093(32)
=2log83=2x1=2
4loggx  4logx
09,0 S = 2 log gx
) log ;X
Change the base of the logarithm, use jog g2’ SO
b
hat | - 2
that log,-y = 09 27
log 27 = log 5 (3%)
=3 log 43
=3x1=3
6loggy  6log gy
SO log 27 3
=2log 5y

Multiply @ throughout by 3
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2X+4(2) =9
2X + 8 =9
2X =1

1
X =3
Check sub X =

% and Y =2 into 6x+ 2y=7

1
6(5) +2(2)
=3+4=7v  (correct)

o) (X=") log 5 :%

Page2 of 2

: —ql/2 1
Le. x=3 — - - —al/2
log j,n = x means d=n, so log,x = 2means<—3 .

and (Y =) loggy=2

le. y= F=9 log _n = x means d=n, so log,y = 2 means y 32

so (x,y) = (312 9)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C1

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise A, Question 30

Question:

The liney = 5x — 13 meets the circle X—2) 2+ (y+ 3) 2= 26 at the pointé andB.
(a) Find the coordinates of the poiftandB.

M is the midpoint of the linéB.

(b) Find the equation of the line which passes through M and is perpendicular to #. Neite your answer in the
form ax + by + ¢ = 0, wherea, b andc are integer:

Solution:
(a)

y=5x-13

(x-2) 2+
(y+3)2=26
(x-2) 24 Solve the equations simultaneously. Substitute5x — 13
(5x-13+3)2=26 into (x—2) 2+ (y+3) 2=26.
(x-2) 2+ Expand and Simplify

(5x-10) 2=26
X2 — 4x + 4 + 25¥ — 100x+ 100 = 26
2652 — 104x+ 78 = 0 Divide throughout by 26

%2 — 4x + 3 = 0 Factorised — 4x + 3.

(x-3) (-3)x(-1)=+3
(x-1) =0 (-3)+(-1) =-4
x=3,x=1 so¥-4x+3= (x-3) (x-1)
When x=1, y=5(1) -13 Find the Correspondiggoordinates. Substitute= 1 into
-5-13 y = 5x-13.
= -8
When x=3, y=5(3) —-13 Substitute = 3 intoy = 5x— 13
=15-13
=2
So the coordinates of the points of
intersectionare (1, —8) and
(3,2) .
(b)
The Midpoint of ABis (=~ ,  Use (% % ) with (¢, y;) = (1, -8)
—8t2y =~ (2, -3). and (%,.Y,) = (3,2)

2

PhysicsAndMathsTutor.com
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The gradient of the line perpendiculdrhe gradient of the line perpendicular tg yoxx + cis —

toy=5x-13is —% ﬁ.Herem=5.

s0,y+3= = (x-2) Usey-y;=m(x-x) withm= —=and (x,y;) =
(2, -3)

By+15 = =1 (x—-2) Clear the fraction. Multiply each side by 5.

5y+15 = -x+2

Xx+5y+13=0

© Pearson Education Ltd 2C
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Exercise A, Question 31

Question:

The circleC has equation® + y2 — 10x + 4y + 20 = 0.
Find the length of the tangentC from the point ( —4,4) .

Solution:

The angle between a tangent and a radius is a right-angle, so form a right-angled triangle with the tangent, the radius and
the distance between the centre of the circle and the point ( —4,4) .

X2 +y? - 10x+ 4y + 20 = 0
(x-5)2-25+ (y+2)2-4=-20 Find the equation of the tangent in the
(x=5) 2+ (y+2)2=9 form (x-a) 2+ (y-b) 2=r2

So circle has centre (5, —2) and radius 3

\| (5- -4)2+ (-2-4)2 Calculate the distance between the centre
of

=\81+36 =) 117 the circleand ( -4 ,4)

Therefore 117 =3+ x? Using Pythagoras

x? =108

x:\|108

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

Expand and simplif (1 -x) °.

Solution:
(1-x)°=1+5( -x) +10( -x)2+10( -x) Compare (1 +x) "with
3+5( -x)%+ (-x)° (1-x) " Replace n by 5 ana*

=1 - 5x+ 102 — 1058 + 5 — 5O by —Xx.

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

In the diagram, ABC is an equilatere B
triangle with side 8 cm. PQ is an arc

a circle centre A, radius 6 cm. Find =
perimeter of the shaded region in th /‘
diagram.

Solution:

Remember: The length of an arc of a circle s 4.

1
Thearea of a sector is A Erze.

Draw a diagram. Remember: 80= %radius

Length of ard”PQ =r6

T
=6(3)
=2zcm
Peaimeter of shaded region
=2+8+2+2x
=12+ 2n
=18.28 cm

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Revision Exercises 2
Exercise A, Question 3

Question:
The sum to infinity of a geometric series is 15. Given that the first term is 5,

(a) find the common ratio,

(b) find the third tern
Solution:
(a)
a a
-, -15, a=5 Remember: 5= ——-,where || <1.Hereg=15and
5 = 5 so that 15 =——
— =15 a=5sotha =T-; -
1
1-r= 3
- 2
F=3
(b)
ar?=5( % ) 2 Remember: nth term a"~ 1 Herea=5, r = %and
n = 3, so that
=5 x = arn—1=5(§)3—1
20 )
= 3 - 242
9 =5( %)

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

3r

Sketch the graph of=sin 6° inthe interval -7 <6 <r.

Solution:
'5"' I
¥ = sin 0
Remember: 180 = z radians
—3r — =t 0 kil m E
] 2 2

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:

Find the first three terms, in descending powets, of the binomial expansion of @2+ 3b) 6, giving each term in its
simplest form

Solution:

6_ 6 6 5 6 Conpare (2a+ 3b) "with
(2a+3b) °= (2a)°+ ( 1) (2a) °(3b) + ( 2) (a+b) " Replace n by 6,

(2a) 4(3b) 24 .. ‘a by2aand ‘b’ by 3b.

=00 +6xPx3xah+15x P xExah?+ -
= 640 + 5762b + 2160402 + -

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Revision Exercises 2
Exercise A, Question 6

Question:

AB is an arc of a circle centf® Arc AB=8 cm andDA=0B =12 cm.
(a) Find, in radians,z AOB.

(b) Calculate the length of the chcAB, giving your answer to 3 significant figur

Solution:

Draw a diagram. Letz AOB = 6.

Use I =rd. Here |I= 8 and r= 12.

(b)
=12+12-2(12) (12) Use the cosine formule = a2 + b2 - 2ab cos C. Here

AB? 2 _ _ _ _ 2
cos ( 3 ) c=AB,a=12,b=12and C 94 = 3.Rememberto
- 6166 ... change your to radians.

AB =785 cm (3 s.f.)

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:

A geometric series has first term 4 and common raffdie sum of the first three terms of the series is 7.
(a) Show that# + 4r - 3 = 0.

(b) Find the two possible valuesrof

Given thatr is positive,

(c) find the sum to infinity of the seri

Solution:

(a)

4, 4r, 4%, .. Use a ~ 1 to write down expressions for the first 3 terms.
A+ Ar+4r2=7 Herea=4andrn=1, 2, 3.

42+ 4r-3=0 (as required)

(b)
4r? + 4r - 3
(2r=1) (2r+3)

0 Factorize41°'+4r—3.ac=—12.(—2)+(+6)
0 = +4,s0

4r2 - 2r+ 6r -3

2r(2r=-1) +3(2r-1)
(2r=1) (2r+3) .

- _ =8
r=+,r1r=-;

()

=1
=3
4 a 1
a Use § = ——.Herea=4andr= 7, so that
= 1 =8 1-r 2
1-r 1-=-
2 4
a
= 1
1-r 1-=
2
4
=1
2
= 8.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Revision Exercises 2
Exercise A, Question 8

Question:
(a) Write down the number of cycles of the grgphsin nx in the interval < x < 360°.

(b) Hence write down the period of the grey = sin nx.

Solution:

(a)

n Consider the graphs ofsysin x, y=sin 2x y=sin 3x...
y = sin x has 1 cycle in the interval<Ox < 360° .
y = sin 2xhas 2 cycles in the intervakOx < 360° .

y = sin 3xhas 3 cycles in the intervakOx < 360° .
etc.

So y= sin nx has n cycles in the internalkOx < 360° .

(b)
360° (or 2n ) Period = length of cycle. If there are n cycles in the intervalxd< 360° ,

n n 1 1.360°
the length of each cycle will ben—

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:

(a) Find the first four terms, in ascending powers, @ff the binomial expansion of (1px) ’, wherepis a non-zero

constant.

Given that, in this expansion, the coefficientx ahdx? are equal,

(b) find the value op,

(c) find the coefficient oxS.

Solution:
(@)
(1+px) 21
7 n(n-1) (n-2)
Y XS+
7(6)
=1+7(px) + —7~ (px) 2+
7(6) (5)
T(px) S+ ..
=1+ 7px+ 2172 + 3503 + ...
(b)
7p = 2117

p#0, so 7=21p

1
p= 3

()

3BP=35(5)3= >

27

© Pearson Education Ltd 2C
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Compare (1 +) "with (1 +px) "
Replace n by 7 and* by px.

The coefficients of xand X are equal, s
7p= 217

The coefficient ot is 35p. Here p=
%, so that 35p= 35 ( % ) 3.
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Exercise A, Question 10

Question:

A sector of a circle of radius 8 cm contains an angteraflians. Given that the perimeter of the sector is 30 cm, find the
area of the sectt

Solution:

Draw a diagram. Perimeter of sector = 30cm, so arc length
=14 cm.

Find the value of fUse L=r0. Here L= 14 and r= 8 so

) - 14 that 86= 14.
T8
1 _ 1, : 14 1
Area of sector = (8)20 Use A= S 0. Here r= 8 and 6= 5 SO thaiA = > (8)
14
_1 2, My 2( =),
=2(8)2( %) 8

=56 cnf

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

9
A pendulum is set swinging. Its first oscillation is througlf 3&ach succeeding oscillation]g  of the one before it.

What is the total angle described by the pendulum before it:

Solution:
30, 30( S 30 (i )2 ' Write down the first 3 term. Use aF 1. Here a= 30, r=
10 10 Zandn=1, 2, 3
candn=1, 2, 3.
a 309 Use § = % Herea = 30 and r= %so that § =
1-r 1- E 30
9 .
30 1-
= 1
(35)
=300°

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

Write down the exact value

(8)sin30°, (b) cos33C°, (c)tar ( —6C° ) .
Solution:

(a)
YA Draw a diagram for each part. Remember

® ®

Z2
1
a0
V3 X
@ ©
sin 30° = %
(b)
YA
® ®
V3 _
30° "'x
1
2
@ ©

330° is in the fourth quadrant.

Nlﬁ

cos 330° =cos 30° =

(©)

PhysicsAndMathsTutor.com
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Yi

® ®

s ¥

60"

@ ©

- tan 60° - 60° is in the fourth quadrant.
_ s

tan ( —60°)

© Pearson Education Ltd 2C
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Exercise A, Question 13

Question:

(a) Find the first three terms, in ascending powers of the binomial expansion of (1ax) 8 where a is a non-zero
integer.

The first three terms are 1, —@dndbx?, whereb is a constant.

(b) Find the value ca and the value cb.

Solution:
(a)
(1l-ax) _ n(n-1) » Compare (1 +) "with (1 -ax) "Replace n
8 Slemer THT 0T by 8 and X' by — ax.
8(8-1)
=1+8( —ax) + T
(—ax) 2+ ..
=1 - 8ax+288°+ ...
(b)
-8 = -24 Compare coefficients of, so that — 8a& - 24.
a =3
b =284
=28(3)2
=252

s0 a= 3 andb = 252

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

In the diagram, And B are points on
the circumference of a circle centpe

and radius 5 cm.
« AOB = g radians.
AB =6 cm.

(a) Find the value of.0

(b) Calculate the length of the minor

arc AB
Solution:
(@)
52 4+ 52 - g2
cosf= ———
2(5) (5)
_ L
25

0 =1.287 radians

(b)

arc AB = 560
=5x 1.287
=6.44 cm

© Pearson Education Ltd 2C
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2
. a“ +
Use the cosine formula cos C T . Here 6,

a=5b=5andc=6.

Use C =rd. Here C = arc AB, =5 and 0= 1.287 radians.
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Revision Exercises 2
Exercise A, Question 15

Question:

The fifth and sixth terms of a geometric series are 4.5 and 6.75 respectively.

(a) Find the common ratio.

(b) Find the first term.

(c) Find the sum of the first 20 terms, giving your answer to 3 decimal

Solution:

(@)
ar*=45, aP =6.75

a® _ 615
art 45
_ 3
r=3
(b)
a(15)4 =45
45
a T o(15)4
_ 8
T 9

(©)

8
Szo _ 5( (15)20-1)

15-1
=5909.790 (3 d.p.)

© Pearson Education Ltd 2C
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Findr. Divide ar® by ar*

5 5-4
ar ar
sothat—4 =
ar a
=r
6.75
and 25 =1.5.

n_
Use § = % Here a= 2. r=1.5and re 20.

r—

9
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Exercise A, Question 16

Question:
Given thatf is an acute angle measured in degrees, express in term 6f cos2

(@)cos (36C° +20) ,(b)cos ( —26) ,(c)cos (18C° —20)

Solution:

(a)
YA Draw a diagram for each part.

® ®

20¢

0 r
cos (360° +20) =cos 20 360° + 20is in the first quadrant.
(b)

L

0 20° X
cos ( —26) =cos 260 — 20is in the fourth quadrant.

()

PhysicsAndMathsTutor.com
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20°

@ ©

cos (180° -20) = —cos 26 180° - 20is in the second quadrant.
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Exercise A, Question 17

Question:
(a) Expand (1 -2) 1%in ascending powers afup to and including the term ig.

(b) Use your answer to part (a) to evalt ( 0.9¢) 10 correct to 3 decimal plac:

Solution:
(a)
- n(n-1) 2 Compare (1+x) "with
(1-2x) =lanx+ TR _ n
10 (1-2x) " Replace by 10 an«
”(”‘13)!(”‘2)X3+ X by - 2x
=1+10( -2 + 22 (_ox) 24
—10(92 (8) ( _ox) 34 ..
=1 - 20x+ 180X — 960% + -
(b) |
(1 -2 =1 - 20(001) + 180(001)2_ 960 Find the value of x.
(0.01) )1  (0.01)3+ - 0.98 =1 -0.02
=1-2(0.01)
0.9810 = 0.817 (3 d.p.)

© Pearson Education Ltd 2C
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Exercise A, Question 18

Question:
In the diagram,

AB =10 cm,AC =13 cm.
« CAB = 0.6 radians.

BD is an arc of a circle centfeand radius 10 cm.
(a) Calculate the length of the arc BD.

(b) Calculate the shaded area in the diagram.

15 cm

05 md
Be—— 10¢n —> 4

Solution:

(@)
arc BD =10 x 0.6 Use L=rd. Here L= arc BD, r= 10 and &= 0.6 radians.
=6 cm

(b)
Shaded area

= % (10) (13) sin (0.6) - Use area of triangle =;- bc sin A and area of sector =

% (10) 2(0.6) %rze. Here b= 13,c=10and A= (@= ) 0.6 ;r = 10anc

=6.70 cnf (3 sf.) =06

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:
The value of a gold coin in 2000 was £180. The value of the coin increases by 5% per annum.
(a) Write down an expression for the value of the coin afterars.

(b) Find the year in which the value of the coin excé£E360

Solution:

180,180 (1.05) ,180(1.05)  write down the first 3 terms. Use"sr L. Here a= 180,
2 . r=105andr=1, 2, 3.

(a)
Value after nyears = 180 ( 1.05"

(b)
180 ( 1.05 )" > 360

180( 1.05) 14 = 356.39 Substitute values of.rirhe value of the coin after 14 year
' 15 _ £ 356.39, and after 15 years is £ 374.21. So the value of
180(1.05) > =374.21 the coin will exceed £ 360 in the 15th year.
The value of the coin will exceed
£ 360 in 2014.

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

Given thatx is an acute angle measured in radians, express in terms of sin

(= _ )

@sin (Z-x) ,()sin (z+x) ,(c)cos X .
N

Solution:

(a)
Y Draw a diagram for each part.

® ®

@ ©

Rememberz Radians = 180

sin (2zr—-x) = —sin x 27 — xis in the fourth quadrant.

(b)
YA

® ®

@ ©

sin (r+x) = —sin X 7 + X is in the third quadrant.

(©)

180° = rzradians, so 90 = %radians.

PhysicsAndMathsTutor.com
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o |
N—r

cos (5 -x) =sinx (=
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Exercise A, Question 21

Question:
Expand and simplify( X - Xi ) 6

Solution:

(x- i)6:x6+ ( i) X ( _—1) + ( g))(l( Compare - Xl) Mwith (a+b)
N Replace n by 62 with x and v’
-1 6 -1
r AR b with —
POV RCT) A () ()

X

5+(_71)6

-1 i -1
=x0+6° (=) +15¢( 2) + 205 ( (—) _ -1, -1_21
1 2 X X X2
) .,
(Y~) =t -1, -1__—-1
T ox X X 3
3
1 -1 1
+16C( ) +6x( 5 ) + 1 o1 1
-1 = — X —m X — X
(T) X X X
S B+ 152 5 6 1 4 -i_2
=X -6+ 15 20+ 5 - 4 + ¢ X x4
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Exercise A, Question 22

Question:

A cylindrical log, length 2m, radius 20 cm, floats with its axis horizontal and with its highest point 4 cm above the water
level. Find the volume of the log in the water.

4 om

20em

Solution:

Nr

Draw a diagram. Let sector angle =.2¢

CoS ¢ = %( =0.8)

2

1 15 . 1
Area above water level =2-r2 (2¢) - Sresin Use area of segment §r2¢9 -

(2¢) %rzsin §. Herer = 20 cm and

1 1
= 5(20)2(29) - 3 9=2x cos~1(0.8)
(20) 2sin (2¢)

= 65.40 cnf
Area below water level = (20) 2 - 65.40

=1191.24 cr
Volume below water level = 1191.24 x 200

= 238248 cm
( =0.238 cni)

© Pearson Education Ltd 2C
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Exercise A, Question 23

Question:
(a) On the same axes, in the intervad < 360 ° , sketch the graphs gf=tan (x-90° ) andy = sin x.

(b) Hence write down the number of solutions of the equitar (x—90° ) =sin xin the interva0 < x < 36C°.

Solution:
(@)
Y y=tan (x—-90° ) is atranslation of
y = tan (x - 80%) y =tan x by + 90° in thex-direction.
¥ = sinx ;
0 90 180 1360 X
(b)

2 solutions in the interval  x < 360.  From the sketch, the graphs ofytan (x - 90° ) and
y = sin x meet at two points. So there are 2 solutions in
the internal 0< x < 360° .

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

4
A geometric series has first term 4 and common rati&ind the greatest number of terms the series can have witt

sum exceeding 1C

Solution:

4
4((3)"-1)

) 1
3
=12( (3)
n_l)

Now, 12 ( (3 )"-1) <100

(5)"-1<7

(3)"< T+l

(g)”<9§

(%) 7=7.492

(%) 8=9.990
SO n=7

© Pearson Education Ltd 2C
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Use§q =

r—

a(rm-1)

w s

. Here a= 4 andr =

Substitute values aof. The largest value of n for which (

2)n<gl/3is7.
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Exercise A, Question 25

Question:
Describe geometrically the transformation which maps the graph of
(a)y = tan x onto the graph of =tan (x—-45° ) ,

(b) y = sin x onto the graph of = 3sin x,

(c)y = cos x onto the graph of = cos 7 ,

(d)y = sin x onto the graph ¢y = sin x — 3.

Solution:

(a) A translation of + 45 in the xdirection
(b) A stretch of scale factor 3 in tlyalirection

(c) A stretch of scale factor 2 in tkalirection
(d) A translation of — 3 in the girection

© Pearson Education Ltd 2C
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Exercise A, Question 26

Question:

If xis so small that terms af and higher can be ignored, and (&) (1 + 2) 5=a+ bx + cx?, find the values of

the constanta, b andc.

Solution:

(1+2x) °=1+nx+
n(n-1)

2
21 X+ ...

5(4)

=1+5(2x) + >

(2x) 2+ ...
=1+ 10x+ 408 + ...
(2-x) (1+10x+40%+ ... )
=2 + 20x+ 80X + ...
- x=-108 + ...
2+ 19x+ 70¥¢ + ...

(2-x) (1+2x)°=2+19x+ 70

so a=2, b=19, c=70

© Pearson Education Ltd 2C
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Compare (1) "with ( 1+ 2x) ". Replace nby 5
and ‘X' by 2x.

Expand (2 —x) (1+ 10x+ 408 + ... ) ignoring
terms in X, so that
2x (1+10x+40@+ ... )
=2 + 20x+ 80 + ...

and
—xx (1+10x+40%+ ... )

= —x- 10 - 40¥
simplify so that
2+ 20x— X + 80X — 10X + ...

=2+ 19x+ 708 + ...

Compare 2 + 19% 702 + ... witha+bx+ o+ ...
sothata= 2, b=19 and = 70.
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Exercise A, Question 27

Question:
A chord of a circle, radius 20 cm, divides the circumference in the ratio 1:3.

Find the ratio of the areas of the segments into which the circle is divided by the

Solution:

Draw a diagram. Let the minor drghave anglé,;
and the major arg, have angld,,.

l:1,=1:3 Usel =16 so that| = 106, andl, = 106,
100, :106,=1:3
0;:0,=1:3
1 T
SO 91= 2% 2n= >
Shaded area -—-if (1030, - % (10) Use area of segment %rze - %rzsin 0. Here
2ci T
sin 0 r=10add=0,= %
= 257—-50
Area of large segment =( 10) 2 -
(257—-50)
= 100Qr - 257+ 50
=757 + 50
Rdio of small segment to large segment is
257 — 50 : 757+ 50 Divide throughout by 25.
n—2:.3n+2
3+ 2
or 10—,

© Pearson Education Ltd 2C
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Revision Exercises 2
Exercise A, Question 28

Question:

X, 3 andx + 8 are the fourth, fifth and sixth terms of geometric series.

(a) Find the two possible values»oénd the corresponding values of the common ratio.

Given that the sum to infinity of the series exists,

(b) find the first term,

(c) the sum to infinity of the seri

Solution:
ard = x
at=3
ar®=x+8
ar® _ art
at ad
Sox+8 =§
3 X
Xx(x+8) =9
X2 +8x-9=0
(x+9) (x-1) =0
x=1,x=-9
4 X
r= ;: 3
Whenx=1, r= %

Whenx= -9, r= -3

(b)

_ 1
r=3
art =
1y 4 _
a(3)" =3
a =243

PhysicsAndMathsTutor.com

ar® art

—=rand— =rso—; =

ar ar

Clear the fractions. Multiply each side by 8xhat 3xx

X+8
3

=x(x+8) and3x ~ =9,

4
Findr. Substitute = 1, then x= - 9, intoar—3 = xg so tha
ar

1 9
r= 3andr— 3 - - 3.

1
Remember 5= %for [r| <1,sor= 3
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Exercise A, Question 29

Question:

(a) Sketch the graph gf= 1.5 cos (x—-60° ) in the interval O< x < 360°

(b) Write down the coordinates of the points where your graph meets the coordin:

Solution:
(@)
Vi
121 y = 1.5 cos (x — 607)
0 90° 360° X
_1_5 i
(b)
Whenx =0,

y=15 cos ( -60 )
=0.75

so (0,0.75)
y=15cos (x—-60°)
y=0,
whenx=90° +60°
= 150°
and x=270° +60°
=330°

© Pearson Education Ltd 2C
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The graph of y= 1.5 cos (x—-60° ) meets the axis
when x= 0. Substitutex = 0 intoy=1.5 cos (x—-60° )
sothaty=15cos ( =60 ) . cos ( —-60 )

= cos 60° = %so y=1.5x % =0.75

The graph of = 1.5 cos (x—60° ) meets the-axis
wheny=0.cos (x—-60° ) represents a translation of
cos x by + 60° in the xdirection cosx meets the-axis al
90° and 270° ,soy=1.5( cosx—-60° ) meets thex
axis at 90° +60° = 150° and 270° +60° =330°.
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Exercise A, Question 30

Question:
Without using a calculator, solve sinx-20° ) = - ~7in the interval < x < 360° .
Solution:

&

sin x= -

® ® :

guadrants.

sin x is negative in the 3rd and 4th

@ ©

3
sin (240°) = - %
3
sin (300°) = - %
S0 X-20° =240° sin 240° = - Lputsin (x-20° ) = - Lo
X = 260° X—=20° =240°,i.e.x=260°. Similarly
sin 300° = - Ebutsin (x-20°) = - Eso
andx — 20° =300° 2 2
Xx—20° =300°,ie.x=320°.
x=320°

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

Find the values cx for whichf (x) = x3 - 3x2is a decreasing functic

Solution:
f(x)=x3-3%
f'(x) =3x? - 6x Findf' (x) and put this expression < 0.
3% - 6x<0
3x(x-2) <0 Solve the inequality by factorisation, consider the three

regionsx < 0, 0 <x < 2 and x> 2, looking for sign changes.

f ( x) is a decreasing function for dy
0<x<2. dX<Of0r0<x<2

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

2
Given that A is an acute angle and ods= 7, find the exact value of taA.

Solution:
2 Draw a diagram and put in the information for cos A.
CoOsA= 7
Use Pythagoras theorenf & b? = c2 with b= 2 andc = 3.
SO
a?+2% =3
a+4 =9
a’ =5

2 a =\5
\5
2

sotanA =

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

Evaluate | ;32 - izdx.

X

Solution:
n+1
Remember| ax” dx = —
32 _ 1L -1 ,
Il xc— = dx Change—, into index form and integrate:
X X
-1
— _ _qy~2
2 - 1x
| —1x™ 2 dx
_1X—2+l
T —2+1
_ o7t
-1
:)(_1
-1
- X
3 3 Evaluate the integral: substitute=3, then x= 1, and
=[5+ 311 subtract.
_ 37 1oy
= ( 3 (3) (
(1)3 2
3 (1)

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

3

X d
Given thaty = 5 +x% - 6x + 3, find the values ofwhen% =2.

Solution:
x3 2

y = 3 X -6x+3
2

Yoo x-6

dx 3

X2+ 2X-6=2
X2+ 2x— 8 =0

(x+4) (x=-2) =0

SO X= -4, x=2

© Pearson Education Ltd 2C
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d _
Remember— &x") = anx" 1

d .
Pu ﬁ = 2 and solve the equation.

Factorise &+ 2x-8=0:
(+4) x(-2)=-8
(+4) +(-2)=+2
SOX +2x-8= (x+4) (x-2)
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Exercise A, Question 5

Question:

Solve, for0 < x < 18C°, the equatiorcos 2x = - 0.€, giving your answers to 1 decimal ple

Solution:

cos 2x= - 0.6

2x = 126.87°
Y & COS 2xis negative, so your need to look in the 2nd and
@ @ 3rd quadrants. Here the angle in the 2nd quadrant is
180° -126.87° =53.13°
53.13 .
53.13° x
@ ©

2x=126.87, 233.13 Read off the solutions from your diagram
so Xx=63.4° , 116.6° Find x divide each value by 2.

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

Find the area between the cuy = x3 - 3x2, thex-axis and the linex = 2 andx = 4.

Solution:

axn+1

Area = | 24x3 - 3x2dx

Remember]| ax"dx =
n+1

X 3, 4
[Z_X]Z

= ( M (4)3) - ( {2) "yse the limits: Substitutex 4 andx = 2 intoé -3
4 4
(2)3) and subtract.

= (64-64) - (5 -8)

=0- (4-8)
=0- (-4)
=4

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:
Givenf (x) =x3 - 22 - 4x,

@find (i) f (2) ,@Gi)f (2),Gi)f" (2)
(b) interpret your answer to part |

Solution:

_ 3 r n 2
F(x) =x3-2¢-4x Remember f (x) = if(x) B (x) = dzf(x)
' (x) =3@-4x-4 >

(@)

(i)
f = (2) 3_2(2) 2_4 Find the value of f &) where x= 2; substitute x 2 into
(2) (2) xS — 26 - 4x
=8-8-8
= -8

(ii)
f'(2) =3(2)2-4(2) -4 Find the value of f ( x) where x= 2; substitute x 2 into

=12-8-4 3 - 4x - 4
=0
(i)
f'(2) =6(2) -4 Find the value of f (x) when x= 2; Substitute % 2 into
—12-4 6x — 4.
=8

(b)
On the graph oy = f (x) , the pointf’ (2) = 0 means there is a stationary point atX

(2, =8) isaminimumpoint. ¢ () =g 0 means the stationary point is a minimum.
f (2) = - 8 means the graph ofyf (u) passes
through the point (2, - 8) .

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:

Find all the values ¢ in the interva0 < § < 36C ° for which2sin(§-3C° ) = \|_3

Solution:

2sin (-30°) =\3

3
sin (6-30°) = %
0-30° =60°
Y
60° 60°

®

O]

6-30° =60° , 120°
so 60=60+30°

=90°
and 6 =120 + 30°
= 150°
6=90° , 150°

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

©

Divide each side by 2.

Solve the equation: let X 8- 30° sin X = % SO

X=60° i.e.6-30° =60°
sin (6 —-30° ) is positive so you need to look in the
1st and 2nd quadrants.

Read off the solutions from your diagram

Find @ : add 30° to each value.
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Exercise A, Question 9

Question:

The diagram shows the shaded regi
T which is bounded by the curye=
(x-1) (x-4) and the-axis.
Find the area of the shaded region

Solution:
_ [ 4y _
Area =] *(x-1) (x-4) dx
:I142—5x+4 dx

5x2 4
-ty

|
—
w | %

3 2
RGO R TTS A
3 2

( (1)® 5(1)°?
2

1
Area = 45

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

+4(1) )

= I —4)
4

Expand the brackets so that
(x-1) (x-4) =x?-4x-x+4
= x% - 5x+ 4

N

o

x

axn+1

n+1

Evaluate the integral. Substitute=xd, then x= 1, into

Remember| ax"dx =

)& @

rale + 4xand subtract.

The negative value means the area is below-tindst as
can be seen in the diagram.
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Exercise A, Question 10

Question:

Find the coordinates of the stationary points on the curve with eqry = 4x3 — 3x + 1.

Solution:
y=4x - 3x+ 1 Rememberj—i = 0 at a stationary point.
Y -12@-3
dx
12X -3=0
12¢ =3
3
2 ==
X 12
-1
!
B
X R
1
=+ -
-2
Wh _ 1 Find the coordinates of the stationary points. Substitate x
enx= 3. 1 1. .
Eand x= - 3into the equation foy.
_ 1y3_ 1
y =4(5)3%-3(3) +1
1 3
=4 s ) - St 1
=0
Wh _ -1 Find the coordinates of the stationary points. Substitate x
enx= = 1 1. .
Eand x= - 7into the equation foy.
y=4(5)3-3(-5) +1

4(-5) +3+1

+ +1

N -
N w

=2
So the coordinates of the stationary points
are(l, 0) and (—% , 2) .
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Exercise A, Question 11

Question:
(a) Given that sind = cos 6, find the value of tarp.

(b) Find the value cf in the interva0 < @ < 2z for whichsing = cos 6, giving your answer in terms .

Solution:
(a_)
sin 6 = cos 6 Remember targ = =" 0
cos 0
sinf _ cosé Divide each side by co8.
cosf ~ cosd
tan =1
(b)
g= = tan 0 = 1, so 6= 45° . Remember gradians)
4
=180° s045° = ”Z(radians).
Y & tan @ is positive in the 1st and 3rd quadrants. Read
@ @ off the solutions, in & 6 < 2z, from your diagram.
T
'q -
g x

T 5r
= — —_— +
0 7 2 T

IR
Alé{'
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Exercise A, Question 12
Question:

1
(a) Sketch the graph gf= 7", x> 0.

1
(b) Copy and complete the table, giving your valuegof to 3 decimal places.

1 1.2 1.4 1.4 1. 2

0.5

N Rl S

1
(c) Use the trapezium rule, with all the values from your table, to find an estimate for the véli?e;)tﬂx.

1
(d) Is this an overestimate or an underestimate for the vaILﬁq?o;' dx ? Give a reason for your answer.

Solution:

(@)

¥ & | Draw the sketch for % 0.

(b)
x 112 14 16 18 2

Xi 10.8330.714 0.625 0.556 0.5

(©)
Area = % x0.2x [1+2(0.833+0.714 + 0.625 + 0.556T)he width of each strip is 0.2

+0.5]
= 0.6956 Thevalues ofxl are to 3 decimal
=~ 0.70. places, so give the final answer t

PhysicsAndMathsTutor.com
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decimal places.

(d)
This is an overestimate.

Due to the shape of the curve, each trapezium will
give an area slightly larger than the area under the
graph.
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Exercise A, Question 13

Question:

Show that the stationary point on the cuy = 4x3 - 6x2 + 3x + 2 is a point of inflexior

Solution:

y =43 - 62 + 3x+ 2

Y _ 1o - 12x+ 3

dx

12%¢ - 12x+3 =0

4% — Ax+ 1
(2x-1) (2x-1) =0

=0

_ 1
X= 3
Whenx =0,
¥ =12(0) -12(0) +3
=3>0
Whenx =1
dy
o =12(1)2-12(1) +3
=3>0
X 0 1
% >0 >0
Shape R
of curve

Find the stationary point. P% =0

Simplify. Divide throughout by 4. Factorise
4%% - 4x+ 1
ac=4,and ( -2) +(-2)=-4
S0 48 — 2x— 2x+ 1
=2x(2x-1) -1(2x-1)
= (2x-1) (2x-1)
Find the gradient of the tangent when 0 andx = 1.

Look at the gradient of the tangent on either side of
the stationary point.

The Stationary point is a point of inflexion.
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Exercise A, Question 14

Question:

Find all the values cx in the interva0 < x < 36C ° for which 3tar?x = 1.
Solution:

3tarfx = 1

1 Rearrange the equation for tanDivide each side by 3.
tarfx = 3

I Take the square root of each side.
tan x= + 3

_ . L 1_\1_ 1
tan x= + e 3 e e
° Remember

-

3 - L1
V3 so tan 3 'E
Y & Tan xis positive in the 1st and 3rd quadrants.

® ®

30°

= ¥

a0°

@ ©

so,x=30° ,210°

(i
tan x = - %

X  =330° (i.e.—30°)

PhysicsAndMathsTutor.com
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¥ A Tan xis negative in the 2nd and 4th quadrants.

® ®

30°

= ¥

30"

@ ©

X =330° ,150° Write down all the solutions in® x < 360° in order of
size.
so, x=30° ,150° , 210° , 330°
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Exercise A, Question 15

Question:

1 1
Evaluate[ 8x s = x~ sdx.

Solution:

I1X3—X 3 dx

1
—~

|
—~~
(0]
o —

|
N |w
)
o
N
w N
N

|
)
A lw

= (7(16) -5 (4) ) - (3
(1) -5 (1))

= (12-6) - (-3
=63

© Pearson Education Ltd 2C
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Remember| ax"dx =

[ x 3dx

)
(0]

N
w s
|

axn+1

n+1

1
Nlw
X

w D

1
N Jw
X

w N
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Exercise A, Question 16

Question:
The curveC has equatioy = 2x3 — 13x2 + 8x + 1.
(a) Find the coordinates of the turning point<of

(b) Determine the nature of the turning pointC.

Solution:

y =23 -13¢ +8x+1 Find the xcoordinate. Solv% = 0.

(a)
j—y = 6X2 — 26x+ 8
X

6x2 — 26x+ 8 =0 Divide throughout by 2.
3¢ -13x+4=0
(3x=1) (x-4) =0 Factorize 35— 13x+4=0.ac= 12, ( - 12)

+(-1) =-13

S0 3% — 12x— X + 4
=3x(x-4) -1(x—-4)
= (3x-1) (x—-4)

: . . 1
When x = % , Find they-coordinates. Substitute= gandx =4

intoy = 28 - 13 + 8x+ 1

— 1y3_ 1,2 1
y =2(3)°%-13(5)%+8(3)
+1
8
_25
When x =4
y =2(4)°%-13(4)2+8(4) +1
= - 47
< (% ,2% (4, —47) . Give your answer as coordinates
(b)
d%y d?y . . . .
2 =12x- 26 Remembeﬁ < 0 is a maximum stationary point, and

PhysicsAndMathsTutor.com
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dx?

d? . . ) .
Y > 0is a minimum stationary point.

w |k

When x =

o 1
" =12(3) -26
-22<0

1 8 . . .
(5,25) IS a maximum.
Whenx =4,

d?y

— =12(4) -2

o2 (4) 6
=22>0

(4, —47) isaminimum.

© Pearson Education Ltd 2C
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Exercise A, Question 17

Question:
The curve S, for & x < 360°, has equatiog = 2sin ( gx -30° \ .
| @
(a) Find the coordinates of the point wh8mmeets the-axis.
(b) Find the coordinates of the points whS meets the-axis
Solution:
. 2 o

y=2sin ( 5x—30 )
(a)

x =0 The curve y= 2sin ( 2?x - 30° ) meets the-axis

. 2
y =2sin (3 (0) -30° ) when x= 0, so substitute = 0 into y= 2sin (
2X °
=2sin ( -30°) < —307).
= -2

so, (0, -2)
(b)

y=0

2sin ( %x -30°) =0 The curve y=2sin  ( Z?X - 30° ) meets the-axis

_ 9 when y= 0, so substitutg = 0 into y= 2sin (
sin (gx—30 ) =0 %_300).

x-30° =0° ,180° ,360° ,

0)

%x_goo =0 Let%x—30° = X sosin X =0 Now,

2 X =0, 180° , 360° Solve forxX =0, so
X =30° 2 e

= 30° =0.
X =45°

X = 180° . so%x ~30° =180°.

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

2
3X—30° =180°

2 _ 5100
-X =210

X =315°
(i)

2 o] o)
33X~ 30° =360

2y — 200°
35X =390
X  =585°

so (45° ,0) , (315° ,0)

© Pearson Education Ltd 2C
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x:360°,so%X ~30° =360°.

Solution not in < x < 360° .
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Exercise A, Question 18

Question:

Find the area of the finite region bounded by thecy = (1+x) (4 -x) and thex-axis

Solution:

Yi

=Y

Area=[ _ *(1+x) (4-x) dx

] _144+3x— X2 dx

x X
[ 4x + %— < ] S

= (4(4) +2(4)2- 4

3 (-1)°
(1) +5 (-1)2- 1=

2 1
—185— ( _28)

=20°/6

© Pearson Education Ltd 2C
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_(4

Sketch a graph of the curye= (1 +x)
(4-x) .

Find where the curve meets thexs.
The curve meets theaxis wheny = 0, sc
substitute y= 0 intoy = (1 +x)
(4-x)

(1+x) (4-x) =0sox= —-1and
X=4.

Find the area under the graph andxhe
axis. Integratey (1 +x) (4 -Xx)
usingx = — 1 andx = 4 as the limits of
the integration.
Expand (1 +x) (4 -x) .

(1+x) (4-X) =4-x+4x-x
=4 + 3x— X2

axn+l

+1

Evaluate the integral. Substitute=x4,

2
then x= - 1 into 4x+ % - §and

Remember| ax"dx =

subtract.

1823 _2% ) =182/341/6

=20°/6
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Question:
The diagram shows part of the curve

1 ¥4
with equation y=2x2 (3 -x) . The
curve meets thr-axis at the point®
andA. The point Bs the maximum
point of the curve.

(a) Find the coordinates &f

1
(b) Show thatl- =3% 7 (1-x) .

(c) Find the coordinates &

Solution:

1
y=2x2 (3 -Xx)

(@)

1 The curve meets theaxis wheny = 0, so substitute
2x2 (3-x) =0

1
y=0intoy=2x2 (3 -X) .

d _
Remember- &x") =anx" 1

(b)

1 Expand the brackets.
Y =2x2 (3-x)

1

1 3
=6X2 —2X2

PhysicsAndMathsTutor.com
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1
=3x~ 2 (1-x) asrequired

1-x =0
X =
Whenx=1,

Y =2(1)2(3- (1))
=2x1x2
=4
soB(1,4) .

© Pearson Education Ltd 2C
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Page2 of 3
1 1
2X2 X3 =6X2
2X2 XX =2X2 x Xt
=2x7 *1
3
=2X2
Differentiate.
d
&WGX —ex Lx E—
1 = 5 XX2
2)
1
=3X" 2
— (12X = <semantics|>_2 X i</semantics>< X
dx E
3 3
2) 21
1
=3X2
. - 1
Factorise. Divide each term by 3x2so that
1 1
3x~ 2 +3x™ 7 —1
1
1 1 . [3x .
3X5 +3x~ 5 = <semant|cs>—1</semant|cs>
[3x~ 2
1
=X2 (=)
1.1
=X2 2
= Xl =X
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Question:
(a) Show that the equation 28os = 4 — 5sin x may be written as 2sinx — 5sin x + 2 = 0.

(b) Hence solve, fc0 < 0 < 36C °, the equatior2cos? x = 4 — 5sin x.

Solution:
(a)
2 cosx =4 - 5sin x Remember cox + sin%x =1 so
2, — 2

2 (1- sin®) =4-5sinx cosx=1- sin“x
2 - 2 sin?x =4 - 5sinx
2 sin2x - 5sin x + 2 = 0(as required)
(b)
Let sinx=y
22— By+2=0 Factorise 2§ - 5y+2 =0
(2y-1) (y-2) =0 a=4, (-1)+(-4)=-5

SO2 —5y+2 =2/ —y—4y+2

=y(2y-1) -2(2y-1)
=(2y-1) (y-2)
1

soy= - ,y=2
0)
o1 Solve for x
sinx= 7 L

Substitute (i)y = Eand (i) y= 2 into sinx = y.
x=30° ,150°

s A

30" 30°
T c . .
SinX is positive

in the 1st and 2nd quadrants. Read off the solutions in
0<x<360°.
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(i)
sin x = 2 (Impossible) No solutions existas —4 sinx < 1.
sox=30° , 150°
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Exercise A, Question 21

Question:
Use the trapezium rule with 5 equal strips to find an estimaté gb(\| (1+x) dx

Solution:

Divide the interval into 5 equal strips.

Use h= b;—a. Hereb=1, a= 0 and

xV{A+x) | 0 [0219| 0473|0759 [ 1.073 | 1414 |\ _c sothah= 120 =02

The trapezium rule gives an
approximation to the area of the graph.
Here we work to an accuracy of 3
decimal places.

1
JoM(T+x) dx= S x0.2x [0+2(0.219 Remember A= h[y,+ 2
+0.473 +0.759 + 1.073) (Yp+¥o+ o) +¥,]
+1.414]
~ 0.6462 010.65 The values of\Fl + x are to 3 decimal

places, so give your final answer to 2
decimal places.
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PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C1

Edexcel Modular Mathematics for AS and A-Level

Algebra and functions
Exercise A, Question 22

Question:

A sector of a circle, radiuscm, has a perimeter of 20 cm.

(a) Show that the area of the sector is givelby10r — r2.

(b) Find the maximum value for the area of the se

Solution:
(@)
r
:
2r+1=20
l=r6
so2r+rfd=20
rg =20 - 2r
:E—Z
r
Area:%rze
12,20 _
- 2r ( r 2)
_ 1o 20 15
= 2r X ; 2r X 2

= 10r - r2 (as required)

(b)

PhysicsAndMathsTutor.com

Remember: The length of an arc of a circlessrb. The

. . 1
area of a sector of a circle isA Erze.

Draw a diagram. Lef be the center angle anbdéthe arc
length.

The perimeter of the sector isrir + 1 =2r + 1 so
2r+1=20

Expand the brackets and simplify.

irZXQZEXZOXﬁ
r 2 r
=102 "1
= 10r- = 10r
1 _ 10
2r x 2 —2><2r
2

=r

Find the value of for the area to have a maximum. Solve
dA

ar
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dA
o =10-2r

10-2r=0

2r=10

r=5

whenr =5

Area =10(5) - 5 Find the maximum area. Substitute 15 into A = 10r— r2
=50-25
=25 cn?

© Pearson Education Ltd 2C
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Question:
Show that, for all values of
(@)cog x (tarf x+1) =1

(b)sin* x — cos* x = (sin x—cos x) (sin x+ cos x)

Solution:

(@)

2 . . .
cos?x (tarfx + 1) Remember tark = ———so tafx = ——— x —— =
-, COS X COS X COS X
= cos?x ( LZX +1) sin’x
cos™X cos?x
sinéx Expand the brackets and simplify.
= cogX x +cogx x 1 : >
cosx COSX X = <semanticspeos 2x x
sinx sin 2x .
</semantics>
cosx cos 2x
= sirx
= sim®X + co$x Remember sifx + cox = 1
= 1 (as required)
(b)
sinx — cos'x Remember4-b%= (a-b) (a+b) .Here
= (siMx - cox) (six+cosx) a= sifx and b= cos’
= ( Sinx — coszx) x 1 Remember sifx + co$x = 1
= sinPx — co$x Use£-b%= (a-b) (a+b) again. Here

(sin x— cosx) (sin x+ cosx) &= sin xand b= cos x.
(as required)

© Pearson Education Ltd 2C
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Question:

The diagram shows the shaded regi ;
R which is bounded by the curves ’ y=5@—2°

y:4x(4—x)andy=5(x—2)2. \

The curves intersect at the poiAts
andB. A R

(a) Find the coordinates of the point: g
A andB.

(b) Find the area of the shaded region
R.

Solution:

y=4x(4 -x) ,y:5(x—2)2

Ax(4-Xx) =5(x=-2) 2 Solve the equationsy 4x(4 —x) andy=5
(x-2) 2 simultaneously. Eliminate  that 4x
(4-x) =5(x-2) 2.

16x — 42 =5 (x2 —4x+4) Expand the brackets and simplify.

16x— 42 = 552 — 20x+ 20 Rearrange the equation into the form
ax?+bx+c=0

9x% - 36x+20=0 Factorise 9% — 36x+ 20 = 0

ac=180, ( -6) + ( -30) = - 36

(3x-10) (3x-2) =0 9% — 6x - 30x+ 20

X:%’Xzé =3x(3x-2) —-10(3x-2)

= (3x-2) (3x-10).
(i) | | | |
Whenx = % , Find the coordinator of A and B. Substitute (& x

1?Oand (ihx = % intoy =4x(4 -x) .

y =4(3) (4-3)

Find the coordinator of A and B. Substitute (iF x

PhysicsAndMathsTutor.com
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2 2 10 Ny = 2 — _
y =4( 5) (4_5) 3and(u)x— 3,|ntoy—4x(4 X) .
2 10
_4X§X?
80

3

2 80 10 80
soA( 3., 3) .B(5.,3)

(b)

10 RememberArea:fab(yl—yz)dx.Here
3
- _ - _ 2 .- 2
Area = [ 4x(4-x) -5(x-2)2x Y1=H(4-X),%=5(x-2) %, a= jand
2 _ 10
3 b= 3
10 Expand the brackets and simplify.
= [ 2516x- 82 -5 (X2 - dx+4) pilty
3
dx
10 n+1
= | 27316x- 42 - 5 + 20x~- 20dx Remember| ax"dx = ax+l
3
10
= | 273 36x- 9 - 20dx
3
= [ 18X - 3% - 20x] g% Evaluate the integral. Substitutecx%, then x=
3
%, into 18% — 3x3 — 20xand subtract.
10 10
= (18(5)%-3(73)3-20¢(
10
3 ) )
_ 2y2_ 2y3_
(18(3) 3(3) 20 (
2
3) )
100 1000
=(18(5 ) -3(— ) -
200
=)
4 8 40
-(18(5) -3(5) -3 )
:(222)—(—62) 2 2\ _5n2 2
5 5 225 - (-63) =225 +63
=28 =283
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Question:

The volume of a solid cylinder, radiugm, is 12&.

2567
(a) Show that the surface area of the cylinder is giveby—— + 2rr2.

(b) Find the minimum value for the surface area of the cyli

Solution:

AN
SO

(@)

Surface area, S = Ph + 272

T —

(volume =)128z= =r°h

128
2

r

128

r2

128 5
S0 S=2ar x — +2a

256t

= — +
r

r

PhysicsAndMathsTutor.com

272 (as required)

Draw a diagram. Let be the height of cylinder.

Find expressions for the surface area and volume of the
cylinder in terms of zr and h.

Eliminate h between the expressions S #2# 2712 and
128t = zrh. Rearrange 128z zr2h for h so that

r’h =128x%
128z
h T a2
128

r2

128
Substitute k= ~5"into S = 2arh+ 2712 and simplify the

expression.

Find the volume of for which S = @ + 27f has a

. d , :
stationary value. Solv%ri = 0. Differentiate

256r

-t 271 2with respect to rs that

Pagel of 2
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2560 d 2560 _ d -1
4r — I =0 dr( ; ) = o 256ar
256t =—2567f_1_1
A7r = -
f = - 2567 ~ 2
r3 =64 - 256t
r =4 cm oo
d
po (2nr2) =2x2x2-1
= 4arl
= 4m
Whenr = 4,
2561 5 Find the value of Swen r= 4. Substitute = 4 into S =
S = + 271'( 4 ) 2561
(4) + 2mr2,
= 64n+ 32z '
= 967 cm? Give the exact answer. Leave your answer in terms of =

© Pearson Education Ltd 2C
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Exercise A, Question 26

Question:
The diagram shows part of the curve V4
y=sin (ax—-b) ,whereaandba

constants ant < % /\ /
0 /4 ;-.z\_/c x

Given that the coordinates AfandB
T 57
are (E ,0) and (? ,0)

respectively,

(a) write down the coordinates of C

(b) find the value o& and the value of

b.
Solution:
(a)
AB = BC AB is half the period, so AB = BC
5z z Find the coordinates of C. Work out the length of AB,
AB = - % AB = OB — OA. Work with exact values. Leave your
i answer in terms of.
iy
-
T3
5t 2n OC =0B + BC and AB =BC. So, OC = OB + AB.
so, OC = 5 T3
5r Az
_ x| A
6 6

(b)
(i)
sin(a( ) -b) =0

so a( %) -b=0 sin (0) =0andsin £) =0.So, atA, x %anda(

PhysicsAndMathsTutor.com
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T 5r 5z
E) -b=0andatB, x ?anda( ?) -b=n=x

(ii)
. 5t
sin (a( ?) -b) =0
so a( %T ) -b==x
Solving Simultaneously
a( 5?”) -b=x Solve the equations(a%) —b=0and a( %)
— b = z simultaneously. Subtract the equations.

—a(3) -b=0

a( =) =n

Findb. Substitutea = Sintoa( =) -b=0.

N[ w

—
N |
N
—~~
o |3
N
|
O
1
o

b =7

check

sub a= % , b= ”zinto Check answer by substitutingragand b= %intoa (
7 oy

a(SE) -b 6) b.
3 57 T 57 T 3 5t 1 5z 5r

(2) g =5=7% -3 () (%) =35 =%

= (as required)
3 T
soa = Eandb— e
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Question:
Find the area of the finite region bounded by the curve with eqy = x ( 6 = x) and the liney = 10 - x.
Solution:

y=x(6-x), y=10-x
y

N

0 s‘u'\‘

Xx(6-x) =10 -x Find thex-coordinates of the points where the line 10 —x meets
B the curvey = x ( 6 —x) . Solve the equations simultaneously,
6x - x* =10 -x eliminatey.
X2 - T7x+10=0 Factorise? — 7x+10. ( =5) x ( -2) =10and ( -5) +
(x-5) (x-2) =0 (—2):—7sox2—7x+10:(x—5)(x—2).
S0 x=2andx =5.
Finite area =/ ,>x (6 -x) - Use area =J P (y; —y,) dx. Havey, =x (6 -x) ,y, =10 -X,
(10 —x) dx a=2andb=>5.

n+1

= [ ,%6x-x2 =10 +xdX  Rememberf axdx = &

n+1
| 257x— x2 — 100k

3
= [ % - Xg - 1] 25 Evaluate the integral. Substitte= 5, thenx = 2, into% -

7(5) 72 5)3 < -
— ( (2) (3) ]0(5) )’LOxand subtract.

2 3
(L@@ g,
2 3

(2) )

1 2 1
=(-45) - (-83) —45%

|

|
—~~

|
(0]

|

|

|
N

ol

+

=4

N |-
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Question:

A piece of wire of length 80 cm is cut into two pieces. Each piece is bent to form the perimeter of a rectangle which is
three times as long as it is wide. Find the lengths of the two pieces of wire if the sum of the areas of the rectangles is to
be a maximun

Solution:

y Draw a diagram. Let the width of each rectangle bad y
respectively.

3x 3y

X

Total length of wire = 80

so 80 = 8x+ 8y Write down an equation in terms ofrdy for the total
length of the wire.
Xx+y=10 Divide throughout by 8.
Total Area =A
A=32+ 3 Write down an equation in terms oémdy for the total are.
enclosed by the two pieces of wire.
A=32+3 (10 -x) 2 Solve the equationsxy = 10 and

A=3%2+ 3yzsimultaneously. Eliminate. yRearrange
=3¢ + 3 (1100 - 20x+ x?2) x +y =10, so thay = 10 —x, and substitute into

= 32 + 300 — 60x+ 32 A =3¢ + 3y
= 62 — 60x+ 300
dA Find the value of for which Ais a maximum. Solve
— = 12x-60 dA
dx =
12x-60=0 ox
12x=6
Xx=5cm

The length of each piece of wire is Total length is 80 cm, so 40 + 40 = 80
(8x= )40 cm.
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Question:

The diagram shows the shaded regi 4
C which is bounded by the circle

y= \I (1- x2) and the coordinate
axes.

¥=V(l—z)

. . [

(a) Use the trapezium rule with 10

strips to find an estimate, to 3 decim X

places, for the area of the shaded 0 1 X

regionC.

The actual area of 3 ”Z .

(b) Calculate the percentage error in

your estimate for the area of C.

Solution:

1
Remember A= Eh [Vo+2
(Yyp+Yot =) +y, ]
X 0 0.1 0.2 0.3 04 0.5 06 0.7 0.8 0.9 1

V(1 =x%) 1 0.9950 | 0.9798 | 0.9539 | 09165 | 0.8660 | 08 |0.7141| 06 |0.4359 1]

Divide the interval into 10 equal stufs. Use

Area = %xo.lx [1+2(0.9950 + 0.9798 + ... b-a
h= T.Here a=0,b=1andn =10 so

+0.4359) +0 ]

1-0 1

that o - 10 - 0.1

The trapezium rule gives an approximation
to the area under the graph. Here we round
to 4 decimal places.

~ 0.77612 or 0.776 The values of|\ 1 *@are rounded to 4
decimal place. Give your final another to 3
decimal places.

NG
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p Use percentage error =
4 0.776 True value x 100
% error = x 100
()
=12%
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Question:

The area of the shaded region Aint .,

diagram is 9 crf Find the value of y = (x —a)
the constant a.

A
I i T
Solution:
| 2(x-a) 2dx=9 Write down an equation in terms of a for the area of region A.
| oaxz — 2ax+ a2dx =9 Expand (x—a) 2 50 that
(x-a) (x-a) =x2-ax—ax +a?
= x2 - 2ax+ &
+1
[ Ll a’x] =9 Remember] axldx= &
3 n+1
Here
X3
2 = X
[ x2dx 3
[2ax dx = %
= a)(2
[a%dx = a’

(a) 3 5. o Evaluate the integral. Substitute=xa, thenx = 0, into
(E—-a(a)?+a®(a) ) o ,

3 S -+ a?x, and subtract.

(42 -a(0)2+a2(0) )

=9
@ _.3.,.3 _
(5 -a+a’) -0=9

a3

_:9

3
3=27
a=3
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